MA3001 Semester B, 2018-19

1.

Solution to Problem Set 2: Higher Order Linear ODEs with Constant Coefficients

(a) The auxiliary equation is a” +3a = a(a+3) =0, its roots are & =0,-3.
Hence the general solution is y =c, +c,e*.

(b) The auxiliary equation is a” —3a+2=(a—2)(a—1)=0, itsroots are o =1,2.
Hence the general solution is y = c,e* +c,e** .

(c) The auxiliary equation is ®—8=(a—2)(a’ +2a+4)=0, itsroots are @ =2, —1+ J3i.
Hence the general solution is y=¢e™* (Acos«@x + Bsin «/§x) +ce?.

(d) The auxiliary equation is
o' -10a” +9=(a’ ~1)(a* -9) = (e —1)(a+1)(a—3)(a+3) =0, its roots are

a =11, +3. Hence the general solution is y =ce* +c,e ™ +ce* +c,e™>.

(e) The auxiliary equation is o' +2a° +1=(a’ +1)2 =0, its roots are & =i,i,—i,—i . Hence the

general solution is y = (A +B,x)cosx + (A, + B,x)sinx.

y"-3y'+2y=0=m’-3m+2=(m-2)(m-1)=0=>m=20rm=1.
So y, =ce* +c,e*.

Let a particular integral be given by y_ =c, (x)e* +c,(x)e”

Then we have () e¥ + ¢ (x) e = 0
c1(x) e* + cy(x) 2e** = (1 + x)e*’
det 0 e*
, (1+x)e* 2e2*| —(1+x)e*
c1(x) = eX e2x = 23X _ 3x =—(1+x)
de: e ZOerl
) det gx (1 + x)ex (1 + x)eZX y
c;(x) = ox  o2x = Dgix _gix (1+x)e
det| |
ex 2e2x

2

X
GO0 =—(1+x) = (0= f A +wdr= x5

() =0+x)e™* = c,(x)= f(l +x)e *dx = f(l +x)d(—e™)
=—1+x)e*— J —e*d(1+x)

=—(14+x)e ™+ J e *dx

=—(1+x)e*—e*=—2+x)e™*

Thus, the particular solution is
2

x? s x
=\"x—7 e*—(2+x)e re* =~ 2+2x+7 e*.

1



3. (a) The auxiliary equation is a® + 4 +13=0, its roots are ¢ =—2+3i.
Hence the complementary function is y, =e ™ ( Acos3x + Bsin3x).

Let y, = e7**(acosx + b sinx).
Theny, = —2e **(acosx + bsinx) + e **(—asinx + b cos x)
= e ?*[(—=2a + b) cosx + (—a — 2b) sin x]
yy = —2e *[(=2a + b) cosx + (—a — 2b) sinx]
+e7?*[—(—2a + b) sinx + (—a — 2b) cos x]
= e ?*[(3a — 4b) cos x + (4a + 3b) sin x]

Substitute these into the differential equation:
{e"?*[(3a — 4b) cos x + (4a + 3b) sinx]} + 4{e"?*[(—2a + b) cosx + (—a — 2b) sin x]}
+13{e"?*(acosx + bsinx)} = e ** cos x

—-2X

= e ?*[8acosx + 8bsinx] = e ?* cosx

Comparing the coefficients on both sides:

8a=1 1 _
{8b=0 = {a— b=0

. _ 1 _ox
..yp—ge COS X

Hence the general solution is y = e (AcosBx 4+ Bsin3x + 0083 Xj

(b) The auxiliary equation is o +6c+13=0, its roots are & =—-3+2i
The complementary function is y, = e~ 3*(4 cos 2x + B sin 2x).
We look for a particular integral of the form
¥p = hy(x) e73* cos 2x + h,(x) e™>* sin 2x.
Then we have the system of equations
{ hi(x)e™3* cos 2x + hy(x)e 3*sin2x = 0 (1)
hi(x)e 3*[—3 cos 2x — 2 sin 2x] + hj(x)e 3*[2 cos 2x — 3 sin 2x] = xe 3¥ cos 2x -+ (2)

e3* x (1) and e3* x (2) + 3e3* x (1) give:
{hi(x) cos 2x + hy(x)sin2x =0 - (3)
hi(x)(—2sin 2x) + h,(x)(2 cos 2x) = x cos 2x -+ (4)
(2sin2x) X (3) + (cos 2x) X (4) gives:
2 hy(x) (sin? 2x + cos? 2x) = x cos? 2x = hy(x) = %x cos? 2x
2
= hy(x) = fZ%x cos? 2x dx = ifx(l + cos4x2) dx = %+1—16fxd(sin4x)
=%+1i6(xsin4x—fsin4xdx) =%+1i6xsin4x+6i4cos4x
2
=%+%xsin2xc052x+6i4(2cos2 2x —1)
x2 1. 1 2 1
=§+§x51n2xc052x+§cos 2x—a
Substitute hy(x) = %x cos? 2x into (3):
hi(x) cos 2x +%x cos?2xsin2x =0 = hj(x) = —%x cos 2x sin 2x
= h(x) = —%fxcost sin 2x dx = —ifx sin 4x dx =ifx d(cos 4x)
= L xcos4x —ifcos4x dx = —x cos 4x — — sin 4x
16 16 16 64

1 . 1 . X 1 . 1 .
= —x(1 — 2sin? 2x) — —sin 2x cos 2x = — — =x sin? 2x — —sin 2x cos 2x
16 32 16 8 32
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x 1 1 . _
5.y, = |=—=xsin? 2x — —sin 2x cos 2x| e 3* cos 2x
p 16 8 32
xz 1. 1 2 11 _3x .
4+ |—+-xsin2xcos2x +—cos“2x ——| e sin 2x
8 8 32 64
—3x 1 1 ) 1 . 2 x2 .
=e Excost—gxsm 2xc052x—§sm2xcos 2x+?sm2x
1 .5 1 2 . 1 .
+§xsm 2xcost+§cos szmZx—astx

_ 1 x% . 1 .
=e 3"(—xcost+—stx——stx)
16 8 64

Hence the general solution is

2
y = e 3*(Acos2x + Bsin2x) + e™3% (1—16 X cos 2x + %sin 2x —isin Zx)
2
=e 3% (A cos2x + Csin2x + 1—16 X cos 2x + %sin Zx)

where C =B — é.
The auxiliary equation is o® +a” =0, its roots are o =0,0,—1
Hence the complementary function is y, = A+ Bx+Ce™.
Let y, = x(ax® + bx + c)e ™ = (ax® + bx* + cx)e ™.
Then y, = —(ax® + bx* + cx)e™ + (Bax? + 2bx + c)e™
=[—ax3+ Ba—-b)x>+ (2b—c)x +cle™™,

Yo
= [ax3 + (—6a + b)x? + (6a — 4b + c)x + (2b — 2¢)]e™™
and
yy' =—lax?®+ (=6a + b)x* + (6a — 4b + c)x + (2b — 2c)]e™™
+[3ax? + 2(—6a + b)x + (6a — 4b + ¢)]e™*
= [—ax3® + (9a — b)x?* + (—18a + 6b — c)x + (6a — 6b + 3c)]e™™

Substitute these into the differential equation:
[—ax3® + (9a — b)x? + (=18a + 6b — ¢)x + (6a — 6b + 3¢)]e™*
+[ax® + (—6a + b)x? + (6a — 4b + ¢)x + (2b — 2¢)]e ™ = x%e™*
= [3ax?+ (—12a + 2b)x + (6a — 4b + c)]e ™™ = x%e™*

Comparing coefficients:
3a=1
—12a+2b=0 =
6a—4b+c=0

Y= (%x?’ + 2x% + 6x) e ™

a S Q
Il
N DNw|r

The general solution is
y=A+Bx+Ce™+ (§x3 + 2x% + 6x) e .
Theny' =B —Ce™ — Gx:‘" + 2x% + 6x) e ¥+ (x?+4x +6)e*
=B—Ce""+(—§x3 — x? —2x+6)e‘x
y" =Ce™ — (—§x3 —x?—2x+ 6) e ¥+ (—x?—2x—2)e”*
=Ce™ + (§x3 — 8) e

From the initial conditions y(0) =0, y'(0) =1, y"”(0) = 0, we have

—[—ax®+ Ba—-b)x>+ (2b—c)x +cle™* + [-3ax® +2(3a—b)x + (2b —c)]e™*



B-C+6=1 B =3
C-8=0 - lCc=8
Hence the particular solution is

A+C=0 A=-8
=

1
y=-8+3x+8e ™+ (§x3 + 2x?% + 6x) e*.

The auxiliary equationisa?—9=0 = a? =9 = a = +3.
The complementary function is y, = C;e™3* + C,e3*.

Note that cosh3x = 1(e3X + e’3x) e
2 2 2

For a particular integral y,, we try y, = ax?® + bx + ¢ + Axe™>* 4+ Bxe®*, where a,b,c, A,B
are unknown constants to be determined.
Theny,’ = 2ax + b — 3Axe™* + Ae™3* + 3Bxe®* + Be®*
and y,' = 2a + 9Axe™3* — 34e™3* — 34e73* 4+ 9Bxe>* 4 3Be®* + 3Be®*
= 2a + 9Axe 3% — 6Ae~3* + 9Bxe3* + 6Be3*

Substituting these into the differential equation yields

2a+9Axe ™ —6Ae ¥ + 9Bxe® +6Be* -9 (ax2 +hx+c+ Axe > + Bxe3x) = X%+ %eSX n %e‘sx

= —9ax’ —9bx + (2a—9c) - 6Ae * +6Be™ = x* + %esx - %e‘“

—-9a=1 a=-1/9
—9b=0 b=0
=<{2a-9c=0=>{c=-2/81
—-6A=1/2 A=-1/12

6B =1/2 B=1/12
2 -3x 3x
Therefore ypz_x__g_xe e _ 1 2+Z +1xsinhx.
9 81 12 12 9 9) 6

The general solution is
—-3x 3x l 2 E 1 i
y = (e + Cye 9(x +9)+6x51nhx.

y"+4y=sec2x =>m’ +4=0<m==+2i. Thus, Y, =, C0S2X+C,Sin2X.
Let y, = ¢ CcOs2X +¢@,sin2x. Then we have the system
{(pl'c052x+g02'sin2x:0 {2¢1‘sin2x0052x+2¢2'sin22x:0
—

—2¢,'siN2X +2¢,"'COS2X =SEC2X | —2¢,'SiN2XCOS2X +2¢, 'COS* 2X =1

:>2(p2'=1:>¢)2=%X

, 9% + 1 ) 0 , 1 sin 2x
-_ = = —_—— —
(1 COS 2x > sin 2x Q1 2 %05 2

_ 1Jsin2xd_1f 1 d( 2)—11| 2]
Z 0= 2 ) cos2x x—4 CcoS 2x cosx—4ncosx

Ly :lln|c052x|c052x+lxsin2x.
4 2

Thus, y =c, cos2X + ¢, sin2x +%cost In|cost|+%xsin 2X



Consider P(a)=a®-7a” +15a-9.
Observe that P(1)=0 so P(ar)=a’~7a’ +150-9=(ar-1)(a’ —6a+9)=(ar—1)(a-3)".
Thus, the roots of the auxiliary equation &® —7a* +15a -9 =0 are « =1, 3, 3.

In particular, & =3 is a root of multiplicity 2 of the auxiliary equation.
The complementary function is x; = Ae' + Be® + Cte®,

For a particular integral xp, let x, = t? (at®+ bt? + ct + d) €3 = (at>+ bt* + ct® + dt?) e,
Then xp” = (5at*+ 4bt® + 3ct? + 2dt) 3 + 3(at>+ bt* + ct® + dt?) ¥
= [3at® + (5a + 3b)t* + (4b + 3c)t® + (3¢ + 3d)t? + 2dt] e,
Xp” = [15at* + 4(5a + 3b)t3 + 3(4b + 3c)t? + 2(3c + 3d)t + 2d] e
+ 3[3at® + (5a + 3b)t* + (4b + 3¢)t® + (3¢ + 3d)t? + 2dt] e*
= [9at® + (30a + 9b)t* + (20a + 24b + 9c)t3 + (12b + 18c + 9d)t? + (6¢ + 12d)t + 2d] e,
Xp "= [27at>+(135a+27b)t* +(180a+108b+27c)t3+(60a+108b+81c+27d)t2 +(24b+54c+54d)t
+(6¢+18d)]e.
Substituting these into the differential equation, we have
[27at® +(135a+27b)t* +(180a+108b+27¢)t3+(60a+108b+81c+27d)t?+(24b+54c+54d)t+(6¢+18d)]e™
— 7 [9at® + (30a + 9b)t* + (20a + 24b + 9c)t® + (12b + 18c + 9d)t? + (6¢ + 12d)t + 2d] e
+15 [3at® + (5a + 3b)t* + (4b + 3¢)t3 + (3¢ + 3d)t? + 2dt] €3 — 9 (at>+ bt* + ct® + dt?) 3 = 13 ™
= [40at® + (60a + 24b) t2 + (24b+12c) t + (6¢ + 4d)] %= 3 ™

Comparing the coefficients, we have

40a=1 a=1/40
60a+24b=0 = b=-1/16
24b +12c=0 c=1/8
6c+4d=0 d=-3/16
. ) . ottt 3t?
Thus, a particular integral is given by X, =| — ——+——"—"— |e*.
P LIS GENDY % [40 16 8 16)
Let x =¢'then OI—X:et = X. By chain rule, d_y:d_yd_x:Xd_y.
dt dt dx dt dx
And
2 2 2
d yzi[d_yjziixd_yjd_xz Ay dy) Ldly o dy
dt> dt\dt) dx\ dx/dt dx?  dx dx? dx
L edly _dy dy _d’y dy
dx*  dt? dx dt® dt
2 2 2
Putting x2 9 Z:d Z—ﬂ x W L eing xzd—Z+3xﬂ+y:1,we have
dx dt dt dx dt x dx dx X
2 2
d Z—d—y+3d—y+y:e“<:>d 3/+20|—y+y:e‘t
dt dt dt dt dt



The roots of the auxiliary equation & +2a+1=0 are ¢ =-1,—1
The complementary function is y, =(ct+c,)e™.

For a particular integral, we try y, = at?e™".
Then y," = a(—t* + 2t)e™*
and y," = a(t* — 4t + 2)e".

2
Substituting these into the differential equation ZTJ; + 2 % +y=et

a(t? —4t+2)e t+ 2a(—t? +2t)e t +at’et =et

= 2qet=et
1
= a=-
12
) _ 1.5 ¢
Ly =5 tle

Hence the general solutionis y = (¢c;t + cy)e ¢ + %tze‘t.

Restoring the original variables, the general solution of the Euler equation is
1 1(Inx)* 1{(Inx)’
=(c¢Inx+c,)=+——"—==| —"+¢/Inx+c, |.
y=(a 2)x X 2 x| 2 ' ?

With the boundary conditions y(1)=0 and y(2)=0,

In1)’ In2)° ¢, =0
O=y(1)=%[%+cllnl+02], 0=y(2)=%(%+clln2+cz]:> 3 In2

' 2

X
InxIn=

: I In
Hence the particular solution is y =2—X(Inx—ln 2) = y= 5
X X

Let Q(t)and I(t) be the instantaneous charge and current at time t. By Kirchhoff’s laws:

2
ZOI—I +121 +i =100sin4t or written as d ? +6d—Q+25Q =50sin4t .
dt 0.02 dt dt

The roots of the auxiliary equation o +6a+25=0 are o =-3+4i.
The complementary function is Q. = e™3¢(A4 cos 4t + B sin 4t).

For a particular integral Q,, wetry Q, = asin4t + b cos 4t, where a , b are unknown constants
to be determined. Then Q, = 4acos4t — 4bsin4t, Q, = —16asin4t — 16b cos 4t.

Substituting these into the differential equation yields
—16asin4t —16bcos4t + 6(4acos4t — 4bsin4t) + 25(asin 4t + bcos4t) =50sin 4t

= (—16a - 24b + 25a)sin 4t + (—16b + 24a + 25b ) cos 4t = 50sin 4t
= (9a —24b)sin 4t + (24a + 9b)cos 4t = 50sin 4t

50
9a-24b=50 (72a-192b=400 |37 73

= = =
24a+9b=0  |72a+27b=0 5 400

219



. . . . 50 . 400
A particular integral is given by Q, = — sin 4t — 215 COS 4t.
The general solution is

] 50 400
Q(t) = Q.(t) + Q,(t) = e (Acos4t + Bsin4t) + 73 sin 4t — 779 0S 4t.

Observe that
Q(t)=e(Acos4t+Bsin4t)+ 0inat - 299 cos 4t
73 219

_¢Q
dt

With the boundary conditions Q(0)=0, 1(0) = dd_?(o) =0, we have

(t)=-3e"*(Acos4t + Bsin4t)+e ™ (—4Asin4t + 4B cos4t) +%c034t +%sin 4t

A 400 Azﬂ
219

219
200 ] 50 °
3448+ 0 ¢ =N
73 73

0

The charge for t>0, Q(t)=¢™ (4OOCos4t . 50sin 4t)+ 50sin4t 400cos4t

219 73 73 219
The current for t >0,

dQ _5( 400cos4t  50sin 4t 5[ —1600sin4t 200cos4t ) 200cos4t 1600sin4t
I(t)=—"=-3e + +e + + +

dt 219 73 219 73 73 219
_ @(3cos4t+85in4t)—e‘3‘ 2050sin 4t N 200cos 4t
9 219 73

The first term is the steady-state current and the second term which tends to zero to 0 as t tends to o
is called the transient current.

-End-



