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(22 points) The electric field of a red laser (free-space wavelength: 633 nm), approximated
by the plane wave E(r) = E,e~/%(mx+12) ¢ [V/m], is incident from free-space and enters
a prism (&, = 2,u, = 2) at ; = 45°, as shown in Fig. 1. The plane wave then exits the
prism at the output facet, without any change in propagation direction. Asume that the
prism is much larger than the wavelength and the laser beamwidth.
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Fig. 1 Diagram for Question 1

(a) Find the frequency and wavenumber of the red laser. 3)
(b) Write the incident wave by solving and substituting in as many variables as possible in
the equation given in the question. (5)

(c) Find the reflection and transmission angles (6, and 8,) for the first air-prism interface.
3)

(d) Find the wedge angle 0,.;5, of the prism. 3)
(e) Find the reflection and transmission coefficients at the first air-prism interface. (5)

(f) Write electric field for the wave transmitted into the prism.
You are now given that the incident laser beam has a power density of 1 [mW/m?].

(g) What is the amplitude of the incident electric field? 3)
(h) Bonus: How powerful is the laser beam when it emerges from the prism? 3)

Solution:

(a) The frequency of the red laser,

_o o 3XA0° T
S = = %3mx100 “

The wavenumber of the red laser,
21 21
ko

0

(b) For 6; = 45,

ky . k,
m=-—=ysinf; =0.7071; n=-—=cosf; =0.7071
ko ko

Hence the incident wave is
E(r) — Eoe—j7.017><106(x+z) 5\, [V/m].



(c) The reflection angle is 6, = 6; = 45’.

The refractive indices are

n =1 n, = J&u =2

According to Snell’s law, n;sinf; = n,sinf,, so the transmission angle is,
ng . _ o
0, = —sin~10;, = 20.7
ny

(d) Since the wave exits the prism without a change in direction, we know that it exits the
prism at normal incidence. We analyze the angles according to the figure below:

eprism + Ogux = 0t + Ogux = 90°
eprism =6, =20.7

(e) The incident wave is TE-polarized, so

’llr
N1 =MNoN2=MNo |T—=To
ST

cosB; —n,cosf 0.7071 — 0.9534
_ 2 i~ t — 0139

TE ™ p,c0s0; +nyc0s6,  0.7071 + 0.9534
Trg = 1 + FTE = 0861

(f) The wavenumbers and its components in the prism are
n
k, = n—zko =1.985 x 107 rad/m
1
k,, = k.cos, = 1.892 x 107 rad/m
ky, = kysinf, = 7.017 x 10° rad/m

So the transmitted wave is
Et(r) — TTEEOe—j(kax+kzzz) §= 0_816Eoe—j(7.o17x106x+1.892x107z) § [V/m]



(g) The power density of the incident plane wave is

SIAE
av 2770 .

Rearranging gives

|Eol = /219|Say| = 0.8683 [V/m] .

(h) Note that for the prism-to-air interface, all the power is transmitted since 17, = 14. So
all the power that enters into the prism exits the prism. So the transmitted power is

n,c0s6;

P, =TP; = 2
t = |TrEl 11,C050;

P, = 0.98 [W/m?].



2. (16 Points) Fig. 2 shows a transmission line circuit connecting a known load to the
generator. The transmission line has a characteristic impedance of 100 €, a length of 0.7A
(where A is the wavelength within the transmission line) and a phase velocity of 1.5 x 108
[m/s]. A 500 MHz wave enters the transmission line and gets reflected by the load.

(Smith Charts have been included for your use if you need them. If you use them, please
clearly indicate the question parts that you are solving and show your steps.)
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Fig. 2: Diagram for Question 2

(a) What is the load impedance? 3)
(b) What is the input impedance? 3)
(c) What is the voltage standing wave ratio? 3)
(d) Write the voltage along the line if the current of the incident wave is Ij = 10 [mA].(5)
(e) Which is closer to the load: the voltage maximum or the current maximum? 2)

(f) Bonus: We now change the transmission line’s characteristic impedance (Z,) and the
input port’s impedance (Zpo,¢ = Z,) to minimize reflection from the load. What should
the optimized Z, be? What is the return loss in this case? 3)

Solution:

(a) The load impedance is

1 1
7, =Zp+Z=R—j—=120—j
L= 4R T L J e J (21 x 500 x 106)(2.652 x 10-12)

=120 —j1200Q

(b) The load impedance z; = Z; /Z, = 1.2 — j1.2 is plotted on the Smith Chart. We
transform toward the generator for [ = 0.7A (same impedance as (0.7 — 0.5)A =
0.2X). We get z;,, = 0.36 + j0.12 from the Smith Chart. Unnormalizing gives

Zin =2y Zo =36+j12Q

(One can also calculate this result using the impedance transformation equation. The
value obtained should be similar to the Smith Chart result to within about 1Q for both
the real and imaginary parts.)

(c) The reflection coefficient is
Zy—Zy 120-j120—100

I = =
LT Z o+ 7y 120 — 120 + 100

= 0.2994 —j0.3822 = 0.48552 — 51.93°.

The voltage standing wave ratio is,
_1+I|

= = 2.887.
1— L]




(d) The voltage along the transmission line is
V(z) = V5e 7P2(1 + I e1/%h7)

where
Vo =1IgZy = 1[V]
L w _211)(500)(106_2094 q
F= = isx1es _ 2094lrad/m].
Therefore,

V(z) = V§te F2(1 + Ie*/2F?)
= ¢ J(2090)7(1 4 048552 — 51.93%+/(#1892) [v]

(e) From the Smith Chart, adding the transmission line length will make the impedance

first reach a point where the phase of the reflection coefficient is 180 degrees.
Therefore, we will first reach a current maximum.

(f) Letz, = Z,/Zy = (120 — j120)/Zy = a — ja

Smith Chart method:
We plot z; for different values of a on the Smith Chart. We can see that a circular curve
is traced out. The point on the curve closest to the center of the Smith Chart is

, . Z,
Zyopt = 0.7 —j0.7 = Zyopr = T =171 Q.
0P

32 mm

From the Smith Chart, |, | = = 0.41 = RL = —20log|T,ew| = 7.74 dB .

78 mm

Calculation Method:

The reflection coefficient corresponding to z;, = a — ja is:

Z,—Zy z,—1 a—-1-ja
Z,+Zy z;+1 a+1—ja’
_(@a-1)?+a* 2a*°-2a+1 4a B
" (a+ 1?2 +a? 2t 2a+1 2@ ¥za+i

=

T'|? 1-F.

We wish find a that minimizes |T'|. This is equivalent to finding a that minimizes
IT'|?, which in turn is equivalent to finding a that maximizes F.

dF _ 4(2a® +2a +1) — (16a” + 8a)

da (2a% + 2a + 1)2
_8a2+8a+4—16a2—8a_ —8a? + 4
B (2a% + 2a + 1)2 (a2 4+ 2a+ 1)?°
dF

1
—=0 —8a’+4=0 =—
da > a“ + > a >

The negative root is excluded because the resistance should be a positive number; one
can check that this is a maximum for F because extreme values like a = 0 and a = oo

results in F = 0, while a =1 /\/E results in F > 0. Hence,



' L il %L _ 16970
Z = ——]—== == . .
L,opt \/E \/E 0,0pt ZL'opt
The corresponding reflection coefficient (magnitude) and return loss are

T oo 1 2v2 0.4142 = RL = —20l0g|T,s,,| = 7.656 dB
= —_— = (). = — 0 = /.
new 1+vV2+1 Gl inew

i;—‘m 'w.- - -'.‘ : ﬁf'w?’
= Sy = et e
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(10 Points) Plot the following points on the Smith Chart below (2 Points each). Operate
the Smith Chart in impedance mode unless otherwise instructed.

(a) Point A: The open circuit point

(b) Point B: The matched point

(c) Point C: Z, = 100 — j75 Q (when Z, = 50 Q)

(d) Point D: Y, = 0.02 + j0.1 S (when Z;, = 50 Q) (please plot in admittance mode)

(e) Point E: Ty = 0.54 — 60°

Solution




