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Multiple Linear Regression
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Linear Least-Squares Regression

* Inthe linear least-squares method, we build a linear model to
predict the value of a quantity.

* Alinear model will be in the form of a, + a,x. Here, ay and a, are
the parameters of the model.

* We find a, and a; using the data points.

 The model has one input (x) and one output (y).
x 'y

||

(X1, Y1)
Input (x) — as +ax  [— Output (y) (XZrYZ)

(s V)
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Multiple Linear Regression

* Sometimes, we may need to build a linear model with multiple inputs.
* In general, a model may have k inputs, x4, x-, ..., X, and 1 output, y.
* This is called multiple linear regression.

«  We build the model using n data points.

Input (k elements) Output

—

(X11) X12) s X1 V1)
(X321, X22, oy X2k, V2)

—| Linear Model — y

(xnl: Xn2s = Xnk yn)

n data points
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Multiple Linear Regression

* In multiple linear regression, each input data point has multiple

entries.
Input (k elements) Output
< > C———l
X1 Xy Xk y
Input (k elements) Qutput l l l l
« > —> data point 1 !
) _ X X cee ) 1X
© (%11, %12, s X100 Y1) g E | D S A 71
data point 2
® (X21,xZ2,...,x2k,y2) . P , x21"x22' ""x2k YZ
data point n
¢ (xnlranJ ) Xnko y’n) < > Xn1p|Xn2 "'lxnﬁ Yn
X1

—| Linear Model — y
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Multiple Linear Regression

* For example, we may build a model to predict the price of a house based
on its area, the number of bathrooms, bedrooms, and stories.

* Here, our model will have 4 inputs: area, #bedrooms, #bathroomes,
#stories.

» It will have one output.

Area (x1)
# bedroom (x5)
# bathroom (x3)
# stories

(%4)

—| Linear Model [~ Price (y)
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Multiple Linear Regression

* In multiple linear regression, each input becomes a vector with multiple

entries.
Input

< »
< >

X1 X2 X3 X4 y

data points ,rea  bedrooms bathrooms  stories price

1 7420 4 2 3 13300000
2 |8960 4 4 4 12250000
3 19960 3 2 2 12250000
4 17500 4 2 2 12215000
5 7420 4 1 2 11410000
Area
zszgg:s;?n—» Linear Model [— Price

# stories
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Multiple Linear Regression

* In multiple linear regression, a linear model will be in the form of
Ao + a1xq1 + ax, + -+ apxy
* Here, ay, a4, ..., a; are constant parameters.

* We need to find the parameters using the data points.

Input (k elements) Output

< > ——

X1 (X11, X12, o) X1 V1)
X

'2 — a0+a1x1+a2x2+...+akxk —_— y (x21’x22' '."’x2k’y2)
X

k (xnl'anI o Xnko yn)

n data points
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Multiple Linear Regression

* The optimal values of ag, a4, a,, ..., a, is given by

ag

Optimal parameters

= (X' X)'X'Y

Llxnn w0 L1k

1l xar oo Tok
X =

1 Tnl Tp2 Lnk

11

X12

L1k

(xll'x12'
(x21'x22'

(xnl' Xn2»

s X1ks Y1)
es X2k, V2)

vy Xnko yn)

n data points

1 1 1
21 X31 ... Inl
o292 T992 ... X9k
Lok L3k --- Lnk

(U5
Y2

Yn
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Multiple Linear Regression

To compute (XTX)~1xTY:

1. Compute the matrix X.

2. Compute the matrix X using X.

3. To compute X' X, multiply X" by X.

4. Compute the inverse of X7 X.

5. To compute (XTX)~1XT, multiply the inverse of X7 X, i.e., (XTX)71,

by X7T.

6. Multiply Y by the matrix (X7 X)~1x7.
. _ _
a? 1 11 12 ... xlk- 1:1 $1 rl 1:1

= (X' X)"'X'Y v RO SR B re e Tm e

-ak- 1 21 ZTpo ... Tok _-le Lok L3k -+ Tpk

Optimal parameters - .
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Example

* Build a linear model to predict the price of a house based on its area,
number of bathrooms, bedrooms and stories.

e Use the data in the table below.

Data " & s & ’
point area bedrooms bathrooms stories price
1 7420 4 2 3 13300000
y) 8960 4 4 4 12250000
3 9960 3 2 2 12250000
4 /500 4 2 2 12215000
5 7420 4 T 2 11410000
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Example

 We first form matrix X and vectorY.

7420
8960
9960
7500
7420

|
—_ = = =

= s W e e

S NS R N S A N

o NN =W

[13300000] ag

12250000 aq
Yy — 12250000

12215000

11410000 | Ak

[ 36934664.1791126 |

—1580.22388059678

—3922350.74626969
931417.910447620

479291.044776074

= (X'X)'X'Y
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How does it work?

* The error for the data pointi (x;1, X5, ..., Xjk, Vi) 1S

yi —(ag taxj; + azxip + -+ agxiy)

We choose ag, a4, a,, ..., a; such that the sum of squares of error is

minimized.
Y —(ag Faxig + azxpy + o+ agxig))?

Input (k elements) Output

X1 , )

o (xll,x:]_z; ey X1ko yl)

oGt e @t Ay | — Y (e y)
) ) =uny )

(an, Xn2s = Xnk y‘n)

n data points 13
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Interpolation
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Interpolation

* Like curve fitting, in interpolation problems we would like to fit a
model to a set of data points.

* In interpolation, we find the parameters of the model such that the
model passes through the data points.

* That is, for each input data point, the output of the model should be
equal to the output data.

Input data Output data

N S

(X0, f (x0))

x —|  Model — Y (x1, f(x1))

(o £ ()
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Interpolation

* In interpolation, we find the parameters of the model such that the
model passes through the data points.

Xo — Model — f(x9)
Input data Output data
X1 —{ Model — () (%0, f (%0))
(x1»f(x1))
¢ —|  Model ) (Xn, f (x0))
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Interpolation

* In interpolation, we find the parameters of the model such that the
model passes through the data points.

f(xn) |
f(x1) -

(X0, f (%0))
(x1»f(x1))

(o £ ()
F(xo)

x — Model |— f(x)
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Interpolation

* The model will be used to predict the output values at other points.

f(x)
A

X —| Model — Y

Interpolation
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Example

* Fitan interpolation model to the following data.

Input data Output data

NS

x —| Model |— V¥ (1,3)
(4,3)

(6,1)
(5,2)
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Example

® x0=1,x1=4,x2=6,x3=5

* f(xo) =3
* f(x1)=3
c flxx) =1
© flx3) =2

(1,3)

(4,3)

(6,1)

(5,2)
(%0, f (%0))
(x1»f(x1))
Gns £ ()

(%0, f (%0))
(%1, f (%1))
(XZJ f(XZ))
(X3, f(xB))

M EE2108
550 0 7 K B
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Example

* Fitan interpolation model to the following data.

Input data Output data

NS

x —| Model |— ¥ (1,3)
(4,3)
(6,1)
(5,2)
(7,4)
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Example

° Xg = 1,x1 =4,X2 =6,x3 :5,X4=7

© f(xo) =3

L Sln) =3 (X0 £ (x0))
L) =0 o D)
° ;gsg ;4 (6,1) (xz»f(xz))
' (5.2) (s, (x5))
(7,4) (0 (1))

(x0, f (x0))

(x1f(x1))

(o £ ()
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Regression

* In the regression, we do not force the model to pass through all the
data points because of uncertainties in the model and data.

* Inregression, we may not have an accurate model of the data.
* For example, we may not have an accurate model for the population.

* Also, the data points might be noisy. That is, the output values may
not be accurate.

* For example, the collected population data may not exact. Some
information might be missing. )
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Interpolation

* Ininterpolation problems, the data points are accurate (not noisy).
* Also, we may have an accurate model for the data.
* But we do not know the parameters of the model.

 We find the parameters of the model such that the model passes
through the data points.

(%o, f (x0))
(x1, f (x1))
: x — Model |— f(x)

(X, f (X))
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Interpolation VS Regression

Interpolation Regression

Y
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Newton’s Interpolation Method
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Newton’s Interpolation Method

* Suppose that we have n + 1 data points.

* Each data point corresponds to an input-output pair.

* In Newton’s method, we use a polynomial as our interpolation

model.

* We fit a polynomial of degree n to n + 1 data points.

Input data Output data

/

(X0, f (X0)) nput (x)
(x1:f(x1)) i _’

Polynomial
degree n

b Output (y)

(X, f (X))
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Newton’s Interpolation Method

 If we have n+ 1 data points, the interpolation model (in the
Newton’s method), will be following polynomial.

Ju(x) =bo + bi(x —x¢) + ba(z — xo)(x —x1) + - + bp(x —x0)(x — 1)+ (v — Tp—1)

* The polynomial has n + 1 terms.

bg First term (xo, f (xo))
bi(z — {170) Second term (x1; f(x1))

bo(x — xg)(x — x1) Third term '
(xn—l ’ f(xn—l ))

(X, f (Xn))

bo(r —xo)(xr —x1) - (¥ — rp—1) n+ 1-thterm
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Newton’s Interpolation Method

* by, bq, ..., by, are the constant parameters of the model.

* We find them using the data points.

(X0, f (%0))
(x1»f.(x1))

(xn—l ’ f:(xn—l ))
(Xn, f (X))

fn(x) =bo+bi(x —x0) + ba(x —x0)(x —21) + - - + bp(x —x0)(x —21) -+ (x — Tp—1)
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Newton’s Interpolation Method

* Problem: Find the parameters b, b4, ..., b,, such that the polynomial
passes through all the data points.

Ju(x) =bo + bi(x —x¢) + ba(z — xo)(x —x1) + - + bp(x —x0)(x — 1)+ (v — Tp—1)

A (xO' f(xO))
(xl»f.(xl))
(xn—l 'f(xn—l ))
(Xn, f (Xn))

f(xn)

f (xo)

x —  falx) [
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Finite Divided Difference

* Before we proceed with the solution of the Newton’s method, we
need to introduce the notion of finite divided differences.

» For two data points, (x;, f (x;)) and (x;, f (x;)), the first finite divided
difference of x;and x; is computed as

P (xi, f (X))
o) = L2 I £ ()

xi_xj'

f(@2) = f(1) Fing,ay] — L) = Sa)

/ [372?1"1] —
To — X1 r3 — T2

first finite divided difference of first finite divided difference of

(x4, £ (x1)) and (x5, f(x2)) (x2, f(x2)) and (x3, f (x3))

M EE2108 Week 9: Curvefitting and Interpolation
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Finite Divided Difference

* For three data points, (xl-, f(xl-)), (xj, f (x;)), and(xy, f (xx)), the
second finite divided difference of x;, x; and xj is computed using

J 1% x| — f[xja X ]

Xi = Xg

f[xzv ]9 xk] —

- Example: Second finite divided difference of (xq, f (x1)), (x2, f (x2)),
and(xs, f (x3)).

[ lzs, x2] — f |2, 1]

L3 — L1

flao) — flx1) flx3,z0] = flas) = f(2)

f [ZE 2y L 1] — L3 — &
To — T1 3 2 -
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Finite Divided Difference

* The third finite divided difference of x;, x;, x; and x;, is computed
using

f[akaaﬁaaﬂ]‘—zf[$j,iﬁ,$k]

Lg — Lk

f [IL‘?;,.Tj,IL'[, ajk}] —

flx3.x2,21]—f[x2,%1,%0]
X3—X0

« Example: f[x3, x5, x1,x0] =

flx3,x2 [=flx2,x1]
X3—X1

° f[xS'xZJxl] —

flx2.%1 1=flx1,%0]
X2—Xp

© flxzx1,%0] =

M EE2108 Week 9: Curvefitting and Interpolation
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Finite Divided Difference

* The n-th finite divided difference of x,, x4 ..., x,,_1, x,,is computed using

<t n
< » « —
«

- - > i . f[;fna Xn—1s «o s Xl] o f[*xﬁ'—lﬂ Xn—2s « o s XD]
f[;‘m {”_l’ T “XD‘] T X, — X

»

<

1. Remove the last element (x;), and compute the divided difference of
the remaining elements (x,,, X,,_1, ..., X . .
5 ( nwSn-1 1) f[;‘m Xp—1s o+ s *’kl]

1. Remove the first element (x,) and compute the divided difference of
the remaining elements (x,,_1, X;,—2, ..., Xg)-

f["rn— s Xp—2s + v s *’YD]
2. Compute the fraction.
f[*’rm Xn—1s + v s *’Yl] o f["rf?—lﬂ Xn—2s +vv s *’YO]
An = Xo
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Newton’s Method: General Form

* The solution of the Newton’s method is given by the finite divided
differences.

fn(x) =bo 4+ bi(x —x0) + bo(z —20)(x — 1) + - + bp(x —x0)(x —21) -+ - (T — Tp—1)

by = f(xo)
bl — f[xla x()]
o
b?):f[ajg,xg,xl,l‘o]
(xn—l ) f(xn—l ))
(xn, f ()

b, = X, Xp—15 -+, X1, X0]
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Example

* Using Newton’s method, build an interpolation model for the
function f(x) = In(x).

a) Use the following data points to build your model. (1,1n(1))

(4,In(4))
(6,In(6))
(5,In(5))

b) Use your model to estimate the value of In(2)

X — Model —_— )

M EE2108 Week 9: Interpolation 36
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Example

® x0=1,x1=4,x2=6,x3=5

* f(xo) =In(1)
* f(x1) =In(4)
* f(xz) =In(6)
* f(x3) =In(5)

(1,In(1))
(4,1n(4))
(6,In(6))
(5,In(5))

(%0, f (%0))
(%1, f (%1))
(x2' f(xZ))
(XBJ f(x3))

M EE2108
550 0 7 K B

City University of Hong Kong
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Example

* Since we have four data points, we need to fit the following polynomial
to the data points.

f(x) = by + Di(x — Xxp) + Da(x — xp)(x — x;) + b3(x — xp) (X — X)) (X — Xxp)

bo First term

(1,In(1))
bl (aj — Qjo) Second term (4 ln(4‘))
ba(x — xg)(x — 1) Third term (6,1n(6))

(5,In(5))

bp(v —xo)(x — 1) (r — Tp—1) n+ 1-thterm

fn(x) =bo+bi(x —x0) + ba(x —x0)(x —21) + - - + bp(x —x0)(x —21) -+ (x — Tp—1)
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Example

* We need to compute the first, second, and third finite divided
differences.

f(x) = by + Di(x — Xxp) + Da(x — xp)(x — x;) + b3(x — xp) (X — X)) (X — Xxp)

by = f(xo)
by = flxi, xo]

b2 — f[-x29 X1 XO]

b3 — f [3333 L2, L1, 'CEO] Eill': iggig%
(6,In(6))
* xo=1,x, =4,x, =6,x3 =5 (5,In(5))
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Example

* First, start with the third finite divided difference.

f [:1?3, €Ia. ;L‘l] — f [1:2? X, :1’:0}

Iy — I

f [;ES§ Lo, I, iL’(ﬂ —

 Then, write down the second finite divided differences that are
needed to calculate the third finite divided difference.

f [;1'3. :r;g] — f [;I'g. -"E-';l] f [;1*2_ Ty, :Ifn] — f [%1“.2- -'1‘1] — f [él‘]_- ;1‘”]

f ['-I..'ﬂ- €Zo, .'."_'1] p—

T3 — I Lo — Iy

 Then, write down the first finite divided differences that are needed
to calculate the second finite divided differences.

f s, 2o] = X T Flag, 2] = f(x2) — f(21) F Ly o] = f(x1) = f(x0)

r3 — Io To — I X1 — Ty
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Example

* You can also form the following tree.

 Start with computing the finite divided differences at the lowest
level of the tree.

* Then, compute the finite divided differences at upper levels.

flzs, xa, 21, 20

T3, o, Ty e, 21, 20 (%0, f (%0))
Fir g ! o (x4, f (1))

/\ /\ (xz;f(xz))

flxs, x2o] flro, 2] flxy, xo (x3,f(x3))

m EE2108 Week 9: Curvefitting and Interpolation
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Example

1386294 — 0 c xo=1x =4
o xo] = = ———— = 04620981 b =5
1.791759 — 1.386294 * f(xo) =In(1)
[T, x1] = — = 0.2027326 . f(x,) =In(4)
* f(x2) =In(6)

1.609438 — 1.791759
Slxs x| = P = 0.1823216 * f(x3) =In(5)

~0.2027326 — 0.4620981

Tl X1, Xo] = P = —0.05187311
0.1823216 — 0.2027326
Flxs, X, X, = = —0.02041100
5—4
—0.02041100 — (—0.05187311)
Fls Xo, Xps Xo] = S = 0.007865529
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Example

* The polynomial model is

f(x) =0+ 04620981 (x — 1) — 0.05187311(x — 1)(x — 4)
+ 0.007865529(x — 1)(x — 4)(x — 6)

* Forx = 2, we have f3(x) = 0.6287686

° Et:9'3%

M EE2108 Week 9: Curvefitting and Interpolation
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Newton’s Method: General Form

* The solution of the Newton’s method is given by the finite divided
differences.

fnlx) =bo+b1(x —x0) + bo(x —20)(x —21) + - + bp(x —x0)(x —21) -+ - (¥ — Tp—1)

by = f(xo)
bl — f[xla x()]
o
b?):f[ajg,xg,xl,l‘o]
(xn—l ) f(xn—l ))
(xn, f ()

b, = X, Xp—15 -+, X1, X0]
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Finite Divided Difference

» Start will b,, and form the following tree. Expand the tree until you
reach the first finite divided differences.

* Compute the divided differences.

f[X”, Xn—1s «oo s Xy XD]

/ \

f[*xm Xn—1s « o s Xl] f[ n—1s Xp—2s « o+ 5 X[}]
f[iﬁn,...,ﬂfg] f[mn—la"'a$1] f[ajn—la Zlfn 2900y 560]
f [ajnaﬂjn—l] f [;33:;32} f[I‘zI‘ﬂ f [ml:xlﬂ

m EE2108 Week 9: Curvefitting and Interpolation 45
zaunse



Lagrange Interpolation Method
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Lagrange’s Method

 The Lagrange's method fits a polynomial of order n to n + 1 data
points.

* Lagrange’s polynomial is in the following form

fa(x) = Lo(x)f (x0) + L1 (x)f (x1) + -+ Li () f (x;) + - + L () f (x)

*  We need to compute the Ly(x), L;(x), ..., L,,(x) using data points.

(X0, f (x0))
(%1, f(x1))

X — fn(r) -7 (xn—l 'f.(xn_l ))
(xn,f(xn))
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Lagrange’s Method

To compute Ly (x):
1. Remove the (xy, f (x¢)) from the data (first data point).

(x—x;)

(Xo—xj)

2. Form the fractions for each remaining data point x;.

3. Then, multiply all the fractions.

o) = ST G o o)

(X0 —x1) (%0 — x2) (X0 — / (X0 — 1)

(x4, f(x1))
Gz f (02)) (x = x2)
(xo — Xx2)

(xn' f(xn)) — (x — xn)
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Lagrange’s Method

To compute L, (x):
1. Remove the (xq, f (x1)) from the data (second data point).

(x—x;)

(x1—xj)

2. Form the fractions for each remaining data point x;.

3. Then, multiply all the fractions.

(x —x0)  (x—2x) (x — xp) _
G =) < —xp) X G =) (X ~ %o)

/ (X1 — Xo)
(X0, f (x0))

Gz f (02)) (x = x2)
(xy — x3)

(xn' f(xn)) — (x — xn)
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Lagrange’s Method

To compute L, (x):
1. Remove the (x,, f(x,)) from the data (third data point).

(x—x;)

(x2—xj)

2. Form the fractions for each remaining data point x;.

3. Then, multiply all the fractions.

C-x) | @-x) (x—xn> B
(X2 — Xo) * (X2 — x1) . (x2 — (& ~ %o)

/ (X2 — x0)
(X0, f (x0))

G f Gra)) (x = x1)
(X2 — x1)

(xn' f(xn)) — (x — xn)
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Lagrange’s Method

To compute L; (x):
1. Remove the (x;, f (x;)) from the data.

(x—x;)

(xi—xj)

2. Form the fractions for each remaining data point x;.

3. Then, multiply all the fractions.

L = GG ) o

(xi —x0)  (X; —x1) o / (x; — Xo)
(x0, f (x0))

G f Gra)) (x = x1)
(x; — xq1)

(xn' f(xn)) — (x — xn)
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Lagrange’s Method

To compute L, (x):
1. Remove the (x,,, f (x;,;)) from the data.

(x—x;)

(Xn—x;)

2. Form the fractions for each remaining data point x;.

3. Then, multiply all the fractions.

CGmx) | (—xp) u—xno )
Con—x0) < Gon ) * < (x ~ %o)

/ (xn _ XO)
(X0, f (x0))

G f Gra)) (x = x1)
(xn — x1)

(xn 1'f(xn 1))\£x — Xy 1)
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Example

* Find the Lagrange’s interpolation model for the data below.

(1,2)
(2,4)
(3,5)

X fn(ir) — )

M EE2108 Week 9: Curvefitting and Interpolation
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Example

* xo=1,x1=2,x, =3

* flxe) =2,f(x1) =4,f(x) =5

(1,2)
(2,4)
(3,5)

(%o, f (x0))
(%1, f(x1))
(%2, f(x2))

M EE2108 Week 9: Curvefitting and Interpolation
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Example

° xO:]-'xl:Z'xZ:3;f(x0):2;f(x1):4;f(x2):5

f2(x) = Lo(x)f (xo) + L1 (x)f (x1) +Lo(x) f (x2)

Lo(x) = X% o

(-x) _ (x=2) , (x=3)

(x0—x1)

(xo—x2) (1-2) " (1-3)

Li(x) = o)

(x1—Xo)

(x=x2) _ (=D, (x-3)
(r1-x2)  (2-1) " (2-3)

() _ (=) | (x-2)

L,(x) = (o) X

(x2—xp)

(x2—x1) (3-1) ~ (3-2)

(1,2)
(2,4)
(3,5)

(X0, f (x0))
(%1, f(x1))
(x2, f(x2))

w EE2108
zaunse
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Example

(x—2) (x-—3) (x—1) (x—3)
-2 a-3» ‘e e-3"
5(x—l) (x —2)
G-1 (-2

fo(x) =2

(1,2)
(2,4)
(3,5)

M EE2108 Week 9: Curvefitting and Interpolation
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General Polynomial Interpolation
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General Polynomial Interpolation

* The Polynomials in Lagrange’s and Newton’s methods have special
structures.

* Sometimes, we may need to fit a polynomial of the following form to
our data points.

() = ag+ a;x + azx® + -+ a,x"

* This is notin the form of Lagrange’s and Newton’s polynomials.

fo(x) = Lo(x)f (x0) + L1 (x)f (x1) + -+ Li () f (x;) + - + L () f (x)

fn(x) =bo +bi(x —x0) + ba(x —x0)(x —21) + - - + bp(x —x0)(x —21) -+ (x — Tp—1)

m EE2108 Week 9: Curvefitting and Interpolation 58
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General Polynomial Interpolation

* Suppose that we have n+1 data points. (%0, f (x0))

(1, f (1)
(s £ C0n)

* To fit the following polynomial to our data points, we need to find a,,

a, ..., an,
fu(x) = ag + ayx + ax? + -+ a,x™

* The polynomial should pass through all data points.
A

f(xn)
fa(x0) = f(x0)
fn(x1) = f(x1)
fn(xn) = f(xp) fxo)
frn(X) -

M EE2108 Week 9: Curvefitting and Interpolation Xo Xn 59
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General Polynomial Interpolation

* We obtain a system of linear equations with n + 1 unknowns a,,
al, ---,an-

* ay a4, ..., 0, are obtained by solving this system of linear equations.

fa(xo) = ag + arxg + azx§ + -+ apxy = f(xo)
fo(xy) = ag + ayxg + azxf + -+ apxl = f(xy)

Fu(t) = o + QuXy + 22 + o axf = F () (xo, £ (X0))

(x1, f.(x1))
(s £ ()
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Example

« Fit the polynomial ag + a;x + a,x* to the following data points.

(300,0.616)
(400,0.525)
(500,0.457)

M EE2108 Week 9: Curvefitting and Interpolation
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Example

 Polynomial ay + a;x + a,x?

(300,0.616) (%0, f (x0))
(400,0.525) (%1, f (x1))
(500,0.457) (22, f(x2))

xo = 300, f(x,) = 0.616
x, = 400, f(x;) = 0.525
x, = 500, f(x,) = 0.457

M EE2108 Week 9: Curvefitting and Interpolation
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Example

* We form the following system of linear equations.

0.616 = a, + a,(300) + a,(300)?
0.525 = @4 + a,(400) + a,(400)?
0.457 = @ + a,(500) + a,(500)?

* ay, a1, 0, are obtained by solving this system of linear equations.

1 300 90,0007[4%] [0.616 o = 1.027
1 400 160,000(|4%1|=0.525 a1 =—0.001715
1 500 250,0001La2]1 10.457 a, = 0.00000115
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Spline Interpolation
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Spline Interpolation

* In Newton’s and Lagrange's methods, one polynomial is fitted to all
data points.

* In certain cases, the resulting polynomial might oscillate and introduce
large errors.

* For example, when the data points have abrupt changes.

Oscillations

) f)

Y

Y

M EE2108 Week 9: Curvefitting and Interpolation 65
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Spline Interpolation

In such cases, the spline interpolation method can be used.

In this method, the data points are divided into several groups.

A polynomial is fitted to each group of the data points.

M EE2108 Week 9: Curvefitting and Interpolation
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Linear Splines

* In the linear spline method, the data points are connected by lines.
* We need to order our data points according to the increasing order.

e Thatis, xo < x; <x, <+ < xp.

(x0, f (%0))

First-order (x1, f (x1))
spline :

2 [ (s £ (6))

=

S(x)

w EE2108 Week 9: Curvefitting and Interpolation
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Linear Splines

* First, arrange the data points in the increasing order, i.e., xy < x; < x, <
cee < xn_

* For every two consecutive data points, find the line that connects them.

ey (%o, f (x0))
First-order (xl)f(xl))

spline (%2, f(x2))

=

I R R L. (Xn—1,f(xn—1))

2 4 6 8 10 x (X, f(xn))
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Linear Splines

« The line that connects (xy, f (%)) to (xq, f(x1)) is

_fG) = f(xo)

) = flxg) + mp(x — xp)  Xo=2x=x o X1 — X,

» The line that connects (xy, f (x1)) to (x, f(x3)) is

f(x) = f(x;) + my(x — x) NEXSX o= f(xz) — f(1)

1
X2 — Xq

» The line that connects (x,,_1, f (xn_1)) to (%, f(x)) is

f()C) :f(xn—l) + mn—l(x o xn—l) Xp—1 =X =X,

Mmy—1

flxn) — f(xn-1)

Xn — Xn—-1
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Example

* Fit a first-order spline to the data in the table below. Evaluate your
model at x = 5.

x f(x)
3.0 2.5
4.5 1.0
/.0 2.5
9.0 0.5

X — Model — Yy
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Example

e xXo=3,x1 =45x, =7,x3 =0.

* f(x0) =2.5,f(x1) = 1,f(xz) = 2.5, f(x3) = 0.5.

x f(x)

3.0 25 (X0, f (x0))
4.5 1.0 (x1, f(x1))
7.0 2.5 (%2, f(x2))
9.0 0.5 (x3, f (x3))

M EE2108 Week 9: Curvefitting and Interpolation
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Example

e xXo=3,x1 =45x, =7,x3 =0.

f(x) =25—(x—3),
f(x) =14+ 0.6(x—4.5)

fix) =25-(x=7),

f)

0

3<x <45,
45<x<7,
7<x<09,

| First-order
spline
I I I I I I .,
2 4 6 8 10 x

mO =
m1 — O 6
m2 —_

x f(x)
3.0 2.5
4.5 1.0
/.0 2.5
@.0 0.5

M EE2108
FHEHAR

City University of Hong Kong
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Example

« x = 5islocated between 4.5 and 7. So, the output of the model at x = 5
is 1.3.

fx)=1+06(x—45) 45<x<7, m; = 0.6

X — Model — Yy
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FHEHAR

City University of Hong Kong



Quadratic Splines

* In the quadratic spline method, data points are connected by
quadratic functions.

* First, arrange the data points according to the increasing order, x, <
x1 < xZ < < xn.

f(x) 4 (X0, f (%0))
(x11 f(xl))
(%2, f(x2))

Second-order
spline

0 L, (Xn—1,f (xn-1))
- (xn, f(xn))
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Quadratic Splines

e The first polynomial connects f(x,) and f(x,).
* The second polynomial connects f(x,) and f(x3).

* The last polynomial connects f(x,_,) and f(x;,).

f(.’L’) :a1$2+b1£€+61? To < x <1
f(m):a2$2+b2m+62? 1 < a < a9
flz) = An2> + bpa + . Tno1 <2 < 2,

(X0, f (%0))
(X1, f(xl))
(%2, f(x2))

(Xn—1, f (xp-1))

(xn, f ()

M EE2108 Week 9: Curvefitting and Interpolation
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Quadratic Splines

 Forn + 1 data points, we need to find the parameters of n quadratic
functions.

* We will form a system of linear equations. The parameters will be
obtained by solving the system of linear equations.

f(2) =l ok +lers ro < x <24 (%0, f (x0))

f(xz) =lasfx™ Hbakr +|c2, v < a < a9

(x1, f(x1))

f(il’)) :|CL_n,CU H bl + Tn—1 ST < Ty (xn, f (x3))

B
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Quadratic Splines

*  We have two endpoints. xyand x,,are endpoints.

°* Xq,..,Xy_q1 are intermediate points. We have n — 1 intermediate points.

fx) 4 ayx* + byx + ¢y
a-x" + box + ¢,
alxz + b x + ¢ F(x3)
fx) N (X0, f (x0))
f(xo) Endpoint (xl, f(xl))
Intermediate _ (xZ’ f(xZ))
/ . Intermediate
. point .
Endpoint point .
. Interval 1 L. Interval 2 e Interval 3 . .
(xn—b f(xn—l))
(xn:f(xn))

 J



Quadratic Splines

* Two consecutive polynomials should pass through their intermediate

point.
Two consecutive

Two consecutive polynomials
f(x) 4 polynomials /\0312 + byx +
1 T, + box + ¢, Fxy)
ax? +bx + ¢ s

Jxy)
f(xp)
Intermediat o
ntermediate Intermediate
point point
_Interval 1 | Interval 2 | Interval 3
Xo X 2 A3 X
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Quadratic Splines

f)

Two consecutive
polynomials

ax* + bx + ¢

fxp)

/

Intermediate
point
_Interval 1T

fxp)

2
ax- + b.x + ¢,
A B f(xs)

_Interval 3

alaf;% + byx1 +c1 = f(x1)

GJQIL“% + bgib’l + Cco = f(CEl)

Xy X,

 J

M EE2108

&5
City University of Hong Kong
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Quadratic Splines

f)

Two consecutive
polynomials

2
ax~ + box + ¢,
ax® + bx + ¢

fxp)

)
X" + byx + ¢4

f(x3)

asxs 4+ bay + co = f(x2)

azxs + bywo + c3 = f(x2)

fxp)
Intermediate
point
~Interval 1 | Interval 2 | Interval 3
.ro -’C] Xz X3 _x

M EE2108

&5
City University of Hong Kong
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Quadratic Splines

* Two consecutive polynomials should pass through their intermediate
point.

* We obtain 2n — 2 linear equations.

f(xy) = a1a] + bz + ¢
f(x1) = asx? + baxy + o
f(22) = asas + baxs + co
f(x9) = azx3 + baxs + c3

f(mn—l) — an—lmi_l + bn—lmn—l T Cn—1

f(ajn—l) — (Lnflli + bnmn—l + Cp,

M EE2108 Week 9: Curvefitting and Interpolation
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Quadratic Splines

* The first derivative of consecutive polynomials should be the same at

their intermediate point. Two consecutive
Two consecutive polynomials
polynomials
fx) 4 Uy’ + byx + ¢y

a>x> + box + ¢,

f (v’fz,)

ax? +bx + ¢

Jxp)
Jxp)
Intermediate Intermediate
point point
_Interval 1 | Interval 2 | Interval 3
Xo X 2 A3 X

M EE2108 Week 9: Curvefitting and Interpolation
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Quadratic Splines

Two consecutive
polynomials

f) 4 /\ ax* + byx + ¢y
2
ax- + b.x + ¢,
TG fxs)

ax* + bx + ¢

fxp)
fxp)

20121 + b1 = 2a2x1 + b2

~Interval 1 | Interval 2 | Interval 3

Intermediate
point

~

.ro -3C ] X ] X 3 _x

 J

M EE2108 Week 9: Curvefitting and Interpolation
Enumim

University of Hong Kong



Quadratic Splines

Two consecutive
polynomials

J(0) 4 asx* + byx + ¢y

f(x3)

2
ax~ + box + ¢,

ax® + bx + ¢

fxp)

fxp)

20919 + bo = 2a3x9 + b3

~Interval 1 | Interval 2 | Inteyval 3

\ .
Intermediate
point

 J

.ro -3C ] X ] X 3 _x

M EE2108 Week 9: Curvefitting and Interpolation
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Quadratic Splines

* The first derivative of consecutive polynomials should be the same at

their intermediate point.

 We obtain n — 1 linear equations.

2(1,1.131 T bl — 2(1,2.581 m

- by

2(1,2232 I bg == 2(1,3.582 m

- by

2an—1xn—1 + bn—l — 2anxn—1 + bn

M EE2108 Week 9: Curvefitting and Interpolation
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Quadratic Splines

* The first and last polynomial must pass through the end points.

-

, Last function
Jfx) ax” + byx + ¢; —

2
a>Xx~ + box + ¢,

f(x3)

First function

> ax’ + bx + ¢

f(-’fl)

f(xp)

_Interval 1 | Interval 2 | Interval 3

(115133 +b1xog + 1 = f(170) agiL’% + byx3 + c3 = f(iL’g)

-

Xo X X, e X

L a2

w EE2108 Week 9: Curvefitting and Interpolation 86
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Quadratic Splines

The first and last polynomial must pass through the endpoints.

We obtain 2 linear equations.

ala:g + bixg + c1 = f(xo)

a,na:i +bpzn +cn = f(xn)

w EE2108 Week 9: Curvefitting and Interpolation
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Quadratic Splines

* The second derivative at the first point should be zero.

e Weobtaina; =0.

 We need to find a4, ..., a,, by, ..., by, C1, ..., Cpy.

f(x) =lal? Hoi ke +ler, o < x <24
flx) =lag® Hbof +lco,| 21 <2 < 20

(@) =anr” 4 bnfr 4 Cn Tp-1 <@ < Xy

M EE2108 Week 9: Curvefitting and Interpolation
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Quadratic Splines

The parameters a,, ..., ay,, by, ..., b,,, ¢4, ..., C,, are the solutions of the
following system of linear equations.

Remember that a; = 0.

~

X

S

)

~

)

f(ajn—l) = Unp-12y,

(11) =
(21) =
(r2) =
(72) =

a 331 + bix1 + ¢

- 2
aox + boxy + o f(xo) = arxf + braxo + 1
a 513’2 + boxo + o f(mn) — Clnil'i + bpxy, + ¢y

A3 bax C
2—|_ ? 2—|— 3 2a1x1—|—b1:2a2:€1—|—b2

2099 + by = 2azx9 + b3

2
1 + bn—lajn—l + Cp—1

) :
f(ajn—l) = ApT;, + bnn—1 + Cn 201, -1Tp—1 + bp—1 = 2a,xy,—1 + by,
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Quadratic Splines

* We form a system of linear equations with 3n unknowns and 3n
equations.

* Parameters are obtained by solving the system of linear equations.

1. The consecutive polynomials must pass through their intermediate
points (2n — 2 conditions).

2. The first and last polynomial must pass through the endpoints (2
conditions).

3. The first derivatives of consecutive polynomials at their intermediate
points must be equal (n — 1 conditions).

4. al — 0

M EE2108 Week 9: Curvefitting and Interpolation 90
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Example

* Fit a quadratic spline to the data below. Evaluate your model at x = 5.

x f(x)
3.0 2.5
4.5 1.0
7.0 2.5
Q.0 0.5

Model

)

f(x) A

ax® + bx + ¢

2.5 1.0

Y

_Interval 1 | Interval 2

ax* + byx + ¢,

ax> + box + ¢,

2.5

_Interval 3

Y

3.0 4.5

/.C

2.0

M EE2108
ERRTAS
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Example

* We have 4 data points. We need 3 quadratic polynomials to connect
them.

* 3 quadratic polynomials have 9 parameters.

Jx) 4 (13x2 + byx + ¢y
ax* + byx + ¢,

ax’ + bx + ¢,

1.0

2.5

2.5

_Interval 1 | Interval 2 | Interval 3

Y

3.0 4.5 /.C 20 =«

M EE2108 Week 9: Interpolation
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Example

* The consecutive polynomials should pass through their intermediate
point.

Two consecutive Two consecutive

polynomials pO'Vnomiil‘s
f(’C) 4 1\ / 03)[2 + b-_g)( ¥ ey
2 -~ -
ax~ + bx + ¢, 05

ax? + b+ ¢,

1.0

25 . 2025611 + 45b1 + C, — 10
20.25612 + 45b2 + Cr — 1.0
49612 + 7b2 + Cr — 2.5

_Interval 1 | Interval 2 | Interval 3
Intermediate| | Intermediate 49ay + Tby + ¢35 = 2.5

point point
30 4.5 7.C 9.0  x

M EEz1uo Week 9: Curvefitting and Interpolation
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Example

* The first derivative of consecutive polynomials should be the same at
the intermediate points.

TWo consecutive Two consecutive

polynomials pO'Vnomiil‘s
f(’C) 4 1\ / 03)[2 + b-_g)( ¥ ey
2 -~ -
ax~ + bx + ¢, 05

ax? + b+ ¢,

1.0

2.5
901 + bl — 9612 + bz
l14a, + b, = 14a; + by
_Interval 1 | Interval 2 | Interval 3
Intermediate| | Intermediate
point point
30 4.5 7.0 Q0 X
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Example

* The first and last polynomial must pass through the endpoints.

Last function

First function ]
J(x) 4 ax* + byx + ¢y
a>x> + byx + ¢, 05
ax? + b+ ¢, o

1.0
2.5 . 9a, + 3b, + ¢, = 2.5
81(13 + 9b3 + Cy — 05
. Interval 1 e Interval 2 e Interval 3 .
0 4.5 7. 00 =

M EEz1uo Week 9: Curvefitting and Interpolation
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Example

 Also,a; =0.

 We have 8 equations.  20.25a, + 4.5b, + ¢, = 1.0
20.25a, + 4.5b, + ¢, = 1.0
49a, + by + ¢, = 2.5
49a, + Tby + ¢35 = 2.5
9a, + b, = 9a, + b,
l4a, + b, = 14ay + b,
9a, + 3b; + ¢; = 2.5

81613 + 9b3 + Cy — 05

M EE2108 Week 9: Curvefitting and Interpolation
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Example

 Also,a; =0.

 We have 8 equations.

45 1 0 0 0 0 0
0 0 2025 45 1 0 0

0 0 49 7 1 0 0

0 0 0 0 0 49 7
31 0 0o 0 0 0

0 0 0 0 0 8 9

I 0 -9 -1 0 0 0
0 0 14 1 0 -14 -1

o O = O - O O O

2.5
2.5
2.5
0.5

M EE2108 Week 9: Curvefitting and Interpolation
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Example

e The values of unknowns are

a, — 0 bl = —1 C1 — 5.5
4, =064  by=—676 ¢, = 1846
as — —1.6 b3 = 24.6 Cy — —91.3

* The quadratic polynomials are

fi(x) = —x+ 5.5 30=x=45
£(x) = 0.64x" — 6.76x + 18.46 45<x=<=170
fi(x) = —1.6x" + 24.6x — 91.3 70 <x =90

* Theoutputatx =5is

£(5) = 0.64(5)* — 6.76(5) + 18.46 = 0.66
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Cubic Splines

 In the cubic spline method, data points are connected by cubic
functions.

* First, arrange the data points according to the increasing order, x, <
x1 < xZ < < xn.

J(x0) 4
B Cul.i)iC (xo, f(xO))
spline Interpolating (xlrf(xl))
5 L Ac/ubic :
[ (xnr f(xn))
0 —

w EE2108 Week 9: Curvefitting and Interpolation 929
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Cubic Splines

* The first cubic polynomial connects f(x,) and f(x;).
* The second cubic polynomial connects f(x,) and f (x3).

* The last cubic polynomial connects f(x,,_1) and f(x,).

; ) (X0, f (%0))

f(z) =a12” + bia” + 1o + dy, S S (xl,f(xl))

f(x) = aox> + box® + cox + do, 1 <o < 29 (22, f (x2))
f(z) = apa® + bpa* + cpx + dy, Ta1 <2 < ap -1 f (K1)

(xn:f(xn))

M EE2108 Week 9: Curvefitting and Interpolation 100
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Cubic Splines

 Forn + 1 data points, we need to find the parameters of n cubic
functions.

* We will find a system of linear equations. The parameters will be
obtained by solving the system of linear equations.

f@) =l +oip? + b d +Hdi] 2o <<y
f(@) =laop” +{boft” + o +|do] a1 <2 <o

fa) =|an’ +ﬁx2 Henpr iy, ano1 <@ < am,
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Cubic Splines

We form a system of linear equations with 4n unknowns and 4n equations.

1. The consecutive polynomials must pass through the intermediate
points (2n — 2 conditions).

2. The first and last polynomials must pass through the end points (2
conditions).

3. The first derivatives consecutive polynomials at their intermediate
points must be equal (n — 1 conditions).

4. The second derivatives consecutive polynomials at their intermediate
points must be equal (n — 1 conditions).

5. The second derivatives of the first and last polynomials at the
endpoints should be zero (2 conditions).
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Cubic Splines

We form a system of linear equations with 4n unknowns and 4n equations.
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2. The first and last polynomials must pass through the end points (2
conditions).

3. The first derivatives consecutive polynomials at their intermediate
points must be equal (n — 1 conditions).

4. The second derivatives consecutive polynomials at their intermediate
points must be equal (n — 1 conditions).

5. The second derivatives of the first and last polynomials at the
endpoints should be zero (2 conditions).
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END

See you next week ©!




