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e If f(x) is differentiable x = c, then the limits lim,,_, f(c+hlz_f(c) is called

the derivative of f (x) and usually denoted by Z—£ (c) or f'(c)., i.e.

af = _ . _ . fleth)=f()
a|x=c— f(C)—}lll_r)r(l) n -

® The most direct way to find the derivative is to evaluate the limits

lim;,_,, ! (C+h}z—f (C). This method is called differentiation from the first

principle.
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Differentiability and derivative of some elementary functions
Example 1 (Constant function)
Show that the constant function f(x) = c is always differentiable and find the
derivative 2 (or f'(x)).
dx
©Solution:

Using the first principle, we have

+ h) — —
lim fx )~ f(*) = lim ¢ = lim 0 = 0.
h—0 h h—-0 h h—0

Therefore, f(x) = c is differentiable and

df

E=f’(9€)=0.
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Example 2 (Polynomial)

Show that the function f(x) = 2x3 is differentiable and find the derivative
f1().

©Solution:

Using the first principle again, we have

 fx+h)—f(x) . 2(x+h)>—2x3 - x3+3x%h +3xh® + h® — x3
im = lim = 2 lim
h—0 h h—0 h h—-0 h
h(3x2% + 3xh + h?
= 2 lim ( ) = 21im(3x?% + 3xh + h?) = 2(3x?% + 3x(0) + 02)
h-0 h h—-0
= 6x2.

Hence f(x) = 2x3 is differentiable and

df_ , B
E—f(x)—6x2.
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Remark

In general, one can use the similar method to show that for any positive integer
n, the function f(x) = x™ is differentiable at any x and

af ... .
a—f(x)—nx 1

©Proof:

Using the first principle and Binomial theorem (see Chapter 3), we have

NGOt AN Crx™ 1h 4+ CPx™2h% + -+ CPA™ — x"
1m = lim
h—0 h h—0 h
. CI'x™ th + C}x™?h* + --- + CIh"
= lim
h—0 h

= }ling)(Cfx"‘l + CHx"2h 4 o+ CPAMY) = CP ™ = L

-0 as h—0

af _ .n-1
dx '

Therefore f(x) = x™ is differentiable at any x and nx
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Example 3 (Trigonometric Functions)

Show that the function f(x) = sin x is differentiable at any x and find Z—i.
©Solution:
Using first principle again, we have
sin A—-sin B
. __A+B . A-B _
~[sin(x + h) —sinx T2 cos 2 ST2 ~ 2co0s (x + }21) T X sin (x + le) h
im ] = lim
h—0 h h—0 h
2 cos (x + g) sin% hy Sin (g)

= lim = lim cos (x + —) ————=>— = COSX.

h—0 h h—0 24 E

—cos x as h—0 2

-1 as h—0

Hence f(x) = sin x is differentiable and g = COS X.

(The derivation of cos x is similar and left as exercise)
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Example 4

Show that f(x) = tan x is also differentiable and find g.

©Solution:
Using the first principle again, we have
tan g=Sin6 sin(x+ h) sinx
. tan(x +h) —tanx . %  os(x + h) cosx
lim = lim
h—0 h h—0 h
sin(A—-B)
sin A cos BTcosAsinB =sin A cos B‘—cosAsinB
I sin(x + h) cosx —cos(x + h)sinx __  sin[(x + h) — x]
= lim = lim
h—0 h cos(x + h) cosx h—0 hcos(x + h) cosx
I (sin h) 1 1 5
= |lim = = Sec™ Xx
h—0\ h cos(x + h) cosx cos? x
N, e’ \ y “,
-1 —COS X

So f(x) = tan x is differentiable and g = sec? x.
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Example 5 (Exponential Function)

n
We define a number e = lim,,_, (1 + %) (i.,e. e = 2.71828 ...) and consider
the exponential function f(x) = e*. Show that f(x) = e”* is differentiable and
., d
find —e”.
dx
©Solution:

Note that

y e th —e* y e*(e"—-1) - et —1
lim P = lim . = e” lim P (%)

h_
To compute limy,_,, e—hl, we recall from Example 29 of Lecture Note 6 (Limits)

that (replacing x by h)

n

h
e = lim (1+—) .

n—oo n
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n
Using the binomial theorem to expand (1 + %) , we have

n n
el —1 lim(1+%) -1 (1+E) —1
lim = lim 2== = lim lim n
h-0 h h—0 h h—0 n—oo h
h h\* "
<1+C{‘H+C§(ﬁ) +ot () )—1
= lim lim
h—0 n—o h
h h\* h\"
[C?ﬁ”?(ﬁ) +ot G () ]
= lim lim
h—0 n—oo h
1 — 1)\ h —1 — 2)\ h?
= lim lim |n—+ nn ) + nn )(n )
h—0n—-o | n 2 n2 3! n3

hn—l
nn

|
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= lim li 1+1(1)(1 1)h+ ! (1)(1 1)(1 2)hz+
~ RS0 e 2 n 3! n n n"
-0 when h—>w,h—>0
= 1.
Therefore from the result of (), we have
ex+h _ ex eh —1
: — X 13 - X — X
}ll_l’)% h =e }ll_r)r(l) =e*(1) = e”.
— X af _ x

Sof(x)=e anddx—e .
@Caution:
If f(x) =a*and a # e, then % = —xax # a*!111l In fact, we will show that

d
dx

—a* = a* In a for any real number a.
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Summary of Derivatives of Elementary Functions

As shown in the previous example, most of the elementary functions (say
polynomial, exponential functions, trigonometric functions) are differentiable
in its domain. The following table summarizes the derivatives of these functions:

y = f(x) The derivative f'(x)
y =c¢ (cis constant) dy _
' dx
y =x% (aisreal) dy _ gpa-t
dx
y = sinx dy
—— = COoSX
g dx
y = tosX % = —sinx (Careful!)
= d 1
y =tanx WY ey =
dx cos? x
y = eX dy X
—=e
dx
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Example 6 (Absolute value function)

if x=0
ifx<0)'

(a) Determine if f(x) is differentiable at x = 2 and find f'(2)
(b) Determine if f(x) is differentiable at x = 0.

We consider the function f(x) = |x| (= {fx

©Solution:

(a) Using first principle, we get

When h—0
2+his
positive

 fQ+h)—f2) . |2+hn[-]2] 2Z+h -2
lim =] = lim
h—0 h h—0 h h-0 h
=lim1 = 1.

h—-0

So f(x) is differentiableat x = 2 and f'(2) = 1.
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(b) Note that

TepA o ARG Ll il L B L)
h—0 h h—0 h h—0 h
To compute the limits, we need to consider the left hand limit and right
hand limit
h>0 h<0
_R"ER L h |hMET L —h
L

* limy - l—Zl, so the limits limy,_,, f(0+hlz_f(0) =

Al
h

Since lim,,_, 5+

: h :
limy,_,, l—hl does not exist.

Hence f (x) is not differentiable at x = 0.
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Example 7

We let

b if x=>1
x? if x<1T

Fo) =1
Determine if the function is differentiable at x = 1. How about the case for
x = 07
©Solution:
Atx = 1

To check the differentiability, we consider the limits

I fA+h)—-f1) . f(A+h-1
im = lim :
h—0 h h—0 h

Since 1 + h can be greater or less than 1 and f (1 + h) takes different form
for each case, we need to consider Left-hand limits and Right-hand limits.
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=>f(x)=x
. faA+h)-f1)y ~ 1+h -1 h
lim = lim = lim — =1,
h—0+ h h—0+ h h—0t h
1+h<1
= f(x)=x2
1+h)—-fQ1 1+ h)2 -1 2h + h?
lim /€ )~ /) = lim ( ) = lim = lim (2+ h) = 2.
h—0~ h h—0~ h h—0~ h h—0~

fQA+h)—-f(1) fA+h)—-f(1)
h h

not exist and f(x) is not differentiable at x = 1.

f(1+h)_f(1) does

Since lim,,_, 5+ * limy,_,o- , 50 the limits lim,,_,

At x = 0, we consider

0+h<1
=1 (x)=x2
0+ h) — (0 W -0
lim A )~ () = lim = lim h = 0.
h—0 h h—0 h h—0*

Hence, f(x) is differentiable at x = 0 and f'(0) = 0.
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Example 8

Consider the function f(x) = 3/x, determine whether the function is
differentiable at x = ¢ (¢ # 0) and x = 0 respectively.

©Solution:
Differentiability at x = ¢ (¢ # 0)

Using first principle, we get

. fc+h)—f() . Ve+h—-3
lim = lim
h—0 h h—0 h

S CR O (Ve+m)" + (Ve + B)(e) + (Ve)']
R (e () + (]
— lim (YVe+h) - (¥e)

O [(EER) + (VTR + ()]
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_ c+h—c
= lim

SR [(VeFR) + (Ve R(VE) + (V)]

_ 1
= lim

0 (VeER) + (Ve FR)(Ve) + (V)
denominator— (%/E)ZJ;(%/E)Z+(§/E)2=3 (?{/E)Z

It is clear that the limits exists only when ¢ # 0.

The limits tends to 4+ when ¢ = 0 (since the denominator (W)z is positive
when ¢ = 0).

Hence, the function is differentiable at x = ¢ # 0 and is not differentiable at
x = 0.

©Note

Recall that the function is differentiable when the limits lim;,_,, HeHI=E) is

h

a real number.

17 MA1200 Calculus and Basic Linear Algebra |
Lecture Note 8: Differentiation



Insights about differentiability

1. Relationship between continuity and differentiability

If the function f (x) is differentiable at x = ¢, then f(x)is also continuous
atx = c.

However, the converse is not true in general.

In Example 4, we see that |x| is continuous at x = 0 and it is not
differentiable at x = 0.

~
7

y = |x]|

> X
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In other words, the “differentiable” is stronger than “continuous”.

e Continuity simply requires that the function has no break and no jump.
¢ Differentiability requires that the function is continuous. In addition, it also
requires the graph of the function has no “sharp corner”.

y y

N N

VR

- > X > X

6\,_, 0

s~

Not differentiable Differentiable

e Therefore, when the function can be differentiated as many as we like (will
be discussed in details later), the function is said to be smooth.
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2. Geometric interpretation of derivative

The quantity f(x+h;_f(x) (= f(f;f;)__f;x)) can be treated as the slope of the

line segment joining (x,f(x)) and (x +h, f(x+ h)).

feAm=F(0) _ fO+M)=f ()

Slope = fx+h)—f(x)

y (x+h)-x h Slope = lim;,_, P
A (x+hf(x+h)) y
A
|
x, f (x) |
| h—-0 x, f(x))
. :
| . I
> X |
x x+h > X
X

When h = 0, the line segment becomes the tangent at x (i.e. a line segment
intersecting the graph of f(x) at one point (x,f(x)) only). The limits

f'(x) =limy,_, ! (x+h}z—f ) can then represent the slope of tangent at x.
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Example 8

Given the graphof y = f(x) = x°, what is the equation of the tangent line at
x = 1.

©Solution:

We first find the slope of the tangent line at x = 1, note that

J %xa=axa_1
_ 5 o~ 4 _
a|x=1 =% lx=1 = 5x%|x=1 = 5.

Since the tangent passes through the point (1,f(1)) = (1,1), so the equation

Slope of tangent =

of tangent line at x = 1 is given by

y—1
x—1

=5=>y=1+4+5(x—-1)=>y=5x—4.
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Importance of tangent line
In fact, the slope of tangent line (or more precisely, the first derivative

f'(x) = Z—z) can reflect the trend of the graph of function.

e If f'(x) > 0 over (a, b), then we see f(x) is increasing over (a, b)
e If f'(x) < 0over (a,b), then we see f(x) is decreasing over (a, b).

Slope =
 f'(x) <0
\ Slope =
Slope = f'(x) =0
f'(x)>0
Increasing Decreasing

Reach Max./Min.
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As an example, we consider the following quadratic function
f(x)=x*—4x+9

e Using completing square, we can rewrite f(x) as
f(x)=x%—4x+9 = (x — 2)? + 5.
e Using the method of first principle, one can find its derivative as

f'(x) = 2x — 4.
'Il_"'l"'l"'l"'ll"
| & -8 “’—-1 0 4 8 7| o |
&
[
32 1 {1 3
flx) $2x—4<0\ | [ f'()|=2x—4>0
for x <2 \ flor x > 2
(decreasing) \T “(ihcreasing)
\
il J.,. QL — —
— 0 -—-—o—o—o—f—o—o—ofJ—ﬂ—!—o—f—o—o—o—-—) 0 —
[ 2
-8 -4 iﬁ 4 8
| | i | |
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Consider another function

g(x) =sinx on [0,2m]

In Example 3, we have shown that g’ (x) = cos x. We observe that

® g'(x) =cosx >0forx € (O, g) orx € (%,Zn). So g(x) is increasing in
these two intervals

® g'(x) =cosx <0forxe€ (37”, Zn). So g(x) is decreasing in this intervals

2T
> 0—

(o)
NI:]——————:]
:——————-Nl

0 1.571 3.142 712 6.283
llllllllllllllll
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Simple differentiation rule

These properties can be obtained using the first principle.
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Example 9

Compute the derivatives

d 1
dx(x —3x% + ) and —(smx—\/_)

©Solution:

Using the properties of derivatives, we get

d 1 d d d (1 d d d
—(x5—3x2+—) — x> —3—x? +—(—) —x®> —3—x?+—x"1

dx X dx dx dx dx dx dx
%x“—ax“ 1
= 5x°71 — 3(2x2‘1) + (—1x‘1‘1) = 5x* —6x —x 2.
d 1 11,
(smx — \/_) = —smx - \/_ = —smx — — X3 =coSx ——Xx3
dx 3
1 _2
= —_ — 3,
COS X — =X
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Example 10

Compute the following derivatives

d d (x + sin x)
—e* cosx,
dx dx X%
©Solution:
d d _
—e*cosx = e*—cosx + cosx—e* = e*(—sinx) + cosx (e¥)
dx dx dx

= e* cosx — e”* sin x.

/x+smx xzﬁ(x+sinx)—(x+sinx)ﬁx2
\ / (x2)2
(x)

x*(1 + cosx) — (x +sinx)(2x) x?cosx —2xsinx — x

2

x4 x4
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Example 11

Compute the derivative
d sinx

dx %/x

©Solution:

Method 1 (Using quotient rule):

)

1d d X 2 : -1
i i x4—5—sinx —sinx5-x4 X*COSX —SInX|zX
d smx: d sinx _ dx dx _ 4
dx 4x dx l 1\ 2 1z 2
1 1 _3
x4cosx—1x 4sin x 1 1 5
= 5 =X 4cosx—Zx 4 sin x.
x4
Method 2 (Using Product Rule)
d sinx d _1 _ d _1+ 1d
= X 4sinx =sinx—x 44+ x 4—sinx
dx /x dx dx dx
1 1, 21 1 _5 21
=smx<—Zx 4 )+x 4cosx=—Zx 4sSInXx + X 4CoSX.
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Differentiation of composite function -- Chain Rule

: .. d
Suppose we would like to compute the derivative: = sin(x? + x + 1), one

d . d .
cannot apply the result o siny = cosy and conclude that - sin(x? + x +

1) = cos(x? + x + 1) because the derivative is NOT of the form % sin y.
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Going back to the problem %sin(x2 + x + 1), the function sin(x? + x + 1)

can be expressed as the composition of two functions f(u(x)) where
f(x) =sinx and u(x) = x? + x + 1.

u(x)=x*+x+1 f(x) =sinx
X > u(x) =x2+x+1 > f(u))
= sin(x* + x + 1)

Using the Chain Rule, we then have

df(u(x)) du(x)
du(x) dx

d _d B
asm(x2 +x+1) = Ef(u(x)) =

_d(sin(x® +x+1)d(x* +x +1)
odx2+x+1) dx

d .
E SiIn y=CcosYy

take y=x?+x+1
= cos(x* +x + 1) [2x + 1] = (2x + 1) cos(x* + x + 1).
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Example 12

Compute the derivatives

d
—e?xt1 —cos(3e*
dx dx (3¢%)
©Solution:
Using Chain Rule, we get
deY
ery
u(x) 2x+1 Take y=2x+1
iem _ de“* d(2x + 1) - de? d(2x + 1) — e(2)
dx d(2x + 1) dx dy dx
— 2€2x+1.
d .
d—ycosy=—smy
d s[5 o deos@end@en) Tk x=t
—cos| 3e* | = = = —3e”* sin(3e™).
dx d(3e¥) dx
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Example 13 (A bit harder example)

Compute the derivative

d 3 d
—sin(e* —3¥*t1) —cos*(sinx
dx ( ) dx ( )
©Solution:
v(x)
u(x) 3 3 aridl
d —_ dsin(ex —3x+1) de¥’—3x+1
—sin| ex®-3x+1 | =
dx d(ex3—3x+1) dx

d sin(ex3‘3x+1) de*>=3x+1  q(x3 —3x+ 1)
- d(ex3‘3x+1) d(x3—3x+1) dx

3
—pX —3x+1 d _
y=e —xA=qxa"1

z=x>3x+1 g siny de? d(x® — 3x + 1 2 N
= yde” &l ) _ (cosy)(e?) BT = 30D D)
dy dz dx

— Cos(ex3—3x+1) ex3—3x+1 (3x2 —3)

= (3x2 — 3) pX°—3x+1 Cos(ex3—3x+1)_
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Example 14

... d .
Compute the derivative — cos*(sin x)

©Solution:
J u@) 1
et 4 . — - ~ N
o cos*(sin x) o cos(sin x)
v(x)

d |cos| $inx
_ d[cos(sinx)]* _ d[cos(sinx)]* d[cos(sin x)] d(sin x)
~ d[cos(sinx)] dx ~ d[cos(sinx)] d(sinx) dx

y=cos(sin x)
z=sinx  dy*dcoszdsinx

= iy 4 dx = 4y3(—sinz) cosx

= —4[cos(sin x)]3[sin(sin x)] cos x.
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Example 15

.. d
Compute the derivative E\/x cos(x?)

©Solution:

N

u(x)

d[x cos(xz)]% d[x cos(x?)]

d d | ———
_ 2y = — 2 =
dx \/x cos(x*) dx | cos(x*) d[x cos(x?)] dx

v(x)
d[x cos(x?)] dx d cos (x2)

= 2y
d[x cos(x?)] cos(x) dx X dx

N| =
1

d[x cos(xz)]% [ dx d cos(x?) d(x?)

- d[x cos(x?)] _cos(xz)a+x d(x?) dx

= % [x cos(xz)]%_l[cos(xz) + x (= sin(x?)) (2x)]

=5 [x cos(xz)]_%[cos(xz) — 2x% sin(x?)].
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Derivative of f(x) = secx, g(x) = cscx and h(x) = cotx
The functions sec x, csc x and cot x are defined as

1 1 1
secx = , cscx = —, cotx =
COS X sin x

tan x’
Using chain rule and the properties of derivatives, one can see that

d d ( 1 )_ d(cosx)~"td(cosx) 1

—secx =
dx dx \cosx

sinx 1

d(cos x) dx CoS? x

(—sinx)

= = tan x secXx.
COS X COS X

d d ( 1 )_ d(sinx)~'d(sinx) 1 1 1
dx \s B B
1

—CSCX = : : : COSx = = :
dx in x d(sin x) dx sin? x SIn X sin x

COS X

CSCx = —cotxcscx.
tan x

d d 1 d(tanx) ™! d(tanx)
—cotx = — = =
dx dx tan x d(tanx) dx

e T — Cscz x-
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