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Application of Integration

1. Geometric Application
e Area of region bounded by curves, axes

e Volume of an object formed by the rotation of a curve

e Arc length of a curve

e Surface area (Surface of Revolution)
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Area of region bounded by curves, axes
Recall in Chapter 1, the definite integral is defined as the area under the curve

y = fx).
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As mentioned in Chapter 1, this integral gives the signed area of the region under
the graph:

o If the curve y = f(x) lies above the x-axis,

f:f(x)dx returns the true area of the regions bounded by the curve y = f(x),

x-axis, the lines x = a and x = b.

o If the curve y = f(x) lies below the x-axis,

f(ff(x)dx will become a negative number. However, — f;f(x)dx (which is

positive) represents the area of the regions bounded by the curve y = f(x), x-
axis, the lines x = a and x = b.

Thus, we should use the following formula when finding the area under the curve:

b
j £ (0ldx.
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Example 1

Calculate the area bounded by the x-axis and the curve y = x(x — 4).

y
AN

y=x(x—4)

A\ 4
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©Solution:

Notethat x(x —4)=0=>x=0 or x =4,

Since the entire shaded region is below the x-axis. The shaded area is given by

4 4
—J x(x — 4)dx = j (4x — x?)dx
0 0

4 4
=4f xdx—f x%dx
0

0
2" [ 64 32

=4|=| —|=]| =4(8)—— =—(square units).
2 0 3 0 3 3
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Example 2

Find the whole area enclosed by the curve y = sinx and the x-axis between x = 0
and x = 2.

y
N
y =sinx
0 AN
| | /x
T T 3n 27
2 2
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©Solution:

The curve y = sinx lies above the x-axis when 0 < x < m and lies below the x-
axis when m < x < 2.

The area of shaded region is given by

2T
= j |sin x|dx
0

T 2T
- j sin x dx + (_f e dx) = [~ cosx]§ — [ cosx]7" = 4.
0

TT

T |

lies above the x-axis lies below the x-axis
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Example 3

Find the area enclosed by the curve y = x(x — 1)(x — 2) and the x-axis between
x =0 and x = 4.

©Solution:
Notethat f(x) =x(x—1)(x—-2)=0=>x=0, x=1, x = 2.

Xx<0 | x=0[0<x<1l|x=11<x<2|x=2|x>2
f(x) — 0 + 0 — 0 +

The figure (and required shaded region) is shown below:

y=x(x-1(x-2)

..

><\/
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The area of shaded region is given by

t

= | IxGe=D(x = 2)ldx
F1 2 4

= | x(x —1)(x —2)dx + (—j x(x —1)(x — 2)dx> + j x(x —1)(x —2)dx
0 1 2

4 1 4 2 4 4
X 3 2 X 3 2 X 3 2
=|———Xx"+Xx| —|57—Xx"+X°| +|—/——x"+Xx
4 0 4 X 4

= 16.5 (square units).

2
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Area between curves

Let vy = f(x) and y = g(x) be two graphs of functions shown below:
YA
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Then the area of the shaded region (area between curves) is given by

b

A= | (f&) - g())dx.

a

e One has to make sure that the upper function is placed in the first term of the
formula or otherwise “negative” area will be resulted.
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Example 4

Find the area bounded by the curves y? = 4x and x? = 4y.

oo}

]

o
'-P -—— - - — -
=
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©Solution:
We first find the intersection points of these 2 curves.

{yz = 4x

x? =4y 4

~N
:;(y—> =4y >yt —64y=0=2>y(y3—-64) =0
>yy—4)(?+4y+16)=0=>y=0 (x=0) or y =4 (x = 4).
So 0 =(0,0) and B =(4,4).

The area of shaded region is then given by

- .14
3
4 52 4 1 4 X2 131
=f (\/4x——)dxzzj \/de——j xldx =2 || —=|=
0 4 0 4 ), d 413 0
2
L 2 1o
32 16 16 _
=373 =3 (square units)
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Example 5

Find the area of the region bounded by y = 4 — x% and y = x? — 2x.
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©Solution

We first find the coordinates of the intersection between two curves.

{y=4—x2
y = x?—2x

>x?—-2x=4—-x*=x*—-—x—-2=0
>x-2)x+1)=0=2x=2 (y=0) or x =-1(y =3).
Then the area of the region is given by

2 2
j [((4 — x?) — (x? — 2x)]dx = j (—2x2% + 2x + 4)dx
~1

-1

2 2 2
—Zf xzdx+2j xdx+4j dx

-1 -1 -1

372 272
= -2 —] + 2 —] + 4[x]%, = 9 (square units)
-1 -1
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Example 6

2
Find the area of the ellipse with equation % + Z— =1, a b>0.

N

y 2
N _b 1_x_
y_ az
x2 y2
(LD -
xZ
y:—b 1-;
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©Solution:

By symmetry the area of the ellipse is then given by

j 1—x—dx——j Ja? — x2dx

x=asin o, —e—a cos @

d
ata)

b s
=712\/a2 — (asinf)?(acos0df) = 4abJ2c0529d9
0 0

g(cos 20 +1) sin 20
abf d ab[
0

+9] = mab.
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Example 7

Find the area of the region bounded by the curves y = sin2x and y = sinx for
0 <x<2m.
y

N

A y =sinx
G /
> X
T 21
y = sin 2x
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©Solution

We need to compute the area part by part. First of all, we need to find the
intersection points A, B, C between these two curves. We solve the equation

sin2x =sinx 2 sin2x —sinx =0

compound angle

formula
5 2sinxcosx —sinx =0
: _ 1
= sinx (2cosx —1) =0 =sinx =0 or cosx = >
= 0,m, 2 TS
x=0,m 2T or —,—.
3°3
Hence, the coordinates of A, B and C are given by (g,\/z—g), (rr, 0), (%,—?),

respectively.
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Then, the area of the entire region is given by

T

T
A= jB(sin 2x — sinx)dx + J (sinx — sin 2x)dx + j ’ (sin 2x — sinx)dx
0 T

3
2T
+ | (sinx — sin 2x)dx
T
3
T
3
[— —cos 2x + cos x]
0

1
+ cosx + Ecos Zx]

3

-

sm

3
+ [ COS X + cos 2x] [——cos 2x + cos x]
T
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Calculation of volumes of some objects

e Consider a solid which the cross sections are perpendicular to a given line (say
X-axis).

e As an example, suppose we would like to find the volume of the solid shown
below
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Suppose the cross section area A(x) is known, one can find the volume of the solid
using integration. To do this, we first try to cut the solid into n small pieces.

\ X, f‘f:? "
e Al AT
.f’f.-’f e 7 ||
(((((ccreutN
{\iz' ,f ( ) ril Vi ioh III [ \
E\‘ELH”\.I";._ \ _l-\h_l._lbl.h.k,_[_x p ) ;r I. ‘u j
-'"ﬂk“'"'-'l-_ﬂ,._&_,
T Y B T B | L1
a / b
1 | %
X,

Each small piece “looks like” a cylinder.
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The volume of each small piece is approximated by
AVi = A(fi)Axi

where Xx; is some point between x;_; and x;.

Therefore, the volume of the solid is approximated by

n
V = ZA(?ZL)AXL
i=1
If we cut the solid into more pieces (n = o and Ax; — 0), then
n b
IV = lim A(fl-)Axi =j A(x)dx
n—->00
i=1 a
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Suppose we would like to find the volume of the solid formed by rotating a
continuous curve y = f(x) about the x-axis.

y
y A
A
-.—// i
0
>
0 a Xi b X
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e Each cross-section is a circle. Therefore

A(x) = m[f (0]

e Therefore, the volume of the solid is given by

b b
V. =j A(x)dx=j m[f (x)]?dx.

Remark:

e Different from finding the area bounded by curves, we need not to care whether
the curve is above the x-axis or below the x-axis.
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Example 8

The portion of the curve xy =8 from x = 2 to x = 4 is rotated about the x-axis.
Find the volume of the solid generated.

K|

©Solution: The volume

4 4 2 4 4
8 1 1
V., = j Ty?dx = j n(—) dx = 647Tj — dx = 64m [——] = 16m.
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Example 9

Find the volume of a right circular cone of height h and semi-vertical angle «.

©Solution:
The required circular cone can be generated by rotating the straight line y = xtana

from x = 0 to x = h about the x-axis.

y/\
y =xtana

The volume is then given by
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h

h h
V., = f wy?dx = j m(x tan @)?dx = mtan? aj x2dx
0 0 0

31" 1
= mrtan? a|[—| = —mtan?ah3.
3 0 3

Example 10

Find the volume of the solid formed by rotating the region bounded by the upper half

2
of the ellipse x? + 32'—2 = 1 and the upper half of the circle x? + y? = 1 about the

X-axis.
y y?
A .X'Z +ﬁ =1
x2+y?=1 /
AN
| > X
_1 17
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©Solution:
Using the graph above, the volume of the solid is then given by

Vx=f17r(2 1—x2)2dx—j1ﬂ(\/1——xz)2dx

-1 -1

N - N -

volume of ellipoid volume of sphere

1 1
= 3nj (1 —x2%)dx = 67rj (1 —x?)dx as the integrand is an even function
-1 0

on|
=61 |x — =
31,

= 411.
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Example 11

Let R be the region bounded by y = 9 — x% and y = 7 — x. Find the volume of
the solid generated by rotating the region R about the x-axis.

y=7—-x y=9-x"
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©Solution:

The intersection points between two given curves are found to be

{y=9—x2

=7y 29X =T x 2 —x =220 (- D+ 1) =0

=>x =2 (y=05), x=-—1(y=8)

Using similar technique as in Example 10, the required volume is given by
2 2

|4 =T[f (9—x2)2dx—nj (7 — x)?dx
-1 -1

2
= nf (x* — 19x? + 14x + 32)dx
~1

x® 19x3 *  333nm
=T — + 7x° +32x| =—.
5 3 ., 5
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The rotation axis is the y-axis: Volume V, = fcd [g(y)]?dy for revolving the

region bounded by the curve x = g(y) over [c,d] about the y-axis
Example 12

Find the volume of the solid generated by revolving the area bounded by the curve
y = e ¥, x-axis, y-axis aAnd x = 1 about the y-axis.

D
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©Solution:

Although the rotation axis is not the x-axis, one can use the formula to obtain the
volume by interchanging the role of x and Y.

The equation of the graph y = e™ can be rewritten as x = —Iny. The volume is
then given by

e~ 1 1
v, =j w(1)%dy +f m(—Iny)?dy
0 -1

e

e
= nf ldy +m (Iny)? dy
0

1
=me l+m [y(ln y)2|(13_1 — j 1y d(In y)zl by integration by parts
o

1 /2lny
d
—1y< y ) Y

=qme 1 —qme~1 —nj
e
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1
—an Inydy
0 dv

1
—21 [y Iny |2_1 — j y d(In y)] by integration by parts
e 1

1
—2me~1 + an

e

1dy
1

—2me 1+ 2n(1—e ) =2m(1 — 2e71).
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Example 13

Let R be the region bounded by upper half of acircle (x — 1)? + y? = 4 and the
line y = 1. Find the volume of the solid generated by revolving the region R about
theline y =1 (notthe x-axis or the y-axis).

(x—1)?*+y*=4
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©Solution:

Using the graph on the R.H.S, the volume is given by

(x—1)?+vy2=4
V:_Ilfﬂ(\/‘L_(X—l)z—l)zdx I“';“m'“l"-);‘/l
1—-+/3 .
O
=T[j . (5—(x—1)2_2\/4_(x_1)2)dx
1—+/3

(x—1)=2sin6 1++/3 g
= nf (4+2x—x2)dx—2nj J4 — 45sin2 6 (2 cos 6 dO)
1-V3 —=
X3 1+/3 L
3
=n[4x+x2—? —87‘[] cos? 6@ do
1-V3 —%
3 cos 20 + 1 812
=8\/§n—8nj1 > d9=---=6\/§n—T.
3
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Volume by cylindrical shells: Shell method

The volume of the solid generated by revolving the region bounded by the curve
y = f(x) over [a,b] one complete revolution about the y-axis:

n

b
V, = 41_1)1010 2mx;f (%) Qic}- = j 2nxf (x)dx
i=1 areaoftheshell shell o
with radius r;=x; width
and height h;=f(x;)

Example 14

Find the volume of the solid generated by revolving the region R bounded by the
curve y = 2x% — x3 and the x-axis about the y-axis.
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w

©Solution:

Lower and upper limits: 0 = 2x?> —x3 =x?(2—x) > x =0 or 2.

2 2 2
_ _ 2 3 _ 3 _ .4 _ lém
V, =2m Oxydx—Zn Ox(Zx —x°)dx =21 O(Zx — X )dx—?.
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Example 15

Find the volume of the solid generated by revolving the region R bounded by the
curve y = x and y = x? about the y-axis.

©Solution:
Lower and upper limits: x =x?=>0=x*—-x=x(x—1)=>x=0, 1.

Height: h = x — x?
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1 1
V, = 27‘[] xhdx = an x(x —x¥)dx = 2m (x — x3)dx
0

zzn[x; ] e B

Example 16

Find the volume of the solid generated by revolving the region R bounded by the

curve y = /x, the x-axis and x = 1 about the x-axis.
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©Solution:

Lower and upper limitson y: x =0=2y=4/0=0; x=1=2>y=+V1=1.
Horizontal height: h = 1 — y?

1 1 1
Ve = 2ﬂj yhdy = ZHJ y(1—y*)dy = 2ﬂj (y —y3)dy
0 0 0

_, y? y41_2 [1 11 2r m
— 4T 40_”2 7 )

Example 17

Find the volume of the solid generated by revolving the region R bounded by the
curve y = x — x? and the x-axis about the line x = 2.
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©Solution: Lower and upper limits: 0 =x —x? =x(1—-x)=>x =0, 1.

Radius: r =2 — x; Height: y
1 1 1
V= an rhdx = an (2—x)(x —x¥)dx = an (2x — 3x% + x3)dx
0 0 0

= 27T xz—x3+x—41—27T[1—1+1]—2—7T—E
B 40_ 4 4 2
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Remark: If we apply the shell method for Example 12,

1
xe *dx = an xd(—e™)
0

1

1
V, =2m r xydx=2nf
0 0

—

= 2m{[—xe *]{ + fole‘xdx}

= 2n{[—e 1 + 0] + [—e ™13} = 2n{—e"1 + [—e"1 + 1]]

=2n(l —e™ ).
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Arc length of a curve

e We adopt the similar procedure as we did when finding the volume or surface
area of the solid. We first divide the curve into n parts:

y

X =a xl-xl-+Axi x=D>b
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e Each part of curve is approximated by a straight line joining the endpoints of the

curve.
-
f(xi + Axy)
f(x)
X
X X + Axl-

f straight line

f(x; + Ax;)

f(x:)

X X + A.Xi

Axl-
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e The length of straight line As; is found to be

As; = A/ (Ax)? + [f (x; + Axy) — £ (x)]?

L+ Ax) — £
= Axi\/l + [f(x * Xxi f(x )] = Axi\/l + (f’(xi))z.

Therefore, the total length of the curve (arc length)

s = lim zn:\/l + (f’(xl-))zAxi
i=1

n—oo

b
S = J V14 [ (0)]%dx.

MA1201 Calculus and Basic Linear Algebra |l
Lecture Note 3: Application of Integration

46




Example 18

3+x4
6Xx

Find the arc length of the curve 6xy = 3 + x* (or y = ) between the points

whose abscissa (x-coordinate) are 1 and 4.

y
A
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©Solution:

4
Take f(x) = ShE :

() = 1x(4x3) B+x* 13x*-3 x*-1
f1x) = x2 6 x2  2x2

So the arc length is seen to be

4 N2
f \/1+ "(x)] 2dx—j1 \/1+<x‘;x21> dx
ot [2x2)% + (x* - 1)? p
) f (2x2)? i

_j4 4x4+x8—2x4+1d
A 4x* *
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_f4 x8+2x4+1d
B 1 4x* X
j4j(x4+1)2
= 2 dx

1 4x
_j4x4+1d _1f4 x4+1 p
), 2x? x—21 x2 " x2)

_114(2+1)d Y 14_35( )
_le 2 x—23 x1—4unls.
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Example 19

Let R be the region bounded by y =9 — x? and y = 7 — x. Find the arc length of
the boundary curve of the region R.

A

y=7—x y=9-x*

/ \"

©Solution

Note that the boundary curves consists of two different parts: (1) the curve y = 9 — x? from
x =—1 to x = 2 and (2) the straight liney = 7 — x.

50 MA1201 Calculus and Basic Linear Algebra |l
Lecture Note 3: Application of Integration



Hence the total arc length is given by
2 d 2 2 d 2 2 2
[ + (a (9 — xZ)) dx+ [~ |1+ (E (7 — x)) dx = [7 V1 +4x2dx + [* \2dx

arc length of lower curve

arc length ofupper curve

1
xX=7 tan @
dx 1

=>d6 2sec 0 tan—14 1 1 .
= 1+ 4 (Z tan? 9) (E sec? 0 d9) + [\/zx]_l

tan—1(-2)

tan~14
j sec30do + 3V2

tan~1(-2)
tan~14

+3v2 = ...

1
2
111
= _ [— (secBtan 6 + In|secd + tan HI)]

212 tan~1(-2)

T+ §+-1n|v—+4|——1n|f 2| +3v2
=17 + £+3\/_+—1n|\/_+4|+—1n|\/—+2|

51 MA1201 Calculus and Basic Linear Algebra |l
Lecture Note 3: Application of Integration



Area of surface of revolution

Suppose we would like to find the area of surface generated by rotating a continuous
curve y = f(x) about the x-axis.

f(x)

1

I

1

|

I
A

I

1

1

1

1

I

|

I

|

|

I 1
1
1 I > X
1

|

|

|

|

|

|

N

X; +Axl b

~

H\z
Ax i
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g + Axg, f(x; + Axy))

(xi, f () >

Surface area of the solid generated by revolving the curve y = f(x) over [a, D]

about the x-axis:

= lim Z 2mf () 1+ (f (x))?Ax,

i=1 perimeter width As;
with raduis

ri=f(xi)
b
S, = j FOOVT + [f(x)]2dx.
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Example 20

The sphere with radius a (a > 0) can be formed by rotating the upper half of the

curve y = Va? — x2 (or x? +y? = a?) from x = —a to x = a about the x-axis.
Find the surface area of the sphere.

A
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©Solution:
Let f(x) = Va? — x2.
Step 1: Compute f'(x)

F) = a7 —x7 = (a2 — x2)

dx
1
d ((a2 — xz)E) d(a? — x2) i Rl
(a2 = x2) T (Chain Rule)
B X
- aZ — x2
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Step 2: Calculate the surface area

A= 47Tfaf(x)\/1 + [f'(x)]?dx by symmetry
0

_471] m\/“.( m)zdx

_4nf mju

dx

2 _ 2

a a a
= 477[ \/?dx = 477[ adx = 47Taj dx
0 0 0

= 4ma[x]% = 4ma(a) = 4ma®.
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Example 21

Find the area A of the surface generated by rotating the line y = x from x = -1
to x = 1 about the x-axis.

>
<
|l
=
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®Wrong Solution

Take f(x) = x, we have f'(x) = 1.

The required surface area

1
a=2r | FOOVTHIF @Pdx
-1

1
= an xV1+ 1dx
~1

1

= 2\/571] xdx

-1

x21
= 2\/2n 7] =0<-————-
-1

58
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Remark about the surface area formula

e The formula works well when the entire curve y = f(x) lies above the x-axis
(i.e., f(x) ispositive).

e When the curve y = f(x) lies below the x-axis, the integral

b
an f(x)\/l + [f'(x)]?dx

becomes a negative number.

e |f such case happens, split the surface into two main parts (lies above the x-axis/
below the x-axis) and compute the surface area separately.
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©Correct Solution of Example 21
Take f(x) = x, we have f'(x) = 1.

The required surface area

1 0

A=27TU f(x)\/1+[f’(x)]2dx+<—j f(x)\/1+[f’(x)]2dx>]
~1

=27fo\/1+ dx—f xV1+ dx]

ol -

= 2\/271.
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Example 22

Let R be the region bounded by the curves y = x> + 1 and y = 9 — x2. Find the
area A of the surface generated by rotating the region R about the x-axis.

> <

y=x%+1
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©Solution
The surface area of the entire object

= surface area of upper half of the solid + surface area of lower half of the solid

= anz (9 — x?)\/1 + [—2x]2dx + 271]2 (1 + x?)/1 + [2x]2dx
=

-2

2 2
= 207Tj 1+ 4x2dx = 407rj 1+ 4x%2dx by symmetry
0

2 tan~14 sec2 f tan~1 4
= 4—07Tj J1+tan? 6 ( > d9> = ZOnj sec3 6 do
0 0

= 10m[secO tan 6 + In|secH + tan O] "4

= 40V17r + 107In|V17 + 4|.
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Parametric equations of curve

e Alternatively, the curve in 2-D plane can be expressed in the following form:
{x = x(t)

y=y(t)’

where t is another variable called parameter.

a<t<b

e This notion is commonly used in Physics. If we interpret t as time, then the
above pair of equations describes the position of a moving particle at different
time t.
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Example 23a

Suppose (x,y) is governed by the following parametric equations:

=t
{;= 2t where t > 0.

e Then the particle is moving along the straight line y = 2x (starting from (0,0)).

Y y = 2x
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Example 23b

Suppose (x,y) is governed by the following parametric equations:

{X = cost

y = sint where 0 < t < 2.

e Then the particle is moving along the circle with equation x? + y? = 1 along
anti-clockwise direction once.

/
-
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How to compute the arc length for this case?

Given a curve with parametrization x = x(t) and y = y(t), we can find the arc
length using the following approach:

We first shall divide the whole curve into n small segments.

(x(tl)! y(tl))
(x(to), ¥(to)) (x(t + At), y(t + At)))

Since each small segment is close to a straight line, the arc length is given by

As; =/ [x(t; + At) — x(£)]2 + [y(t; + Aty) — y(t)]?

_ \/(x(ti + At;) — X(ti)>2 N ()’(ti + At;) — }’(ti)>2 At,

~ X' (D] + ' (t)]2At,
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Then the entire arc length is given by

s = lim Asl lim 2\/ x'(t)]? + [y'(t;)]%At;

n—oo n—oo
=

t1

s= | JIX'®OF+ [y @)]dt

to
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Example 24

Find the arc length of the curve with parametric equations (circle)
x(t) =acost, y(t) = asint

for0 <t < 2m.

(Remark: It traces out a circle with equation x? + y? = a?)

y

2 — 42

N
g,
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©Solution:
Take x(t) = acost and y(t) = asint, then
x'(t) = —asint, y'(t) = acost.

So the arc length is then given by

2T

2T
s= | JIx'®OF+ [y (©)]2dt = j J(—=asint)? + (acost)2dt
0 0

rZT[
J \/a2 (sin?t + cos? t)dt
0

r27t

Jo

2T
adt = af dt = a[t]" = 2na.
0
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Example 25
Find the arc length of the curve with parametric equations

x=t3-3, y=t*+1 for1<t<2.

y
o+
5/
pus
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©Solution:
Let x(t) = t3 — 3 and y(t) = t? + 1, then
x'(t) = 3t? and y'(t) = 2t.

Then the arc length is given by

S—j\/x(t) [y’ (t)] Zdt—j\/9t4+4t2dt—j t+/ 9t2 + 4dt

Let u = 9t? + 4, then du _ 18t = dt = Ldu.
dt 18t

When t =2, u=40; when t=1, u=13.

g ] ey 1 \/_ 1[40 1d 1
tv 9t- + 4dt = t <— ) = — 2 =
fl fw “Y)= 18 du=q1g | wdu=1g

217 (402 _ 132)

.N|w|: .

N | W

140

413
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Example 26

2 2 2
Find the arc length of the curve with parametric equations (Astroid: x3 + y3 = a3 ):

— 3
{x(t)_acos L o<t<2m a>o.

y(t) = asin3t

©Solution 3
2

2m |(d 2 rd 2
— a 3 2 4sin3
S = fo (dtacos t) +(dt asin t) dt
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21
= jr J(=3acos?tsint)? + (3asin? t cos t)2dt
0

2T
= jr J9a? cos# t sin? t 4+ 9a? sin* t cos? t dt
0
rZT[
— | \/9a2 cos? tsin® t (cos?t + sin® t) dt
0 =1
21T | sintcosi:%sin 2t 34 2T |
= j |3a costsint|dt = —j |sin 2t|dt
0 2 Jo
T 31T
3a| (2 T 2 o
= — f sin 2t dt + f (—sin2t)dt + J sin 2t dt + (—sin 2t)dt
2 1J, i ,T T
s 3 2
_ 3a [ 1 Ztr N [1 Zt]n N [ 1 Zt] 2 N [1 Zt] T
= 5 €S )  COS : 5 €OS ) 5 COS o

3a
:7(1+1+1+1)=6a.
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Remark
It is worthwhile to emphasis that the absolute value sign must be included after

. . : : 3 .
taking the square root, it is because the function 3 costsint = 5 Sin 2t can be

negative for some t within 0 and 2t while the square root of a function is
assumed to be positive in our context.

Example 27
Find the surface area of the solid generated by revolving the Cycloid about the x-axis:

x =a(t —sint), y=a(l—cost), t:0->2m, a>0
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2

©Solution
& a1 —cost), = asint
— =a(l —cost), —=asint ,
_dt dt
75 MA1201 Calculus and Basic Linear Algebra |l

Lecture Note 3: Application of Integration



dt

= \/x’(t)z + y'(t)? = \/az(l — cost)? + a?sin?t

= a1 —2cost+ cos2t +sin? t = vV2aV1 — cost

21Ta 21T
Sy = j 2myds = ZnJ a(1 — cost)V2av1 — cost dt
0 0

3
2T 2 2TT t
= Zﬁnazj 1—cost | dt = 8nazj sin3§dt
0 2 sin2t 0
2
- £] 2T
, 21 , t t , t COS3E
=16 1-— = d(— —) = —16 — —
Ta i (1 — cos 2) (—cos 2) ma” coss 3
! lo
[ 1
= —16ma? <cos T — COS 0) ~3 (cos3 T — cos> O)]
1 1

-1 1
= —16ma? | 2+2]—64 2
= ma _ 3 —37Ta
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Summary of formula

Formula x(ty) = a, x(t)) =b
. or y(tg) =¢, y()=d
Area bounded by th 1
egion Ree Yo = [ 11 - geonax NUCORTEC)HO

f(x); Ybottom = g(x),
x=a and x =b

A b ded by th d tq
egion Ry irig:tt:e j [6() — Y)]dy j [6(y(®) - $(y®)1Y' (D) de

SO, Xiere = V), °
y=cand y=d

Volume of solid b , ty 9
generated by rotating nj ILf (%) = ol ”L £ (x@®) = vo]
a 0

R, about the line _ —v.1? 2.,
yx= Yo (notcut R,) [9(x) = yol"ldx - [g(x(t)) — }’o] |x" (t)dt
Volume of solid b ty
generated by rota“ng 277:] |x - xOl[f(x) _ g(x)]dx Zn-j |x(t) - xOl[f(x(t))

. a to
R, about the line —g(x(t))]x’(t)dt

X = xy (notcut R,)
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Volume of solid
generated by rotating
R, about the line

X = X, (notcut R,)

d
7 j 1B — xo]?
_[p0) - xo)?ldy

w [ (©) - x]
to
~ [w(y(©) = x| Iy (Dt

Volume of solid
generated by rotating
R, about the line

y =Y, (notcut R,)

d
on j Y = %ol [6O) — v ()]dy

t1
on j () — vl [ ()
to
— Yy (®)]y'(H)dt

Arc length of
y = f(x) over [a,b]

b
J V14 [f(0)]%dx

VI 1% + [y'(©)]2dt

Area of surface
generated by rotating

y = f(x) over [a,b]
about the line y =y,

b
on j £ G0) = ol YT+ [F (OT2dx

— volV [ (D12 + [y’ ()]2dt

Area of surface
generated by rotating

x = ¢(y) over [c,d]
about the line x = x,

d
o f 16 — x0TI+ [¢' )]2dy

ZﬂJtllx(t)
t

0

— xol [x'(®)]% + [y’ (©)]2dt

Note: x-axis: y = 0; y-axis: x =0
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