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Summary

m In a defined rectangle R : |t — to| < a, |y — yo| < b around the point
(to, yo), the function f(t, y) is sufficiently smooth (is continuous and
£t y1) — f(t,y2)| < K|y1 —yo| for some K), then a unique solution
exists to

1. f(ta y)7 y(t()) — Yo,
in a certain interval around ty: |t — to| < min(a,b/M).

m [he existence and uniqueness theorem provides only a lower
bound on the length of time in which a solution exists, leaving the
possibility that solutions may only be local.
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Summary

m Successive approximations: The sequence y(t1), y(t2), ..., y(tn)
dyl
= [t tg) =
dt = f(t,y0),  y1(to) = %o
dy2
= It tg) =
a = f(ty1),  y2(to) = vo
dyn
— = J (& Yn—1), n(lo) =
dt St yn—1) Yyn(to) = Yo

m Integral calculus:
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Summary

m A direction field and direction line can provide useful insight into the
behavior of the solution to an ODE when we cannot solve it.

m Direction field: a graph of vectors at discrete points in the (y,1)
plane with the tangent of the angle of the vector drawn proportional
to the value of f(t,y).

m Direction line is created by drawing arrows at discrete points along
the y axis, the direction of the arrow up if f(y) > 0, and down if

f(y) <O,

m The direction line immediately reveals the ODE’s equilibrium points
and identifies whether each equilibrium point is stable or unstable.
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Summary: Solved Problems

B SP4.1 Compute the first four iterations (yo(t),y1(t), y=(%),ys(t)) in successive
approximation to solution of

dy
4y =1 0) = 2.
m Solution:

m The equation for successive approximation:

dyn—|—1
dt

= 1+ 4yn, yn—|—1(0) = 2.

m The zeroth approximation:
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Summary: Solved Problems

m Solution:

m The first approximation:

din
— =14+4yy=14+4-2=9
1 + 4Yo +
v1(t) q ¢
y1(t) =y1(0)+/ %dT:yl(O)—l—/ 9dr = 2 + 9¢.
yo(t) YT 0
m The second approximation:
%: 144y =14+4-(2+9t) =9+ 36t
v2(t) q ¢
Y2(t) = y2(0) + / %df = y2(0) + / (9 + 36t)dr
yo(t) YT 0

— 2 + 9t + 18¢°.
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Summary: Solved Problems

m Solution:

m The third approximation:

d
= 1 dyp = 1+ 4 (24 9t + 187) = 9+ 36t + 7217
y3(t) dys t ,
y3(t) = y3(0) + / —22d7 = y3(0) + / (9 + 36t + 72t%)dr
yo(t) dr 0

— 2+ 9t + 18¢% + 24¢3.
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Summary: Solved Problems

B SP4.2 Compute the first four iterations (yo(t),y1(t), y=2(%),ys(t)) in successive
approximation to solution of

dy
— + 3y = 2t 0) = 4.

m Solution:

m The equation for successive approximation:

dyn—i— 1
dt

= 2t — 3yn, yn—i—l(o) = 4.

m The zeroth approximation:
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Summary: Solved Problems

m Solution:

m The first approximation:

d
%th—3y0:2t—3-4:—12+2t
y1() dy; t ;
y1(t)=y1(0)+/ —dT:y1(0)+/ (=12 +2t)dr =4 — 12t + t~.
oty A7 0

m The second approximation:

d
%zzt—?)yl =2t — 3. (4— 12t + %) = —12 + 38 — 3¢2
y2(t) dys t ,
(1) = 12(0) + / Y2 47 — 40 (0) + / (12 + 38t — 32)dr
yo(t) dr 0

— 4 — 12t + 192 — 3.
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Summary: Solved Problems

m Solution:

m The third approximation:

d
ﬁzzt_gm:2t—3-(4—12t—|—19t2—t3):—12—|—38t—57t2—|—3t3

y3(t) dys t
ys3(t) = y3(0) + / —22dr = y3(0) + / (—12 + 38t — 57t + 3t%)dr
yo(t) dr 0

— 4 — 12t + 19t — 19¢3 + (3/4)t™.
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Summary: Solved Problems

m SP4.3 Without solving the equation, determine the equilibrium points for

d
d—?; — 2% — 24y + 88y — 96

Use a direction line to determine which equilibrium points are stable and which
are unstable.

m Solution:

m Simplify the equation:

dy
= 2(y® — 12y* + 44y — 48) = 2(y — 2)(y — 4)(y — 6).

m Three equilibrium points for this system y = 2, 4, 6.
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Summary: Solved Problems

m Solution:

m Three equilibrium points for this system y = 2, 4, 6.

m Then,

m Create the direction line
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m Unstable equilibrium points: y = 2 and y = 6; Stable equilibrium point y = 4.
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Summary: Solved Problems

m SP4.4 Solve a
- = W=Dy —-2), y0)=1y

and examine the behavior of the solution as it depends on yy.
m Solution:

m Separating variables:

4y — dt.
(v =1y —2)
m Expanding in partial fractions:
1 _ A N Co :(cl+02)y—201—02.
y—Dy—-2) y—-1 y-—2 (y—1)(y—2)

m Equating coefficients of similar powers of y in the numerator:

Cl—|—02:O, —261—62:1:>(31:—1, co = 1.
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Summary: Solved Problems

m Solution:

m Then




‘ Summary: Solved Problems

m Solution:

y—1) \yo—2
t_zyo_l
Yo — 2
£ =
y() et_yo_l
Yo — 2
m Letyo=0. Then
(t) = el —1
T T

from which we see that a solution exists for all ¢t > 0 and furthermore that
lims 00 y(t) = 1.

Page 14



Summary: Solved Problems

m Solution:
m Let yo = 3. Then
et — 4
y(t) = S
from which we see that a solution exists for all ¢ > 0 and furthermore that
lim; , y(t) = 1. When ¢t = In2 = 0.693, the denominator goes to zero. Hence
a solution exists only for a finite time.
m The solution for various initial conditions.

T T T T T
0 0.2 0.4 0.6 08 1.0 1.2 1.4
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Summary: Solved Problems

m SP4.5 Solve
dy 1

dt 44—y’
and determine the maximum time a solution exists.

m Solution:

m Separating variables:

(4—y)dy=di
m Integrating:
Yy
/ (4—y)dy =t
y(0)
2
Y
dy — = =t
YT

y? — 8y + 2t = 0.

y(t) =4+ /16 — 2t

y(0) = 0.
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Summary: Solved Problems

m Solution:

m Integrating:

y(t) =4+ /16 — 2t
y(t) =4 — /16 — 2t

m Since y(0) =0,

m In Lecture 4 (page 24), via the existence and uniqueness theorem, a solution
must exist for at least t < tg = 4. Using the true solution above, the ODE has a
valid solution for ¢t < 8.

m The solution is local.
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Summary: Solved Problems

m SP4.6 Without solving the equation, determine the highest estimate of the time,
according to the terms and conditions of the existence and uniqueness theorem,
in which a solution to the following equation is certain to exist:

d
d—i = (1+y)% y(0)=0.

Then solve the equation above and determine the maximum time a solution
actually exists.

m Solution:

m Denote f(t,y) = (1 + y)2. To apply the theorem, we set a bound on y such
that y < b. Then, (1 + y)? is bounded byM = (1 + b)2. Also,

of
g, — 21 +y) <20140)

f(t,y) satisfies a Lipschitz condition and the conditions
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Summary: Solved Problems

m Solution:

m f(t,y) is independent of t. Set an arbitrarily large value on the bound a.

m A solution is certain to exist for a time tg = min(a, b/M) = min(a,b/(1 + b)?).
Seta > b/(1+b)? thenty =b/(1+ b)>.

B maxtg = tE(b*) = i with b* = 1.

m The theorem’s highest bound on the time in which a solution is certain to exist
is <

O Soéji'ving the equation actually:

m Separate variables:

= dt.

(1+y)*

m Integrating:
Lo -
y(0) (1 + y)2

1

l——=1t
I1+y
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Summary: Solved Problems

m Solution:

m Integrating:

m The solution is valid for ¢ < 1.
m The actual value is considerably greater than the lower bound 1 > i.
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