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Problem 1

Solution. Consider the trial solution T(x,t) = ®(x)®(t), which gives

’T  d*®(x) (1) = 10T _ ®(x) dO(x)
0x2  dx2 Ca ot o« dt -
It follows that
1 d®®(x) 1 dO(t) W2
®(x) dx?2  aO(t) dt ’
which leads to two ODEs
dZCD(X) 2 o d®(t) 2 —
V—i—w d(x) =0, T + awO(t) = 0.

These ODEs admit the solutions
P (x) = ¢ coswx + cp sinwx, O(t) = czexp(—aw?t).
From the boundary conditions T(0,t) = 0, T(L,t) = 0, we find that
P0)=c, =0, ®(L) = c;coswL + cpsinwL = 0.

Clearly, c; cannot be zero. As such, we have sinwL = 0, which in turn means that

nrit
= 7 :112/31"'-
w I n

We try a sum over all n

nrt.2

T(x,t) = ni:lcn sin(%x) exp(—oc(T) t).

The initial condition T(x,0) = %‘)x(L — x) requires that

> . NTT 4T,
Z Cn sm(Tx) = FX(L — x).
n=1
It follows that
2 (L4t To [E
Cn = Z/o L—zox(L — Xx) sin ?dx = %/0 x(L — x) sin ?dx.
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Then we use the integration by parts to compute the integral

L 7Y %4 L nmx L L (L nix
/0 x(L — x) sin de = —Ex(L —X) COST‘O + E/o (=2x+ L) cos de

L\ . nmx|L L nnx
= (—> ((—2x+L) smT’O +2/0 sdex>

nrt

L nmx | L
= —2<—> cos—‘
nit L lo

=2(5) (1= (1))

Therefore,

BNE EELES
" 0 n=2,4,6- -

Substituting ¢, into the series expression of T(x,t), we find a solution. Finally, we
check the result at the pointx = L/2,t =0

32T0

T(— ch sm 1’17‘[
=1

which, along with the identity that
I i
— (2k + 1) X

verifies the solutionat x = L/2,t = 0.




