MA2001 Solution to Problem Set 4 Vector Differential Calculus

1. If r(t)=rcos(at)i+rsin(at)] is the position vector of a point at time t, v(t) is the velocity vector of
r(t) and &(t) is the acceleration vector of F(t), show that

@ r-v=0,
(b) rxV=constant vector,
() a=da’r.
Solution:
(@) ) )
\7=Z—t _ d [rcos(a)t):j: rsin(at) J] _d (rcd(zswt)h d (rzltn wt) T = —orsin(@t)i + rocos(at) ]

r-v= [rcos(a)t)l +rsin(ot) J][—a)rsin(a)t)ﬂ racos(ot) j] =0

(The velocity is in a tangential direction.)
(b)

rxv= [r cos(wt)i+rsin(at) j]x[—a)r sin(at)i +rocos(at) j] =r’wcos’ (ot )k +r’wsin® (ot)k = r’wk

(©)
_ gv  d|-arsin(et)i+reocos(awt) ] _ . .
=%= [ ( )dt ( )J]:—a)zrcos(a)t)i—ra)zsin(a)t)j:—a)zr

(The acceleration is directed towards the origin.)

2.
(@ Compute the divergence and curl of the vector functions:

(i) V=e*cosyi+xy?]+yz’k

Solution:
] 0 0 0
diw =V -V =—(e*cosy )+ —(xy? )+ —(yz® ) =e*cosy + 2xy + 3yz>
o7 cosy ) 2 (y2?) <ot cosy + 2xy-+3y
i i Kk
curv =Vxv= i i 2
X oy oz

e*cosy Xy’ yz
- (% (yz3)—§(xy2)]7 —(% (v2°)-Z (e cos y)ji + % (y?)- % (6" cos y)j‘Z
=257 +(y? +e*sinyK
(i) V=yzi +32x] + Zk
Solution:

diw =V -V :i(yz)+%(32x)+% =1



| =1
| @ —u
> =

curv =V xv= —
oXx oy oz
yz 3zx 2

d d -
:(5(2)—5(3&)} —(& z)-
(b) (i) Find div(grad f), for f(x,y,z)=1—x* —4y? +22*

Solution:
afz k =—2xi —8yj +4zk

of, -
rad f =
g OX

div(grad f )= ( 2x)+%( 8y)+§(4z):—6

(ii) Find VxV(V- ) for V(x,y,z)=e"i +e’] +e’k

Solution:
X y z

V-\7:diV\7:ae +ae +8e =e‘+e’ +e’
ox oy oz

V(V V)= grad(divv)=e"i +e’] +e’k

i ]k
VxV(V-V) = Vx(e|+eyj+e k) aax % %:T(o 0)-j(0-0)-k(0-0)
e* e ¢

Remark: VxVf =0

(c) Verify the formula div(fV)= f divv +V-grad f for f =e

Solution:
LHS = div(fv)= dIV(exyZXI +eYyj + exyzzIZ)

oe¥x oe™y o0e™z
= + Y, = xyze™ +e* + xyze™ +e™ + xyze

Y and V = xi + yj + zk .

oe -
j+

¢ (2) %(YZ)JJ7+(%(3ZX)—%(yZ)]IZ =-3Xi +yj + 22k

=0

e =3e"(xyz+1)

oe™’

OX oy oz
N Xz
RHS = f divV+V-grad f =e*” X,y 2 +<xT+y]+zk)- ® 5y
ox oy oz OX oy

=3 + (xyzeXyZ + Xyze™* + xyze™” )z 3¢ (xyz+1) = LHS

(d) Prove that:
curl(V + W)= curlV +curlw for any vector fields Vv and W on R®.

(i)

Solution:
Let V=V,i +V,j+V,K, W=w,i +w,]+wk
i j k
LHS = curl(v + W)= g 9 g
OX oy 0z

Vi +W, Vo +W, Vo +W,

0z

‘



_ 6(V3+W3)_8(V2+W2) i_ a(v3+W3)_a(Vl+W1)
0z OX 0z
Ny Wy DV, W, | (%+%_%_8le
oy oy oz oz oXx ox o0 oz
[ s _ OV, r_[% %jﬁ Ny OV o [ OW; _ OW, |
oy z ox oz ox oy oy oz
i ] k[T Tk
_|0 90 90/,19 0 @
ox oy oz| |ox oy oz
Vl V2 V3 Wl W2 W3
= curlv +curlw = RHS
(i) div(curlv)=0
Solution:
Let V =V,i +V,]+V,K
i J Kk
LHS = div(curlV)=div o 0 2
ox oy oz
Vl V2 V3
_givf [ Qa2 7_(%_%]14_ N, v
oy oz oX 0z oX oy
_ o[V v, _2(%_% LO[ov, v
ox\ oy oz oy\ox oz ) o\ ox oy
_ Oy O, %, O, O, O _

T OXdy X0z oyox oyor  dox  ozdy

3.
(a) Evaluate ﬁ=(B-F)F.
(b) Show that

() V-u=4p-
(i) Vxu=px
(iii) VX(Bxﬂ:zB.

o=

r,

Solution:
@

U=

(%_%

Itis given that r = xi +yJ+zk and p=ai+b]+ck isa constant vector and u= (B-F)F .

(P77 =[ (a0 +ek)-(x v k) |6y o 2K) = (@ by e cz) v +240



(b)(i) ~
V-G:V-(p-F)F:V-[(ax+by+cz)(xi+yj+zk)]
d
_ [ (ax+by+cz)x] . d[(ax+by+cz)y] +d[(ax+by+cz)z]
dx dy dz
= (ax+by+cz)+ax+(ax+by+cz)+by +(ax+by+cz)+cz

=4(ax+by+cz)=4p-r
(b)(ii)
VXGZVX[(B-F)F}:VX

(ax+by+cz)X|+(ax+by+cz)y]+(ax+by+cz)zl2}

1

Q» XU

- =(bz-cy)i+(cx—az) j+(ay —bx)k

(ax+by+cz)x (ax+by+cz)y (ax+by+cz)z

QD
x
@|Q) —

(b)(iii)

SR
|Q) —
| =

Vx(BxF):Vx[(bz—cy)T+(cx—az)]+(ay—bx)R}: ~ Y =2ai+2bj+2ck=2p

bz—cy cx—az ay-bx
4. Let F(x,y,z)=(x+2y+az)i +(bx—-3y—z)j+(4x+cy+2z)k be avector field on R® where a, b
and c are real constants.

(a) Find the values of a, b and ¢ such that F is irrotational.
(b) With the values of a, b and ¢ obtained in (a), determine a potential function ¢ on R3for which

Vo=F.
Solution:
(@ Since
i j k
V X IE = i i g
OX oy oz

X+2y+az bx-3y—z 4x+cy+2z
=(6(4x+cy+22) a(bx—3y—z)jr_[a(4x+cy+22) 6(x+2y+az)Ji

oy 0z
+(a(bx—3y— 7) 8(x+2y+az)jiz

OX 0z

OX oy
=(c+1)i —(4-a)j +(b—2)k
The vector field F is irrotational provided VxF =0




c=-1a=4,b=2
(b) Let ¢ be ascalar field on R3suchthat Voo = F | i.e.

8—(p:x+2y+4z,a—(p:Zx—:By—z,6—¢=4x—y+22
OX oy 0z

From the first equality,
2
o(x, y,z):j(x+ 2y+4z)dx:x?+2xy+4xz+ f(y,z),

where f is a function to be determined. Then %D =2X+ % )

Equating this with the equality %0 =2Xx—-3y—1z gives

A2 . 5,
oy
2
It follows that f(y,z)= I(— 3y —z)dy :—3%— yz +g(z) for a function g.

x? 3y?
Thus,  o(x, y,z):?+2xy+4xz—7—yz+g(z)

op
d _—4 — 4
an = x—y+g'(z)

Equating with 88_(p =4x—-y+2z,we have
z

9'(z)=2z,sothat g(z)= Iszz =z° (we set the constant of integration to be 0.)

2 2
A potential function ¢ is given by ¢(x,y,z)= > —3% +2% +2xy - yz+4xz

5. Let G(x,y,z)=3yzi +x*j+xcosyk be a vector field on R.
(a) Show that G is solenoidal.
(b) Find a vector field F(x,y,z)= f,(x,y,2)i + f,(x,y,2)] on R®suchthat VxF =G.
Solution:
(a) The vector field G is solenoidal, since
a3yz , Ox? | Oxcosy

divG = =0

OX oy oz
(b) Let F(x,y,z)= f,(x,y,2)i + f,(x,y,2)] be avector field on R®. Then

i J k

TefoS S 2| (S (), (%
oXx oy oz 0oz 0z ox oy
£, f, 0

Tofind f, and f, such that

@:xz, %:—3yz and T2 _ XCOSYy

oz 0z oX oy

From the first two equalities,



f.(x,y,2)= I x?dz =X’z + ¢(X, y)
3yz?
and  f,(0y,2)=—[3yzdz=—="—+p(xy)

Ay o _dy e
ox oy ox oy

Equating this with the equality % —% = XCOSY gives

for two functions ¢ and y . Then

5_!// _8_(0 = XCOSY

ox oy
By setting ¢ =0, we have

2
%—W =xcosy,sothat (X, y):jxcos ydx = X2 S | h(y)
X
2

By choosing h(y) = 0, we have y(x,y)= X czosy .

Hence, one of the vector field F is

2 _ays?
lf(x, Y, z): xﬁf.;.Mj

Remark: The vector field F is not unique.

6. (a) Avectorfield F is said to be solenoidal if V-F =0. Let F =(y+2z)i+(x+2)j+(x+y)k.

Show that F is solenoidal. B B B

(b) As aconsequence of F being solenoidal, there exists a vector field H such that F =V xH .
Find a vector field H =h,(x,y,2)i+h, (X y,2)j+hy(x,y,z)k with h,(x,y,z)=0such that
F=VxH.

(c) Observethatif ¢ isascalar field and H, F are vector fields such that F =V xH , then we have
Vx(H+Vp)=VxH+VxVp=VxH=F-(l).
Using (b) and observation (1), find a vector field G = g, (x,y,z)i+9, (X, y,2) j+0;(x, ¥, z)k
suchthat F =V xG and g, (x,y,z)=2y.

Solution:

(@)

v_E:a(y+z)+6(x+z)+a(x+y):0.

OX oy 0z

(b) L
i j k

VxH=det| & 9 9| _oh 7+[8h1_5hsji+ oh. _oh g
oXx oy oz oy oz oz OoX ox oy
h h, h

F v F (e )i (xe2) o (e y)f - o B _R g
F=VxH andh, O:F_(y+z)|+(x+z)J+(x+y)k_ay|+[6Z axjj ayk.



Thatis, s X+z=—-——2

oh, y? oh, y?
X =——2=>h=-y—2—, z=—23=h,=Z-+2y+C(x,2).
+y h =-y 5 y+ i = +2y+C(x,2)

2 2 2

oh, oh, oC X y X
X+2=-—""2-"2=—""=C(y,2)=—"——2x.Thus, h,=2—+ 2y - — —2x =
0z 0Ox ax:> (y ) 2 E 2 Y 2

2 22 ~
So, Hz[—xy—y?Ji{y 2X +z(y—x)}k.

©
Let p(x,Y,2)=y* = Vp=2y].

2 2

2
§=ﬁ+V(p=(—xy—y7JT+2y]+{y ;X +z(y—x)}ﬁ.

-End-




