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MA2001  Solution to Problem Set 4  Vector Differential Calculus 

 

1. If ( ) ( )( ) cos sinr t r t i r t j = +  is the position vector of a point at time t, ( )tv


 is the velocity vector of 

 ( )tr


 and ( )ta


 is the acceleration vector of ( )tr


, show that 

 (a) 0r v = , 

 (b) constantr v = vector, 

 (c) 2a r= . 

Solution: 

(a) 

( ) ( ) ( ) ( )
( )

cos sin cos sin
sin( ) cos

d r t i r t j d r t d r tdr
v i j r t i r t j

dt dt dt dt

   
   

 +
 = = = + = − + . 

( ) ( ) ( )cos sin sin( ) cos 0r v r t i r t j r t i r t j         = +  − + =
   

 

(The velocity is in a tangential direction.) 

(b) 

( ) ( ) ( ) ( ) ( )2 2 2 2 2cos sin sin( ) cos cos sinr v r t i r t j r t i r t j r t k r t k r k              = +  − + = + =
   

 

(c) 

( )
( ) ( )2 2 2

sin( ) cos
cos sin

d r t i r t jdv
a r t i r t j r

dt dt

   
    

 − +
 = = = − − = −  

(The acceleration is directed towards the origin.) 

 

2.  

(a) Compute the divergence and curl of the vector functions: 

 (i) kyzjxyiyev x
 32cos ++=  

Solution: 

  ( ) ( ) ( )32cos yz
z

xy
y

ye
x

vvdiv x




+




+




==

 232cos yzxyyex ++=  

  

32cos yzxyye

zyx

kji

vvcurl

x












==




 

   ( ) ( ) ( ) ( ) ( ) ( ) kye
y

xy
x

jye
z

yz
x

ixy
z

yz
y

xx













−




+












−




−












−




= coscos 2323  

   ( )kyeyiz x


sin23 ++=  

(ii) kzjzxiyzv


++= 3  

Solution: 

  ( ) ( )
z

z
zx

y
yz

x
vvdiv




+




+




== 3


1=  



 2 

  

zzxyz
zyx

kji

vvcurl

3












==




 

   ( ) ( ) ( ) ( ) ( ) ( ) kyz
y

zx
x

jyz
z

z
x

izx
z

z
y














−




+












−




−












−




= 33 kzjyix


23 ++−=  

(b) (i) Find ( )fgraddiv , for ( ) 222 241,, zyxzyxf +−−=  

Solution: 

  kzjyixk
z

f
j

y

f
i

x

f
fgrad zyx


482 +−−=




+




+




=  

  ( ) ( ) ( ) ( ) 6482 −=



+−




+−




= z

z
y

y
x

x
fgraddiv  

(ii) Find ( )v

 , for ( ) kejeiezyxv zyx


++=,,  

Solution: 

 zyx
zyx

eee
z

e

y

e

x

e
vdivv ++=




+




+




==


 

 ( ) ( ) kejeievdivgradv zyx


++==  

( )v

  = ( ) ( ) ( ) ( ) 0000000






=−−−−−=












=++ kji

eee

zyx

kji

kejeie

zyx

zyx  

Remark: 0


= f  

 

(c) Verify the formula ( ) fgradvvdivfvfdiv +=


 for xyzef =  and kzjyixv


++= . 

Solution: 

 LHS = ( ) ( )kzejyeixedivvfdiv xyzxyzxyz


++=  

  ( )13 +=+++++=



+




+




= xyzeexyzeexyzeexyze

z

ze

y

ye

x

xe xyzxyzxyzxyzxyzxyzxyz
xyzxyzxyz

 

 RHS = ( ) 











+




+




+++












+




+




=+ k

z

e
j

y

e
i

x

e
kzjyix

z

z

y

y

x

x
efgradvvdivf

xyzxyzxyz
xyz


 

  ( ) ( )133 +=+++= xyzexyzexyzexyzee xyzxyzxyzxyzxyz  = LHS 

(d) Prove that: 

(i) ( ) wcurlvcurlwvcurl


+=+  for any vector fields v


 and w


 on R3. 

Solution: 

 Let kvjvivv


321 ++= , kwjwiww


321 ++=  

LHS = ( )

332211 wvwvwv
zyx

kji

wvcurl

+++












=+




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( ) ( ) ( ) ( ) ( ) ( )

k
y

wv

x

wv
j

z

wv

x

wv
i

z

wv

y

wv 











+
−



+
+











+
−



+
−











+
−



+
= 112211332233  

 k
y

w

y

v

x

w

x

v
j

z

w

z

v

x

w

x

v
i

z

w

z

v

y

w

y

v 












−




−




+




+












−




−




+




−












−




−




+




= 112211332233  

 

k
y

w

x

w
j

z

w

x

w
i

z

w

y

w
k

y

v

x

v
j

z

v

x

v
i

z

v

y

v 












−




+












−




−












−




+












−




+












−




−












−




= 121323121323  

 

321321 www
zyx

kji

vvv
zyx

kji












+












=



 

 = wcurlvcurl


+  = RHS 

(ii) ( ) 0=vcurldiv


 

Solution: 

Let kvjvivv


321 ++=  

LHS = ( )






























=

321 vvv
zyx

kji

divvcurldiv




 

 

























−




+












−




−












−




= k

y

v

x

v
j

z

v

x

v
i

z

v

y

v
div


121323  

 











−








+












−








−












−








=

y

v

x

v

zz

v

x

v

yz

v

y

v

x

121323  

 
yz

v

xz

v

zy

v

xy

v

zx

v

yx

v




−




+




+




−




−




= 1

2

2

2

1

2

3

2

2

2

3

2

 = 0 

 

3. It is given that r xi y j zk= + + and p ai b j ck= + +  is a constant vector and ( )u = p r r . 

(a) Evaluate ( )u = p r r . 

(b) Show that 

  (i) 4u p r =  , 

  (ii) u p r =  , 

  (iii) ( ) 2p r p  = . 

Solution: 

(a) 

=u
 ( ) ( ) ( ) ( ) ( )( )p r  r ai b j ck xi y j zk xi y j zk ax by cz xi yj zk  = + +  + + + + = + + + +

 
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(b)(i) 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )

( )

4 4

u p r  r ax by cz xi yj zk

d ax by cz x d ax by cz y d ax by cz z

dx dy dz

ax by cz ax ax by cz by ax by cz cz

ax by cz p r

   =   =   + + + + 

     + + + + + +     = + +

= + + + + + + + + + + +

= + + = 

 

(b)(ii) 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

u p r  r ax by cz  xi ax by cz y j ax by cz zk

i j k

bz cy i cx az j ay bx k
x y z

ax by cz  x ax by cz  y ax by cz  z

i j k

a b c p r

x y z

    =   =  + + + + + + + +
  

  
= = − + − + −

  

+ + + + + +

= = 

 

(b)(iii) 

( ) ( ) ( ) ( ) 2 2 2 2

i j k

p r bz cy i cx az j ay bx k ai b j ck p
x y z

bz cy cx az ay bx

  
   =  − + − + − = = + + =
    

− − −

 

 

4. Let  ( ) ( ) ( ) ( )kzcyxjzybxiazyxzyxF


2432,, +++−−+++=  be a vector field on R3, where a, b 

and c are real constants. 

 (a) Find the values of a, b and c such that F


is irrotational. 

 (b) With the values of a, b and c obtained in (a), determine a potential function   on R3 for which 

 F


= . 

Solution: 

(a) Since  

zcyxzybxazyx
zyx

kji

F

2432 ++−−++












=




 

 
( ) ( ) ( ) ( )

j
z

azyx

x

zcyx
i

z

zybx

y

zcyx 











++
−



++
−











−−
−



++
=

224324
 

   
( ) ( )

k
y

azyx

x

zybx 











++
−



−−
+

23
 

 ( ) ( ) jaic


−−+= 41  ( )kb


2−+  

The vector field F


 is irrotational provided 0


= F  
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 2,4,1 ==−= bac  

(b) Let   be a scalar field on R3 such that F


= , i.e. 

 zyx
z

zyx
y

zyx
x

24,32,42 +−=



−−=




++=



 
 

 From the first equality, 

 ( ) ( ) ( )zyfxzxy
x

dxzyxzyx ,42
2

42,,
2

+++=++=  , 

 where f is a function to be determined. Then  
( )

y

zyf
x

y 


+=



 ,
2


. 

 Equating this with the equality zyx
y

−−=



32


 gives 

 
( )

y

zyf



 ,
 = zy −−3  

 It follows that ( ) ( ) ( )zgyz
y

dyzyzyf +−−=−−=  2

3
3,

2

 for a function g.  

 Thus,   ( ) ( )zgyz
y

xzxy
x

zyx +−−++=
2

3
42

2
,,

22

  

 and   ( )zgyx
z

+−=



4


 

 Equating with zyx
z

24 +−=



, we have 

 ( ) zzg 2= , so that ( ) 22 zzzdzg ==   (we set the constant of integration to be 0.) 

  A potential function   is given by ( ) xzyzxyz
yx

zyx 42
2

3

2
,, 2

22

+−++−=  

 

5. Let ( ) kyxjxiyzzyxG


cos3,, 2 ++=  be a vector field on R3. 

 (a) Show that G


is solenoidal. 

 (b) Find a vector field ( ) ( ) ( ) jzyxfizyxfzyxF


,,,,,, 21 +=  on R3 such that GF


= . 

Solution: 

(a) The vector field G


 is solenoidal, since 

 0
cos3 2

=



+




+




=

z

yx

y

x

x

yz
Gdiv


 

(b) Let ( ) ( ) ( ) jzyxfizyxfzyxF


,,,,,, 21 +=  be a vector field on R3. Then 

 

021 ff
zyx

kji

F











=




j

z

f
i

z

f 












−−












−= 12 k

y

f

x

f 












−




+ 12  

 To find 1f  and 2f  such that 

 21 x
z

f
=




, yz

z

f
32 −=




 and yx

y

f

x

f
cos12 =




−




 

 From the first two equalities, 
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   ( ) ( )yxzxdzxzyxf ,,, 22

1 +==   

 and  ( ) ( )yx
yz

yzdzzyxf ,
2

3
3,,

2

2 +−=−=    

 for two functions   and  . Then 
yxy

f

x

f




−




=




−



 12  

 Equating this with the equality yx
y

f

x

f
cos12 =




−




 gives 

   yx
yx

cos=



−



 
 

 By setting   = 0, we have 

   yx
x

cos=



, so that  ( ) ( )yh

yx
dxyxyx +==  2

cos
cos,

2

  

 By choosing ( )yh  = 0, we have ( )
2

cos
,

2 yx
yx = .  

Hence, one of the vector field F


 is 

( ) j
yzyx

izxzyxF


2

3cos
,,

22
2 −

+=  

 Remark: The vector field F


 is not unique. 

 

6. (a) A vector field F  is said to be solenoidal if 0F = . Let ( ) ( ) ( )F y z i x z j x y k= + + + + + .  

Show that F  is solenoidal. 

(b) As a consequence of F being solenoidal, there exists a vector field H such that F H= . 

Find a vector field ( ) ( ) ( )1 2 3, , , , , ,H h x y z i h x y z j h x y z k= + +  with ( )2 , , 0h x y z  such that 

F H= . 

(c) Observe that if    is a scalar field and ,H F  are vector fields such that F H= , then we have  

( ) (I)H H H F  + = + = = . 

Using (b) and observation (I), find a vector field ( ) ( ) ( )1 2 3, , , , , ,G g x y z i g x y z j g x y z k= + +  

such that F G=  and ( )2 , , 2g x y z y= . 

Solution: 

(a) 

( ) ( ) ( )
0

y z x z x y
F

x y z

 +  +  +
 = + + =

  
. 

(b) 

3 2 1 3 2 1

1 2 3

det

i j k

h h h h h h
H i j k

x y z y z z x x y

h h h

 
 
              = = − + − + −                 

 
 

 

( ) ( ) ( ) 3 31 1
2 and 0

h hh h
F H h F y z i x z j x y k i j k

y z x y

   
=    = + + + + + = + − − 

    
.  
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That is, 

3

31

1

h
y z

y

hh
x z

z x

h
x y

y


+ = 




+ = −
 


+ = − 

. 

2

1
1

2

h y
x y h y

y


+ = −  = − −


, ( )

2

3
3 ,

2

h y
y z h zy C x z

y


+ =  = + +


. 

 

( )
2

31 ,
2

hh C x
x z C y z zx

z x x

 
+ = − = −  = − −

  
. Thus, ( )

2 2 2 2

3
2 2 2

y x y x
h zy zx z y x

−
= + − − = + − . 

So, ( )
2 2 2

2 2

y y x
H xy i z y x k

   −
= − − + + −   
   

. 

(c) 

Let ( ) 2, , 2x y z y y j =  = . 

( )
2 2 2

2
2 2

y y x
G H xy i y j z y x k

   −
= + = − − + + + −   

   
. 

  

-End- 

 


