MA 1201 Calc & Basic Linear Algebra II

Semester B 2014/15, Guo Luo

Supplementary Notes



Scalar Multiplication of a Vector (page 7 & 17, Chapter 4)

e Given a vector 4 and a scalar number ¢, the vector ca has the
magnitude

cd| = |c]|al = _ -
—cld|, ¢<0

e In component form, if @ = (a1, ap,a3), then
‘Cﬁ\| — |C<a1/ as, a3> ‘ — ‘ <C[11, cay, C&Z3> |
— \/(ca1)2 + (caz)? + (caz)? = \/cza% + cza% + czag

— JA@ B+ B) = VE A+ B+ = el

as claimed.



Addition of Vectors I (page 7 & 16, Chapter 4)

o Geometrically (see Figure|1):

(a) two vectors @ and b are added by placing the initial point of the
second vector b at the terminal point of the first vector 4, and then
connecting the initial point of 4 to the terminal point of b;

(b) alternatively, the sum 4 + b can be viewed as the diagonal of the
parallelogram formed by a and b; this is the parallelogram law of
vector addition; note that g, E, 7 -+ b all share the same initial point.

e In component form, if @ = (ay,4a;,a3) and b= (by,by,b3), then
E[—|—E — <a1/a2/ a3> _|_ <b1/b2/ b3> — <(11 _|_ bl/az _|_ bZ/ as _|_ b3>/

this is in agreement with the geometric definition of @ 4 b given

in Figure|1{(a).



Addition of Vectors II (page 7 & 16, Chapter 4)

y
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Figure 1: (a) Geometric interpretation of the vector sum, and (b) the paral-

lelogram law of vector addition.
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Subtraction of Vectors I (page 8 & 16, Chapter 4)

e Geometrically (see Figure 2):

(a) two vectors @ and b are subtracted by placing the initial point of
both vectors at the same point, and then connecting the terminal
point of the second vector b to the terminal point of the first vector
d; this ensures that bhand @ — b add up to 4;

(b) alternatively, the difference 4 — b = @+ (—b) can be viewed as the

—

sum of the two vectors 4 and —b.
e In component form, if @ = (ay,4a;,a3) and b= (by,by,b3), then

ﬁ—EZ <611,612,a3> — <b1,b2,b3> = <(11 — bl,llz — bz,&lg — b3>



Subtraction of Vectors II (page 8 & 16, Chapter 4)
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Figure 2: (a) The vector #i — U, when added to v, gives i, and (b) i — 7 =
i+ (—3).



Properties of Scalar Product (page 22, Chapter 4)

e The various properties of scalar product can be readily veri-

fied using the definition; for example, if @ = (ay,4ap,4a3), h =
<b1, bz, b3>, and ¢ = <C1,C2, C3>, then

(ki +1b) - ¢ =

(k{a1,a2,a3) +1(b1, b2, b3)) - (c1,¢2,¢3)

= ((kay, kay, kaz) + (Ib1, by, Ib3)) - (1,2, ¢3)

= (kay + Iby, kay + 1by, kas + 1b3) - (c1, ¢, C3)

= (kay 4+ 1b1)c1 + (kap + 1by)cp + (kas + 1bs)c3

= (kaicqy + Ibycq) + (kaxcy + 1bycy) + (kazes + Lbscs)
= (kayc1 + kaycp + kazes) + (Ibyc1 + Ibycr + 1bses)
= k(ayc1 + axcr + ascs) + [(bicq + bacy + bacs)
k(@-¢)+1(b-0),

which is property 3.



Finding the Vector Projection I (page 32, Chapter 4)

e Given two vectors 7 and b, the unit direction vector b = b/|b|
of b, and the angle 6 between 4 and b, the vector projection of 4
onto b is given by (recall that |b| = 1)

projzd = magnitude x direction

= (|d@| cos0)b = (|d@||b| cos0)b
_ (7-b)b— (a. i)i _ (%)E
[b]/ |b| b

e The scalar projection of @ onto b, on the other hand, is the scalar
component of the vector projection proj;d, given by

N
(]

comppd =d-b=4ad-

=1 =
=X



Finding the Vector Projection II (page 33, Chapter 4)

° Exampleﬂ Ifd = (3,0,1) and b = (0,2,4), then the vector projection
of 7 onto b is

7= (7 E EZ ﬁ_b b
pm””_( m)m (|b|2>

/(3,0,1)-(0,2,4)

‘( 0,2,4)2 )<°'2'4>

(3)(0)+ (0)(2) + (1)(4)

‘( 02+ (22 + (4)? )<°'2’4>

4See Example 8 on page 33.
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Direction of Vector Product (page 40, Chapter 4)

e The direction of a vector product a x b is the unit normal vector
that points the way your right thumb points when your fingers
curl through the angle 0 from 4 to b; this is the right-hand rule.

uXxyv

({
"

(a) (b)

Figure 3: The construction of (a) # x v and (b) ¥ X .
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Vector Products of Fundamental Vectors (page 41, Chapter 4)

e The pairwise vector products of the fundamental vectors 7, 7,
and k can be conveniently remembered using the following per-

)

Figure 4: The permutation diagram for recalling pairwise vector prod-

mutation diagram.

ucts of 7, 7, and k.



Determinant Formula for Vector Product I (page 42, Chapter 4)

o Ifad = Ell?—f—

S

X b= (a17+ a27+ a3%)
= (a1b) (T X 7) + (a1bp) (T x 7) + (a1b3) (T x k)

a27+ Elgj and b = b7+ sz—F bgj, then

X (b7 + by] + bsk)

+ (a2b1) (7 x 7) + (a2ba) (7 x 7) + (a2b3) (7 x k)
+ (a3by) (k x 7) + (ashy) (K x 7) + (asbs) (k x k)

= (a1b1)(0) + (a1b2) (k) + (a1b3)(—7)

+ (agby) (—k) + (a2b2) (0) + (a2b3)(7)
+ (a3by)(7) + (azba) (—7) + (azb3)(0)

= (agb3 — asby)7+ (asby — a1bs)7 + (aby — azby k.

12



Determinant Formula for Vector Product II (page 42, Chapter 4)

e Defining 2 x 2 and 3 X 3 determinants by

aq
by

1

the vector product 4 x b can be represented as a determinant:

ay
%)

€2

a

C

b
d

as
b3

€3

— ad — be,
by b3 b1 b3 b1 b
= a1 — ap as ,
2 C3 c1 €3 €1 €

d x b= (apbs — a3bp)7— (ayb3 — azby)7 + (a1by — azby )k

—

1

T 7 Kk
an (13__,611 El3+—»€l1 Elzza ; ,
by byl by bs by b b5 ™
by by b3
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Determinant Formula for Vector Product III (page 42, Chapter 4)

° Example@ Ifd=(2,1,0) and b= (0, —1,2), then

rogk 1 0 2 0 2 1
ixb=1|2 1 0|=T7 —7 k
-1 2 0 2 0 —1
0 -1 2
= [(1)(2) = (0)(=D]7= [(2)(2) = (0)(0)]T+ [(2)(=1) — (1)(0) &
= (2,—4,-2).

4See Example 11 on page 42.



Finding the Distance between Two Lines I (page 54, Chapter 4)

o Examplef?|If L, is the line passing through the points
A=(0,1,4), B=1(3,41),
and L, is the line passing through the points
C=(-1,411), D = (1,5,9),

then the distance d between L1 and L, is found as follows:

(a) find the vectors z@ and C?) that lie on the lines L1 and Lo:
AB = (3,4,1) — (0,1,4) = (3,3,-3),
CD = (1,5,9) — (~1,4,11) = (2,1, ~2);

4See Example 16 on page 54.
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Finding the Distance between Two Lines II (page 54, Chapter 4)

(b) find the normal vector 7 (not necessarily unit) perpendicular to
both lines L1 and Lj:

ryok 3 -3 3 -3 3 3
BxCD=1|3 3 —3|=7 —7
1 -2 2 -2 2 1
2 1 -2

(c) find a vector connecting two arbitrary points on L and Lj, say:
AD = (1,5,9) — (0,1,4) = (1,4, 5);

any other vector zﬁ, B?:, or BB will do;



Finding the Distance between Two Lines III (page 54, Chapter 4)

(d) find the scalar projection of AD onto 7i:

compnA[j: AD - %’

_ (D(=3)+ &) + (5)(=3)
V(=3)2+(0)2 + (-3)?

(e) find the distance d as the absolute value of compﬁzﬁ:

d= |projﬁzﬁ| = |compﬁzﬁ| = 3V/2.

17
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Antiderivatives and Indefinite Integrals I (page 2, Chapter 1)

e Definition 1. Let f(x) be a given function. A function F(x) is called
an antiderivative of f(x) on an interval I = (a,b) if

d ,
SF(x) = F(x) = £(x)

forall x in I. The set of all antiderivatives of f(x) is called the indefi-
nite integral of f(x) (with respect to x), and is denoted by

/f(x) ax.

The symbol [ is called the integral sign, the function f(x) is called the
integrand of the integral, and x is called the variable of integration.



Antiderivatives and Indefinite Integrals II (page 2, Chapter 1)

e Lemma 2. Let f(x) be a continuous function and Fi(x), F(x) be
two antiderivatives of f(x). Then there exists a constant C such that

F(x) — R(x) =C.

e Proof. Since both F;(x) and F,(x) are antiderivatives of f(x), we have,
by definition,
Fi(x) = B(x)] = F(x) - FB(x) = f(x) - f(x) = 0.

This shows that the function G(x) defined by G(x) = Fi(x) — F(x)

satisfies G’ (x) = 0, so there must exist a constant C such that G(x) = C.
This implies that F; (x) — F,(x) = C, as claimed. O

/

19



Antiderivatives and Indefinite Integrals III (page 2, Chapter 1)

e Corollary 3. If F(x) is an antiderivative of f(x), then

/f(x) dx = F(x) +C,
where C is an arbitrary constant.

e Proof. Let F; (x) be any other antiderivative of f(x), then by Lemma|2]
there exists a constant C; such that

Fi(x) = F(x) = Cy,

or equivalently,
F (x) — F(X) + Cy.

20
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Antiderivatives and Indefinite Integrals IV (page 2, Chapter 1)

Thus the indefinite integral of f(x), being the set of all antiderivatives
of f(x), must have the form

/f(x) dx = F(x) + Cq,

where C; is some constant. Since F(x) + C is clearly an antiderivative
of f(x) for any value of C:

[F(x) +C]" = F(x) = f(x),

it follows that
/ F(x)dx = F(x) +C,

where C is an arbitrary constant. []



The Indefinite Integral of x ! I (page 6, Chapter 1)

e The indefinite integral of x~! can be “derived” from the indefi-
nite integrals of x?, a # —1 as follows:

(a) recall from example 2 on page 5 that

xa+1
/x“dxz o + C =: F(x;C),

where C is an arbitrary constant;

(b) foreacha # —1,setC = —1/(a+ 1) in the above formula to obtain

x+1 1 xitl 1 xr= (1) 10
a+1 a+1  a+1 a—(—1) 7

F(x,—1/(a+1)) =

22
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The Indefinite Integral of x ! II (page 6, Chapter 1)

(c) the above expression, with a viewed as the variable, is reminiscent
of the definition of a derivative; assuming x > 0 is fixed and letting
a — —1, we deduce
xi—(=1) _ 40

Jm, F(x, —1/(a+1)) = lim —— (-1)

_ d a—(—1)
— %x

= x"og x = log x;

this can be used as a motivation for the integral formula

/xldx:/%dleog]x]nLC.
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Properties of Indefinite Integrals I (page 16, Chapter 1)

e Let f(x)and g(x) be two continuous functions with antideriva-
tives F(x) and G(x), then:

(a) cF(x) is an antiderivative of ¢f(x), since
[cF(x)]" = cF'(x) = cf (x);
(b) F(x) + G(x) is an antiderivative of f(x) + g(x), since
[F(x) £ G(x)] = F'(x) £ G'(x) = f(x) £ g(x);

(c) a'F(ax + b) is an antiderivative of f(ax + b), since

[F(ax +b)] = 1[al—“’(aerb)} = f(ax +b).

(@~ F(ax +b)]" = % ;
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Properties of Indefinite Integrals II (page 16, Chapter 1)

e Thus by Corollary 3| we deduce (note C, C;, C; are arbitrary)
()
/cf(x) dx = cF(x) + C=c|F(x) + (G| = c/f(x) dx

(b)

[ 1) £ g(x)] dx = [F(x) £ G(x)] +
= |F(x) +Cq| = [G(x) + G /f dxj:/g

/f(ax—l—b)dx: %F(ax—l—b)—l—C.



Approximating Area with Finite Sums I (page 29, Chapter 1)

e The method of integration is a tool for calculating quantities
such as areas and volumes by breaking them into small pieces,
and then summing the contributions from each small part.

e Example. As an example, consider the area A of the shaded region R
that lies above the x-axis, below the graph of y = 1 — x?, and between
the vertical lines x = 0 and x = 1 (see Figure|5):

(a) there is no simple formula for calculating the area A, but it can be
approximated by summing the areas of a collection of rectangles;

26



Approximating Area with Finite Sums II (page 29, Chapter 1)

y
N
=1-x
0, 1) g
1
1 3
(33)
05
0 0.5

Figure 5: Approximating the area of R by using (a) two rectangles and (b)

four rectangles.

(a)

y
N
43
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R
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(b)
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Approximating Area with Finite Sums III (page 29, Chapter 1)

(b) Figure |5(a) shows two rectangles that together contain the region
R; the total area of the two rectangles approximates the area A of

the region R:

1 31 7
Arl -4 - = =-=0875
>t175 g 0.875;
(c) Figure b) shows four thinner rectangles that together contain the
region R; these four rectangles give the approximation:

1 15 1 3
SRR T I

7 1 2
+ — 29 = 0.78125;

1
416 4 32

28



Approximating Area with Finite Sums IV (page 29, Chapter 1)

(d) in each of these computed sums, the interval |a, b| over which the
function f(x) is defined is subdivided into n subintervals of equal
width Ax = (b —a)/n, and f(x) is evaluated at a point in each
subinterval: c; in the first subinterval, ¢, in the second subinterval,
and so on; the finite sums then all take the form

Fler) - Ax+ flea) - Ax+ -+ flen) - Ax;

29
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Approximating Area with Finite Sums V (page 29, Chapter 1)

(e) by taking more and more rectangles, with each rectangle thinner

than before, it appears that these finite sums give better and better

approximations to the true area A of the region R:

n Finite sum
2 0875
4 0.78125
16  0.697265625
50 0.6766
100 0.67165
1000 0.6671665

with the techniques developed below, we will be able to show that

the area of R is exactly 2/3.



Finite Sums and Sigma Notation I (page 29, Chapter 1)

e Sigma notation enables us to write a sum with many terms in
the compact form

n
Y aj=ay+ay+az+---+a,_1+ay,
i=1

where the Greek letter 2 stands for “sum”, and the index of
summation i tells us where the sum begins and where it ends.

e For example,

y 2o 2 16,25 13
—~i_1 4—-1 5—-1 3 4 12

31



Finite Sums and Sigma Notation II (page 29, Chapter 1)

o Itisnot difficult to check that finite sums, when written in sigma
notation, satisty the following algebraic rules:

n

n n
Zal+b Zaz+zbll ZCCIZ':CZQZ‘,
=1 =1

=1

n
Z i—bi):Zai—Zbi, Zc:n-c.
=1 =1 =1 =1

Iy

e For example, to verify the sum rule, we only need to compute
n
Zﬂlﬂrb (a1 + 1) + (a2 +ba) + - + (an + by)
=1

n n
:(al+a2+"'+an>+(b1+b2+"'—|’bn):Zﬂi+zbi}

the other rules can be verified in a similar way.

32



Finite Sums and Sigma Notation III (page 29, Chapter 1)

e Example. As an example, let’s use the above rules to compute

n

n n
231—1 231 Zizz?)Zi—Ziz,
i=1 i=1

=1 =1
Y (—a;) = i(—l) = ()Y a=—Y a
=1 =1 =1 =1

3 3 3
Y (i+4)=) i+) 4=(1+2+3)+3-4=6+12=18,

i=1 i=1 i=1

33
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Finite Sums and Sigma Notation IV (page 29, Chapter 1)

o Itis also useful to record the following formulas for future use:

the sum of the first n integers : Z i=—-nn+1),
: 1
the sum of the first n squares : Z if=cn n+1)2n+1),
the sum of the first n cubes : Z i 1 2(n+1)°.
' 4

e Although the first formula can be proved directly, the second
and third ones need to be proved using mathematical induction
or complex variable methods; we omit the details here.



Limits of Finite Sums I (page 30, Chapter 1)

e With the aid of sigma notation, we now find the limiting value
of finite sum approximations to the area of the region R shown
in Figure|5|as the number of rectangles approaches infinity:

(a) divide [0, 1] into n equal subintervals

0,1/n], 1/n,2/n], ..., [(n—1)/n,1],

each of which has width 1/n;

(b) on the i-th subinterval [(i — 1)/n,i/n|, construct a rectangle with
width 1/7 and height f(i/n); this leads to the finite sumpP|

()3 o)

4This is called a right Riemann sum (see below); the finite sums constructed on

page|27|correspond to a left Riemann sum.

35
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Limits of Finite Sums II (page 30, Chapter 1)

(c) writing this sum in sigma notation and simplifying, we obtain (re-

call f(x) =1 —x?)

i—1 \ " -1 i3
1 213 +3n% +n
=1——--nn+1)2n+1)=1-— ;
- on(n 1) (20 +1) o
(d) asn — oo, the finite sums converge to
i (2B 2 2
n—so0 613 6 3

(e) it can be shown that any finite sum approximation with equal sub-

interval widths converges to the same value 2/3.



Riemann Sums and Definite Integrals I (page 30, Chapter 1)

o The theory of limits of finite approximations was made precise
by the notion of a Riemann sum, which underlies the theory of
definite integrals; to define a Riemann sum:

(a) consider an arbitrary function f(x) on a closed interval [a, b|;
(b) divide the interval [a, b] into n subintervals, not necessarily of equal
widths, by choosing points {xg, x1, X, ..., X,,_1, X, } satisfying

a=x0<x1<xp<--<xy_1<xp=2>0;

the set P = {xg, x1,x2,...,X,_1, X} is called a partition of [a, b|;

(c) denote the width of the i-th subinterval [x;_1,x;] by Ax; = x; —
x;_1, and choose a point ¢; in [x;_1, X;]; the area under the graph of
f(x) between x;_41 and x; is approximated by the area f(c;) - Ax; of
the rectangle with width Ax; and height f(c;) (see Figure @) ;

37



Riemann Sums and Definite Integrals II (page 30, Chapter 1)
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Figure 6: Constructing a Riemann sum.
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Riemann Sums and Definite Integrals III (page 30, Chapter 1)

(d) summing the areas of all these rectangles yields a Riemann sum for
f(x) on the interval [a, b]:

Sp=f(c1) - Axy + flco) - Axp + - -
+ flen) - Bxn = éf(cz) - Ax;;

clearly, the value of Sp depends both on the partition P and on the
choices of the points ¢; in the subintervals.

e The norm of a partition P, denoted by || P||, is defined to be the
largest of all the subinterval widths:

|P|| = max Ax; = max{Axl,sz, . .,Axn}.
1

39



Riemann Sums and Definite Integrals IV (page 30, Chapter 1)

e Definition 4. Let f(x) be a function defined on a closed interval
la,b]. We say that f(x) is (Riemann) integrable over [a, b] if the Rie-
mann sums Y 4 f(c;)Ax; converge to a number I in the following
sense: given any number € > 0, there is a corresponding number
0 > 0 such that for every partition P = {xg,x1,...,%Xn} of |a,b]
with ||P|| < é and any choice of ¢; in [x;_1, x;|, we have

n

Y flei)Ax;— I‘ < €.

i=1

The number 1 is called the definite integral of f(x) over |a,b], and it
is denoted by

b
l:/élf( )dx = lim chl Ax;.

IP][=0;

40



Riemann Sums and Definite Integrals V (page 30, Chapter 1)

e The symbol | ab f(x)dx used to denote a definite integral can
be viewed as a “continuum limit” of the symbol }7" ; f(c;)Ax;
used to denote a Riemann sum, where in the limit of infinitely

refined partition (||P|| — 0):
(a) thesum ) ; of areas of finitely many rectangles becomes the sum
| ab of areas of infinitely many (infinitesimally thin) rectangles;
(b) the heights f(c;) of the finitely many rectangles become the heights
& y y & &
f(x) of the infinitely many (infinitesimally thin) rectangles;

(c) the widths Ax; of the finitely many rectangles become the widths
dx of the infinitely many (infinitesimally thin) rectangles.

41
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Existence of Definite Integrals I (page 30, Chapter 1)

® Theorem 5 (Riemann integrability of continuous functions). Let
f(x) be a continuous function defined on a closed interval |a, b|. Then
f(x) is Riemann integrable over |a, b).

e *Proof[?] Recall first that a continuous function defined on a closed
interval [a,b] is uniformly continuous on [a,b]. Thus for any given
€ > 0, there exists a 6 > 0 such that

€

£ =l < s

whenever |x — y| < 6. Consider any partition P of |4, b] with ||P|| < 6.
For any choices c;, d; of the points in [x;_1, x;], there clearly holds

ei —di| <xj—x;1 = Ax; < ||P| <6

40Optional reading; skip if you are not familiar with the e-6 language.
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Existence of Definite Integrals II (page 30, Chapter 1)

Thus by uniform continuity, there must hold

|f(Ci)_f(di)|<bia, i=1,2,...,n.

This implies that

€ € €
<Zb—Axi:b—a§Axi:b (b—a) =€,
1=

which shows that the sequence of Riemann sums ) ; f(c;) - Ax; is
Cauchy. The existence of the definite integral of f(x) over [a, b| as the

limit of the Riemann sums then follows from the completeness of the

real numbers. ]



Existence of Definite Integrals III (page 30, Chapter 1)

e Theorem 5|guarantees the integrability of continuous functions
over a closed interval |a,b|; functions that are not continuous,
on the other hand, may or may not be integrable:

(a) discontinuous functions that are integrable include those that are
monotone on |4, b] and those that are piecewise continuous on |a, b]
(continuous except at a finite number of points);

(b) an example of a nonintegrable function is given by

1, if x isrational
flx) = ,  x€[0,1];
0, if xisirrational

+1



Existence of Definite Integrals IV (page 30, Chapter 1)

indeed, for any partition P of [0,1], let ¢; be a rational number
contained in [x;_1, x;] and d; be an irrational number contained in
[x;_1, x;] (note that such ¢; and d; always exist); then

n n

Y flei)Ax; =) (1)Ax; =1,

while
n

é F(d)dx; = Y (0)Ax; = 0;

i=1
this shows that the limit of the Riemann sums )" ; f(c;)Ax; cannot
exist, since it depends on the choices of the points c;: if the ¢;’s are
always rational, then the limit is 1; if the ¢;’s are always irrational,
then the limit is 0.
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Fundamental Theorem of Calculus I (page 34, Chapter 1)

e Theorem 6 (The fundamental theorem of calculus, part I). Let
f(x) be a continuous function defined on a closed interval |a, b). Then
the function

F(x) = / " F() dt

is continuous on |a, b] and differentiable on (a,b), with

Flo) = o [ fe)de = £(x)

o >*Proofﬂ We only prove F'(x) = f(x) for each x € (a,b), from which
the differentiability of F(x) on (a,b) and the continuity of F(x) on (a,b)
follows. The continuity of F(x) at x = a* and x = b~ can be verified

in a similar way.

40Optional reading; skip if you are not familiar with the e-6 language.
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Fundamental Theorem of Calculus II (page 34, Chapter 1)

For any x € (a,b), observe that

1
E[F(Hh) — F(x)]

(L e [ o)< 0

On the other hand, it is not difficult to see that

£) = 3] = 1 (7 [ vae) =5 [T pae

Thus

F[EGe ) — F@)] — £ (0

— [ a7 pa =1 [0 - po) ae

47
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Fundamental Theorem of Calculus III (page 34, Chapter 1)

Since f(x) is continuous, for any given € > 0, there exists a § > 0 such
that |f(t) — f(x)| < € whenever |t — x| < J. Thus for all i < ¢, there
must hold

HFGx ) — F@)] - £

This shows that
1

lim - [F(x + 1) = F(x)] = f(x),

and by definition, that F/(x) exists and equals f(x). O
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Fundamental Theorem of Calculus IV (page 34, Chapter 1)

e Geometrically, the area under the graph of f(x) between x and
x + h, represented by the difference

F(x+h) — / £t dt—/f £ dt = / £(1)

can be well approximated by the area f(x) - h of the rectangle
with width h and height f(x), provided that h is sufficiently
small (see Figure|7); hence

F(x) ~ 3 [F(x+ 1) — F(x)] =~ 7 [f(0H] = £(x),

which is essentially what Theorem |6|claims.



Fundamental Theorem of Calculus V (page 34, Chapter 1)

7
/\/y:f(t)
__<\_/
Jx)
>
0l a xXx+h b

Figure 7: Approximating the difference quotient [F(x + h) — F(x)]/h by the
height f(x) of the rectangle.



Fundamental Theorem of Calculus VI (page 34, Chapter 1)

e Example. As an example, let’s use Theorem 6|to compute

d rx
—/ costdt = cosx,
dx a

d/x 1 g — 1
dx01+t2 _1+x2'

/Btsmtdt ( /3tsmtdt> — —3xsin x.

e More generally, one can show that

ddx( ' f(eya ) F(b(x)) -V (x) — fla(x)) - o (x);

a proof of this fact can be found in the review sheet.
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Fundamental Theorem of Calculus VII (page 47, Chapter 1)

o Example[?| Using the above formula, we may easily compute

2x
% /1 e3y2_1 dy — 83(2x>2_1 . <2x)/ _ e3<1>2_1 . (1)’

_ BT (2) —e3M-1.(0) = Del2¢*—1

% /1x costdt = cos(xz) : (xz)/ —cos(1) - (1)/

= cos(x?) - (2x) — cos(1) - (0) = 2x cos x>

4See Example 22 on page 47.
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Fundamental Theorem of Calculus VIII (page 34, Chapter 1)

e Theorem 7 (The fundamental theorem of calculus, part II). Let
f(x) be a continuous function defined on a closed interval |a,b|, and
let F(x) be any antiderivative of f(x) on |a, b]. Then

/a " F(t) dt = F(b) — F(a) = F(x)|".

a

e Theorem |7|says that to compute the definite integral of f(x)
over |a, b, all we need to do is:

(a) find an antiderivative F(x) of f(x), and

(b) calculate the number F(b) — F(a).
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Fundamental Theorem of Calculus IX (page 34, Chapter 1)

e Proof. By Theorem 6} the function G(x) defined by

— [ st

is an antiderivative of f(x) (since G'(x) = f(x)). According to Lemma
however, the two antiderivatives F(x) and G(x) of f(x) must differ
only by a constant, namely,

F(x) — G(x) =C, or F(x)=G(x)+C,
for some constant C. Thus
/fdt/fdt—/fdt
G(a) = b) +C| — [G(a) + C| = F(b) — F(a),

as is to be shown. L]



Fundamental Theorem of Calculus X (page 34, Chapter 1)

e The conclusions of the Fundamental Theorem |6H7|reveal that:

(a) the integration of a function f(x) followed by the differentiation of
the result gives back the function f(x), namely (Theorem |6):

[ fwar= s

(b) the differentiation of a function F(x) followed by the integration of
the result gives back the function F(x), adjusted by an integration
constant (Theorem |7} note that F(x) is an antiderivative of F/(x)):

X d

—F(t)dt = F(x) — F(a);

a dt

(c) in other words, the processes of integration and differentiation are
“inverses” of each other;
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Fundamental Theorem of Calculus XI (page 34, Chapter 1)

(d) the indefinite integral of a function f(x), being the set of all an-
tiderivatives of f(x), satisfies

/f(x) dx — /axf(t) dt+C,

where C is an arbitrary constant (Corollary note that [ ax f(t)dtis

an antiderivative of f(x) by Theorem @) ; this explains the notation
[ f(x) dx used for the indefinite integral of f(x).



Properties of Definite Integrals I (page 40, Chapter 1)

e The various properties of definite integrals can be proved using
the definition of the definite integral as a limit of Riemann sums.
e For example, if f(x) and g(x) are integrable over [a, b], then

(a) for every partition P of [a, b] and for every choice of the points d;,

Z [le( i) +c2g(d sz = Z c1f(d;)Ax; + Z c28(d;)Ax;

1=

=0 Zf Axl""CZ Zg Axll

=1

(b) since f(x) and g(x) are integrable, the limits of the Riemann sums
on the right-hand side of the above equation exist as ||P|| — 0;
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Properties of Definite Integrals II (page 40, Chapter 1)

(c) consequently, the limit of the Riemann sum on the left-hand side of
the above equation also exists as || P|| — 0, and equals

/b c1f(x) +c2g(x)| dx = lim Z[le( i) +c2g(d;)| Ax;

a | P[|—0 =

= lim< Zf Ax1+022g )

IP[[=0 i—1

L Clzf AN Zg A
P P i—

=1 fim Y S @) +ex Bim Y g(d)o
=1

o [ fdxte [ g

this establishes property 4.
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Substitution for Indefinite Integrals I (page 3, Chapter 2)

e Theorem 8 (Substitution rule for indefinite integrals). Let u =
2(x) be a differentiable function whose range is an interval I and f(u)
be a continuous function on I. Then

[ Fge)g () dx = [ flaw)du

e Theorem|§|provides the following method to evaluate the inte-
gral [ f(g(x))g'(x)dx when f and g’ are continuous functions:

(a) substitute u = g(x), du = g¢’(x) dx to obtain the integral [ f(u) du;
(b) integrate with respect to u;

(c) replace u by g(x) in the result.
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Substitution for Indefinite Integrals II (page 3, Chapter 2)

e Proof. Let F(u) be any antiderivative of f(u) and let G(x) be the func-
tion defined by G(x) = F(g(x)). By the chain rule, G(x) is an anti-
derivative of f(g(x)) - ¢'(x):

G'(x) = - F(g(x)) = F(g(x)) -'(x) = flg(x)) - (x).

So by Corollaryﬂ (applied to G(x)),

[ Flx)g' () dx = [ G'(x)dx = G(x) + C = F(g(x)) +C.
With the substitution u = g(x), another application of Corollary
shows that

F@@»+C:pwmwkifpwwu:/fmmu

Hence the theorem follows. L]
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Substitution for Definite Integrals I (page 9, Chapter 2)

e To evaluate a definite integral using substitution, we may:

(a) find an antiderivative (indefinite integral) using Theorem (8, and
then evaluate the definite integral by applying Theorem|7} or

(b) extend the process of substitution directly to definite integrals.

e Theorem 9 (Substitution rule for definite integrals). Let ¢'(x) be
continuous on the interval |a, b] and f(u) be continuous on the range

of g(x). Then

(b)
[ Fag @ dx = [* fluyau

g(a)



Substitution for Definite Integrals II (page 9, Chapter 2)

e Proof. Let F(u) and G(x) be as defined in the proof of Theorem
and observe that G(x) is an antiderivative of f(g(x)) - ¢'(x). Then by
Theorem 7]

[ Fle()g (x)dx = G(x)

X=a X=da

With the substitution u = g(x), another application of Theorem
shows that

u=q(b b b
st) /g<)>P, e /g<)>f(u)du.

Fls(b) —F(g(@) =F)| _ =] .. (0

Hence the theorem follows. L]



Review of Differentials I (page 3, Chapter 2)

e The successful application of substitution rules (Theorem
requires a thorough understanding of the symbol dx, the so-
called differentials, hidden in the definition of definite integrals:

(a) the differential dx in a definite integral Y £(x) dx is an infinitesimal
gtal J,

analog of the subinterval width Ax introduced in a Riemann sum

i1 f(ci)Ax;; it represents infinitesimal changes in the variable x;

(b) likewise, if y = f(x) is a differentiable function of x, then the dif-
ferential dy represents the infinitesimal change in the variable y as
an infinitesimal change of dx occurs in the variable x:

dy = f(x +dx) — f(x);
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Review of Differentials II (page 3, Chapter 2)

(c) to express dy in terms of dx, consider first a small but finite change
Ax in the variable x, and the associated finite change

Ay = f(x +Ax) — f(x)
incurred in the variable y;

(d) since f(x) is differentiable, the Mean Value Theorem implies that

Ay = f' (&) [(x + Ax) —x] = f'(§)Ax,

where ¢ is some point lying between x and x + Ax;



Review of Differentials III (page 3, Chapter 2)

(e) as the size of the finite change Ax reduces, the point ¢ gets closer
and closer to x; when Ax becomes “infinitely small” (infinitesimal),
¢ coincides with x and the above equation becomes

dy = f'(x)dx;

(f) using the Leibniz notation dy/dx for the derivative of y with re-
spect to x, the above equation can be written in the more revealing
form as

dy = f'(x)dx = %dx;

this says that the derivative of y = f(x) can indeed be interpreted
as the quotient of the differentials dy and dx.
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Review of Differentials IV (page 3, Chapter 2)

e Example. As an example, let’s find the differential dy for
y=x°437x: dy = (x° +37x) dx = (5x* +37) dx,
y = tan2x : dy = (tan2x) dx = sec?(2x) - (2x)" dx = 2sec*(2x) dx.

In the last equation, the differential dy can also be expressed in terms
of the intermediate variable u = 2x, which gives:

—tanu: dy = d—yduzseczudu:secz 2x)d(2x) = 2 sec?(2x) dx.
Y Y a1

It is important to work this equation backward to see how an expres-
sion of the form g(x) dx can be recognized as a differential dy:

2sec?(2x) dx = sec®(2x) - 2dx = sec?(2x) d(2x)

— sec? udu = d(tanu) = d(tan2x).



Review of Differentials V (page 3, Chapter 2)

e Every differentiation formula has a corresponding differential
form; for example, if u(x), v(x) are differentiable functions and
¢ i1s a constant, then

d(cu) = cdu, d(u+v) =du+do,
d(uv) = vdu + udo, d<z> :vdu—zudv.
v v

e These formulas can either be derived from the definition, e.g.
d(uv) = (uv) dx = (u'v+uv')dx = vu' dx + uv' dx = vdu + udo,

or, more simply, by multiplying the corresponding differentia-
tion formula by dx, e.g.

(d(duxv)> dy — (UZ_Z) dx + (uZ—Z) dx.
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Linear Substitution Revisited (page 16, Chapter 1)

e The integral formula

/f(ax+b)dx: %F(ax+b)+C,

stated on page 16 of Chapter 1 can be viewed as a special case of
Theorem |8} indeed, if u = ax + b and F(u) is an antiderivative
of f(u), then

/f(ax+b /fax+badx— /fax+b )adx
’dx
/f —% )—I—Cﬂzél—"(ax—i—b)—l—c,

where C = C;/a is again an arbitrary constant.
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Rules of Thumb for Substitution I (page 4-14, Chapter 2)

o If there is a power (fraction) in the integrand, let the base (de-

nominator) be the new variable; for exampleﬁ

x+1 1

d :/ (x+1)d

/x2+2x+7 x X2 4+ 2x+7 (x+1)dx
1 1

= (x 41 dx:/— —du,
/§2+2x+2\< V) / u 2

1.
zudx

~~
u

/ >Vx2 +3 dx—/ (x? +3)1/2 . xdx

= [ x? )2(x2+3)1/2- xdx =/(u—3)2u1/2-§du.

4See Example 6 on page 14 and Example 2 on page 6.
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Rules of Thumb for Substitution II (page 4-14, Chapter 2)

o If there is a trigonometric function in the integrand, let its argu-
ment be the new variable; for exampleﬂ

/x2 cos(x® + 1) dx = /cos(x3 +1) - x*dx

1
— /cos(x3+1) cx2dx = /Cosu-—du,
N~ 3

N——

u %u’ dx

4sin(1/x) , %, 1
/1—dx—/1 sm(l/x)-;dx

x2

4 1 1/4
:/ sin(l/x)-—zdx:/ sinu - (—du).
1 M~~~ X 1/1
u N—~—
—u' dx

4See Example 1 on page 4 and Example 3 on page 9.
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Rules of Thumb for Substitution III (page 4-14, Chapter 2)

o If there is an exponential function in the integrand, let its expo-
nent be the new variable; for exampleﬂ

1+(1/x%) 1

/e 3 dx:/exp[l—l—(l/xz)}-ﬁdx
:/exp[}Jr(l/sz] : %dx = /e”- (—%du),

u
1

22—1u 1
—/ expx —1 - xdx :/12_1e -idu.

4See Problem 1 (a)(g) in Homework 2.



72

The Key to Success I (page 11-19, Chapter 2)

e The key for substitution to succeed is that, after identifying the
new variable u as part of the integrand, the rest of the integrand
must be expressible as a product g(u)u’ for some function g.

e Examplef?| As an example, consider the integral

log2  o2x
0 Ver+1
This integral can be evaluated using substitution in three steps:

(a) identify the “trouble maker” (e* +1)~1/2;

log 2
I = dx = / (e¥ +1)"1/2e?* dx.
0

(b) try a substitution u = e* +1;

4See Example 4 on page 11.



The Key to Success II (page 11-19, Chapter 2)

(c) rewrite the rest of the integrand e?* as a product of u’ = e* and
some function of u = e* + 1, the result is

log 2 elos2 41
I:/ (¥ +1)" V2 & .e¥dx = u 2 (u—1)du.
0 N——" ~ =~ eV+1
u u—1 u'dx
Note that in step (b) above, one may also try the substitution u = (e* +
1)~1/2, It works, but the computation is somewhat more involved:

1 1
y = = (ex 4+ 1)—3/2ex _ = u3(u—2 o 1),
2 2
1
e dx = ()= - u'dx = 2w —u"3) du,

u,

log 2 1/4/3
I = / (¥ +1) 12X dx = -2 u(u™ —u=3)du.
0 —— 1/v2

u
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The Key to Success III (page 11-19, Chapter 2)

e Example[?| As another example, consider the integral

2x — 5
I— dx.
/x2—6x+10 x

Let’s first try evaluating this integral using the same three steps:
(a) identify the “trouble maker” 1/ (x* — 6x + 10);
(b) try a substitution u = x> — 6x + 10;

(c) rewrite the rest of the integrand 2x — 5 as a product of #/ = 2x — 6
and some function of u = x? — 6x + 10; unfortunately, this does not
seem possible.

4See Example 7 on page 15.

74



The Key to Success IV (page 11-19, Chapter 2)

To proceed, observe that while 2x — 5 cannot be represented as a prod-
uct of ' = 2x — 6 and a function of u, it can be written as a sum of u’
and a constant function:

2x —5=(2x—6)+1=u'+1.
This motivates the decomposition

2x — 6 1
2t 10T e err0r T TR

where the first integral can now be evaluated by substitution:

1 1
11:/ 5 -(2x—6)dx:/—du.
x*—6x+10 ~ < u

~"

u' dx

u

The evaluation of the second integral is standard.
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General Procedure for Substitution I (page 4-19, Chapter 2)

e Besides the procedure outlined above, there is an alternative,
more general way of applying substitution:

(a) suppose a substitution u = g(x) is made for an integral [ f(x) dx;

(b) the idea is to solve for x, the old variable, in terms of u, the new
variable, from the substitution equation:

1
u=g(x) = x=nh(u), e.g.u:;jx:%;
(c) then compute dx in terms of u and du:
, 1 1
x=h(u) = dx=h'(u)du, e.g. x = :>dx:—ﬁdu;

(d) and rewrite the original integral in terms of the new variable:

/ flx)dx = / F(h(u))H () du.
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General Procedure for Substitution II (page 4-19, Chapter 2)

e Examplef?| As an example, consider again the integral

log2 2x log2
I= / € dx = / (e¥ +1)71/2e2* dx.
0 ver+1 0

After making the substitution u = e* + 1, the integral can be evaluated

in the following way:

(a) solve for x in terms of u from the substitution, which yields
x =log(u —1);

(b) compute dx in terms of u and du, which yields

1

dx =
* u—1

du;

4See Example 4 on page 11.



General Procedure for Substitution III (page 4-19, Chapter 2)

(c) rewrite the original integral in terms of the new variable:

log 2 elos2+1 1
/ (e* +1)"V2e¥ dx = / u 12 (y—1)? du
0 e0+1 N——r U — 1

which yields the same integral as before.

Note that this procedure, though very general, works only for those
problems for which the substitution equation u = g(x) can be easily
inverted. For problems involving complicated substitutions such as
u = x3 + 3x + 1 for which an inverse is difficult to obtain, the above

procedure will not be applicable.
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Integration by Parts I (page 38-39, Chapter 2)

e Integration by parts is a technique for simplifying integrals of
the form

[ f@)(x) dx;

it is useful when

(a) f(x) can be differentiated repeatedly and g(x) can be integrated
repeatedly without difficulty, for example,

/xex dx, where  f(x) =x, g(x) =e%;

(b) each part of the integrand appears again after repeated differentia-
tion or integration, for example,

/ex sin x dx, where  f(x) =€, g(x) =sinx.
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Integration by Parts II (page 38-39, Chapter 2)

e The method is essentially the product rule in integral form:

(a) if u(x) and v(x) are differentiable functions of x, then
[u(x)o(x)]" = ' (x)o(x) + u(x)v' (x);
(b) integrating with respect to x, the equation becomes
/[u(x)v(x)}/dx = /[u’(x)v(x) + u(x)v' (x)] dx
u(x)o(x) = /v(x)u’(x) dx + / u(x)v'(x) dx,
or in a more compact form,

/udv:uv—/vdu.

e A similar formula can be derived for definite integrals.
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The ILATE Rule I (page 42-44, Chapter 2)

e A rule of thumb for the choice of # and dv in the integration by

parts formula is to let u be whichever function that comes first
in the ILATE list:

[ : inverse trigonometric functions: tan™1

X, sin—! x, etc.;
L : logarithmic functions: log x, etc.;

A : algebraic functions: x2, 3x°, etc.;

T : trigonometric functions: sinx, tanx, etc.;

E : exponential functions: e, etc.;

and then let dv be the rest of the integrand (including dx).



The ILATE Rule II (page 45-51, Chapter 2)

e Example[?| As an example, consider the integral
I = /x4 log x dx.
The ILATE rule suggests the choice
u = logx, dv = x*dx,
so integrating by parts yields

I—/logx X dx—/logxd(S )

1 do 1 \Uf/

1 5
_gxlogx /5 d(logx)——x logx—g/x dx.

4See Example 15 on page 45.
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The ILATE Rule III (page 45-51, Chapter 2)

e Example[?| As another example, consider the integral

7T/2
I:/ xsinxdx.
0

The ILATE rule suggests the choice
u=x, dv = sinxdx,

so integrating by parts yields

/2 /2
I:/ X sinxdx:/ d(— cosx)
0 0

\\,/\_7;__/ \\,/ ~\_\,_/
u v

/2 /2
= —xcosx} —/ (— cos x) dx.
0

0

4See Example 18 on page 51.
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Repeated Integration by Parts I (page 49-54, Chapter 2)

e Examplef| Sometimes we have to use integration by parts more than
once. For example, consider the integral

I = /x2e3x dx.

(@) The ILATE rule suggests the choice
u= x>, dv = e dx,

so integrating by parts yields

I—/ 3xdx— x? d<1 3x>
\,./ v 3
\,_/

_ lxze3x / 1 &3 1(x2) = %xzesx B % /xesx dx:

4See Example 17 on page 49.
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Repeated Integration by Parts II (page 49-54, Chapter 2)

(b) toevaluate the last integral, we apply integration by parts one more
time with

u=x, dv = e>* dx;

the result is

/ 3xdx— X d(l 3x) = / e3* dx;
\/ N~ 3
u S~

0
(c) substituting the result in (b) back into (a) then yields

1 2/1 1
[ = = x2e3% — —(5 xed¥ — 3 e3xdx).



Repeated Integration by Parts III (page 49-54, Chapter 2)

e Example[?| As another example, consider the integral
I = /e3x sin x dx.
(@) The ILATE rule suggests the choice
U = sin x, dv = e3* dx,
so integrating by parts yields

1
I:/Sinx-e3xdx:/smx d( 3x>
NP N~ 3
\/./

u do u
0

1
3xsmx—3/ e cos x dx;

"3

4See Example 19 on page 52.
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Repeated Integration by Parts IV (page 49-54, Chapter 2)

(b) toevaluate the last integral, we apply integration by parts one more
time with

U = COS X, dv = &3 dx;

the result is

/cosx-e3xdx:/cosx d(l 3x)
N N~ N—— 3
u ~—

do u -
v

_1
3

1 1
e cos x + 3/ e sin x dx = §e3xcosx—|— 5[;

(c) substituting the result in (b) back into (a) then yields

1 1/1 1
I = §e3xsinx—§(§e3xcosx+§l>.
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Integration by Parts with Substitution I (page 58-64, Chapter 2)

e Example[*|Sometimes we use a substitution before integration by parts
to simplify the computation. For example, consider the integral

[ = /xlog(2ﬁ+1)dx

Let’s first try evaluating this integral using integration by parts:

(a) the ILATE rule suggests the choice
u =log(2v/x +1), dv = xdx,

so integrating by parts yields

1—/1og2f+11 /logZ\/_+1) (; 2)

u 0
1 2 1 XA/ X
log(2 1 ————dx;
=¥ leg2vatl) =g oo

4See Example 21 on page 58.
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Integration by Parts with Substitution II (page 58-64, Chapter 2)

(b) to evaluate the last integral, we
(i) identify the “trouble maker” 1/ (2y/x + 1);
(i) try a substitution w = 2/x + 1;
(iii) rewrite the rest of the integrand x+/x as a product of w’ = 1/+/x
and some function of w = 24/x + 1; the result is

X\/§ 1 ) 1
dx — 4
2/ +1 2r+1 T a

1 1 1
‘/zf+1 () =g [ oDt

(w—1) S~
w' dx

1
w 2

(c) substituting the result in (b) back into (a) then yields

1 1

1 2 4
I = 5 X log(2y/x+1) — 3 —( 1)* dw.



Integration by Parts with Substitution III (page 58-64, Chapter 2)

An alternative way to proceed is to introduce the substitution w =
2/x + 1 first to simplify the integral:

I:/log(Z\/}%—l)-x\/}.de

VX
:/log(Z\/Equ)-( Vx )3-de:1/10gw-(w—1)3dw.
~— — N ﬁ 8
T oo

Then integrating by parts yields (the same result):

_1)\4
8/10gw 1 ai 8/logw d(\ 1))

do

= %(w—l)ﬂogw—l l(w—1)4dw.
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Integration by Parts with Substitution IV (page 58-64, Chapter 2)

e Example[?| As another example, consider the integral

2 . 1/x
I:/ € dx.
1

x3

Let’s first try evaluating this integral using integration by parts:

(a) at the first glance, the ILATE rule seems to suggest the choice
U= — do = el/* dx; (%)

the problem of this choice is that the integral of e!/*, unlike that of
e*, cannot be easily found;

4See Example 22 on page 60.
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Integration by Parts with Substitution V (page 58-64, Chapter 2)

(b) to remedy this situation, observe that
y
/
(el/x)/ _ e1/x ) (1) _ _i el/x;
X

so instead of (x), we try the choice

U=——, dv:——zel/xdx;
X X

then integrating by parts yields

=) (@) - L (;3 e

- v

u do

2 /2e1/xd(_1) _ _lel/x
1 N1 x

1
_t e1/x
X
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Integration by Parts with Substitution VI (page 58-64, Chapter 2)

An alternative way to proceed is to introduce the substitution w = 1/x
first to simplify the integral:

21
Iz/l —exp(l/x) —dx

(1 ! d V2 e d
_/ - exp /x) 2 0= » we® - (—dw).
N——

—w' dx

Then integrating by parts yields (the same result):
1/2 1
I:—/ wewdw:/ w e’dw
u dv
1 1 1
= w d( ew):wew‘ —/ e’ dw.
12~ =~ /2 J1/2
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Tabular Integration I (page 67-71, Chapter 2)

e Tabular integration is a technique useful in evaluating integrals
of the form

/ x"e* dx, / x" sin x dx, / x" cos x dx,

where repeated applications of integration by parts are needed,
and where the derivatives of one part of the integrand (x") and
the integrals of the other part of the integrand (e*, sinx, cos x)
remain simple throughout the computation?|

It complements the reduction method introduced on page 67-89 of Chapter 2.



Tabular Integration II (page 67-71, Chapter 2)

e Example. As an example, consider the integral

I = /xzex dx.

With f(x) = x? and g(x) = e*, we make the list

f(x) and its derivatives 2(x) and its integrals

x2 *» er
2x *} e’
2 *» ex

0 e’

Combining the products of the functions connected by the arrows ac-
cording to the signs above the arrows then yields

I = x%2e* — 2xe* 4+ 2% + C.
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Tabular Integration III (page 67-71, Chapter 2)

e Example. As another example, consider the integral
I = /x3 sin x dx.

With f(x) = x% and g(x) = sin x, we make the list

f(x) and its derivatives 2(x) and its integrals

x3 w‘ sin x

3x? (—) —CoS X

6x %—sin X

6 (—) COS X

0 \ sin x

Combining the products of the functions connected by the arrows ac-
cording to the signs above the arrows then yields

3

I =—x cosx+3xzsinx+6xcosx—6sinx+C.
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Reduction Method with Substitution I (page 78-80, Chapter 2)

e Examplef?| Since reduction formulas are derived using integration by
parts, it is possible in some situations to use a substitution to simplify

the computation. For example, consider the integral
I, = / ey

The substitution w = x? + 1 transforms the integral into

I, = /x”_l exp(x® 4+ 1) - xdx

_ 2 \(n—-1)/2 2 . 1 aN(=1)/2 w
/(\x/;) exp(? +1)- xdz 2/(w 1) e dip.

1. .
2wdx

4See Example 27 on page 78.



Reduction Method with Substitution II (page 78-80, Chapter 2)

Integrating by parts with

u=(w-— 1)(”_1>/2, dv = e% dw,

then yields

b= [ @002y = 1 1) g0 )
=9 |3 g Na— 2] 3 g LN

u do M v

1 n—1 1
_ - (n—1)/2 ;w ) _/ (n—=3)/2 ;w

2(w 1) e 55 (w—1) e’ dw

1 _ n—1

_ E(w 1)(11 1)/2ew : I, »
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Trigonometric Integrals I (page 22-23, Chapter 2)

e To evaluate integrals of the form
/ sin™ x cos" x dx,

where m and n are nonnegative (positive or zero) integers, we
consider three (nonexclusive) cases:

(a) if the exponent of cosine is odd (n = 2k + 1), save one factor of

2

cosine and use cos? x = 1 — sin® x to express the remaining power

of cosine as a function of sine; then substitute u = sin x:
/ sin™ x cos? 1 x dx = /(sin x)™(cos? x)¥ cos x dx

= /(sin x)™(1 — sin? x)* cos x dx = /um(l —u?)* du;
—— e N’

u 12 u' dx



Trigonometric Integrals II (page 22-23, Chapter 2)

(b) if the exponent of sine is odd (m = 2k + 1), save one factor of sine

2

and use sin® x = 1 — cos? x to express the remaining power of sine

as a function of cosine; then substitute u = cos x:

/ sin?**1 x cos” x dx = /(sin2 x)¥(cos x)" sin x dx

= /(1 — cos® g)k(gos x)"sinxdx = — /(1 — u?)u" du;
12 b —u' dx

(c) if the exponents of both sine and cosine are even, use the half-angle
identities

1
sin® x = 5 (1 — cos2x), cos? x = 7 (1 + cos2x),

to reduce the integrand to one in lower powers of cos 2x.
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Trigonometric Integrals III (page 22-23, Chapter 2)

e Example| As an example, let’s use the above rules to compute

/ sin’ x dx = /(sin2 x)? sin x dx

= /(1 — cos? x)2 sinxdx = — /(1 — u2)2 du,
u2 —u' dx

/sin2 x cos® xdx = /(sin x)?(cos? x) cos x dx
= /(sin x)?(1 — sin? x) cos x dx = /u2(1 —u?) du,
N~ N N ——
u u2 u' dx
.22 1 1
/sm xcos” xdx = / 5 (1 — cos2x) - 5 (1 + cos2x)dx

1 1 1 11
— Z/(l—COSZZx)dx: Ex—1/§(1+cos4x)dx.

4See Example 10 on page 22 and Example 11 on page 23.



Trigonometric Integrals IV (page 55, Chapter 2)

e To evaluate integrals of the form
/ tan™ x sec” x dx,

where m and n are nonnegative (positive or zero) integers, we
consider three (nonexclusive) cases:

(a) if the exponent of secant is even (n = 2k, k > 1), save one factor of

2 2

sec’ x and use sec’ x = 1 + tan® x to express the remaining power

of secant as a function of tangent; then substitute u = tan x:

/tanm xsec®* x dx = /(tan x)™ (sec? x)F 1 sec? x dx

= /(tan x)™(1 + tan® x)* 1 sec? x dx = /um(l +u?) 1 du;

u 02 u' dx
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Trigonometric Integrals V (page 55, Chapter 2)

(b)

(c)

if the exponent of tangent is odd (m = 2k + 1), save one factor

2

of sec x tan x and use tan® x = sec? x — 1 to express the remaining

power of tangent as a function of secant; then substitute u = sec x:

/ tan? ! xsec” x dx = /(tan2 x)¥(sec x)" 1 sec x tan x dx

= /(@c2 95—1)k(sec x)" lsecxtan xdx = /(u2 — Dk du;

N
u? u u' dx

if the exponent of secant is zero or odd and the exponent of tangent
is even, use the identities

tan? x = sec? —1, sec? x = tan® x + 1,

and integrate by parts when necessary to reduce the higher powers
to lower powers.
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Trigonometric Integrals VI (page 55, Chapter 2)

e Example| As an example, let’s use the above rules to compute

/sec3xdx = /secxseczxdx

= /secx d(tan x) :secxtanx—/secxtanzxdx
—— N

u 0

:secxtanx+/secxdx—/sec3xdx,
/tan4xdx = /tanzxtanzxdx
= /tanzx(seczx—l)dx = /tanzxseczxdx— /tanzxdx

= /tanzx sec” x dx — /(seczx —1)dx.
N N —

u? u' dx

4See Example 20 on page 55.



105

Trigonometric Integrals VII (page 22, Chapter 1)

e To evaluate integrals of the form
/ sin mx cos nx dx, / sin mx sinnx dx, / COS mMXx cos nx dx,

where m and n are arbitrary real numbers, we use the product-
to-sum identities:

. 1. :
Sin 11X Cos X = 5 sin(m + n)x + sin(m — n)x]|,
1
sin mx sinnx = —5 [cos(m + n)x — cos(m — n)x|,

[cos(m + n)x + cos(m — n)x]|.

N[ —

cosmxcosnx =



Trigonometric Substitution I (page 24-26, Chapter 2)

e Trigonometric substitutions can be etfective in transforming in-
tegrals involving va?2 — x2, v/a? + x2, and v/ x2 — a2 into inte-
grals we can evaluate directly.

e The most common substitutions are
X =asinb, x =atan0, and X = aseco;

(a) toeliminate v a2 — x2, set x = asin@ where —7t/2 < 0 < 71/2; then
(note that cos@ > 0 when —7t/2 <0 < 71/2)

— \/az(l —sin®f) = Va2 cos2 0 = acos b;

106



107

Trigonometric Substitution II (page 24-26, Chapter 2)

(b) to eliminate Va2 + x2, set x = atan@ where —7t/2 < 0 < 7w/2;
then (note that secd > 0 when —7t/2 < 0 < 71/2)

Va2 +x2 = a2 + a2 tan2 0
— \/a2(1+tan29) — Va?sec? = asech;

(c) to eliminate v/x2 — a2, set x = asecd where 0 < 0 < 71/2; then
(note that tan > 0 when 0 < 6 < 71/2)

Va2 — a2 = Va2sec2 § — a2
= \/az(sec29 —1) = Va?tan? 0 = atan0.
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Trigonometric Substitution III (page 27-33, Chapter 2)

e Example[?| As an example, consider the integral
I= /\/S—xzdx.

Let’s first try evaluating this integral using standard substitution:

(a) identify the “trouble maker” v/3 — x2 = (3 — x?)/2;
(b) try a substitution u = 3 — x?;

(c) rewrite the rest of the integrand 1 as a product of ¥’ = —2x and

2

some function of u = 3 — x°; unfortunately, the resulting integral

still seems too complicated to be evaluated directly:

1 1 1
ldx = — u'dx = ————du, [=—2= v du.
u 2v/3 —u 2) /3—u

4See Example 12 on page 27.
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Trigonometric Substitution IV (page 27-33, Chapter 2)

To proceed, we make use of the trigonometric substitution
— \/5511&9, dx = /3 cos 0 de.

This leads to the transformed integral

I:/\/3—3sin29-\@coséd(?:/\/gcosﬂ\@cos(%l(?

—3/cos 9d9—3/ 1+ cos 26] d6.
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Trigonometric Substitution V (page 27-33, Chapter 2)

e Example[?| As another example, consider the integral

I = / ! dx.
B2 -1
Let’s first try evaluating this integral using standard substitution:
(a) identify the “trouble maker” 1/v/x2 —1 = (x> —1)71/2;
(b) try a substitution u = x> — 1;

(c) rewrite the rest of the integrand 1/x° as a product of 1’ = 2x and
some function of u = x? — 1; unfortunately, the resulting integral
still seems too complicated to be evaluated directly:

1 1
EEY krrayov i

4See Example 13 on page 30.
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Trigonometric Substitution VI (page 27-33, Chapter 2)

To proceed, we make use of the trigonometric substitution
x = secH, dx = secOtan 0 do.

This leads to the transformed integral

Iz/ 1 -secftan6dob
sec3 0+v/sec2 6 — 1

1
sec? 0

-sec@tan9d9:/ T

1
_/sec39tan9
:/c0529d9:/%[1—|—c0829] de.
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Trigonometric Substitution VII (page 35-36, Chapter 2)

e Examplef?| Trigonometric substitutions can also be useful in evaluat-
ing integrals containing integer powers of quadratic polynomials. For
example, consider the integral

1
[ = dx.
/(1+x2)2 *

Let’s first try evaluating this integral using standard substitution:

(a) identify the “trouble maker” 1/(1+ x%)? = (1 + x?)~%;

(b) try a substitution u = 1 + x?;

4See the Example on page 35.
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Trigonometric Substitution VIII (page 35-36, Chapter 2)

(c) rewrite the rest of the integrand 1 as a product of #/ = 2x and some
function of u = 1+ x?; unfortunately, the resulting integral still
seems too complicated to be evaluated directly:

1 1 1 1
ldx = —u'dx = ———— du, I:—/ du.
u’ 2v/u —1 2 ul\Ju—1

To proceed, we make use of the trigonometric substitution
x = tan 0, dx = sec? 0 do.

This leads to the transformed integral

1 2 1 2
I:/(l—l—tanzf))z . sec GdQZ/W-sec 0do

Y Y TP
— [ 550 = [cos?0do = [ 2[1+cos26] ab.
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Trigonometric Substitution IX (page 45 & 56, Chapter 3)

e Example['| When applying trigonometric substitution to definite inte-
grals, it is often advantageous to write the result as a function of the
original variable and substitute in the original integration limits. For
example, consider the integral

2
1:/ 1+ 4x2 dx.
0

The trigonometric substitution

1 1
X = > tan 0, dx = 5 sec” 6do,

4See Example 19 and 22 on page 45 and 56 of Chapter 3.
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Trigonometric Substitution X (page 45 & 56, Chapter 3)

leads to the transformed integral

tan 1 4 1 1 tan 14
I:/ \/1+tan29-§sec29d9:§/ sec 0 d6
0 0

1
=1 (secOtan 6 + log|sec + tan 6|)

tan 14
0 i

Instead of substituting in the new limits (0 and tan~! 4) for 6, we trans-
form the result back to x and use the original limits (0 and 2) for x:

1 2
= Z( 2x_V/1+422 +log|2x + /1 —|—4x2|>0.

tan 6 secf

The resulting expression is much easier to evaluate.
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Matching Integrals to Basic Formulas I (page 15-32, Chapter 2)

e We summarize below a few algebraic techniques that are useful
in matching a given integral to basic formulas:

(a) completing the square; for example®}

/ L dx—/ ! dx
x2—6x+10 J (x—3)241 7

5 1
5 dx:/2 5 dx,
2x% +8x + 13 s(x+2)2+1

dx;

/ v x2 +14x+7dx: / \/(x+12)2+3

4See Example 7 on page 15, Example 8 on page 18, and Example 14 on page 32.



Matching Integrals to Basic Formulas II (page 69, Chapter 3)

(b) eliminating a square root; for examplé®}

27 27 3/2
/ (1—cosx)3¥/2dx = / (2 sin’ ;) dx
0 0

—2\/_/ sin —dx—2\/_/ sin® =
T/4 t/4
\/1+cos4xdx: V2 cos2 2x dx

0
/4

/4
= \/E/ |cos 2x| dx = \fZ/ cos 2x dx;
0 0

4See Example 27 on page 69 of Chapter 3.
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Matching Integrals to Basic Formulas III (page 47, Chapter 2)

(c) reducing an “improper” fraction; for examplé?}

< d d
— [ 1dx —
/1—|—x2 * / * / + x2 X
Ox +3 2 11
TS g :/—d /—d,
/(x—4)4 T G T o™

4x +5
——dx = /2\/2x—|—
V2x +1

dx—l—/ 3 dx
vV2x +1

4See Example 16 on page 47, Example 10 on page 20 of Chapter 1, and Review

Example 3 on page 51 of Chapter 1.
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Matching Integrals to Basic Formulas IV (page 15-32, Chapter 2)

(d) separating a fraction; for example?}

/ 2x — 5 dx—/ 2x — 6 dx+/ 1 gy
2 _6x+10 ~ J x2—6x+10 x2—6x+10 7

W =2x—6

3x +11 3x +6 5
/ _/ dx & dx,
2x +8x +13 2x2 4+ 8x + 13 2x2% 4+ 8x + 13

4x+8
3x—|—2 3x 2
—dx:/—dx+/—dx
/\/1—x2 V1 —x? V1—x?
N——

u'=-2x

4See Example 7 on page 15 and Example 8 on page 18.
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Matching Integrals to Basic Formulas V (page 15-32, Chapter 2)

(e) multiplying by a form of 1; for examplé?}

secx +tanx
secxdx = [ secx- dx
secx + tanx

/secx+tanx\

x(x=3) [ x(x=3) \f+f
Vx —+/3 V-3 \F+\f

N~

u' dx

:/X(x—3> (VE+ VB dr = [x(VE+ V) dx

4See Example 9 on page 20 and Example 11 on page 21 of Chapter 1.

1
(sec? x 4+ sec x tan x) dx = / ” du,
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Method of Partial Fractions I (page 90-91, Chapter 2)

e The method of partial fractions is a technique for rewriting ra-
tional functions (quotients of polynomials) as a sum of simpler
fractions, the so-called partial fractions.

e The general procedure for finding the partial fractions of a ratio-
nal function f(x) = p(x)/q(x) can be summarized as follows:
(a) if f(x) is improper, that is, if p(x) is of degree at least that of g(x),

divide p(x) by g(x) to obtain

N(x).
D(x)’

f(x) = quotient (a polynomial) +

(b) factor D(x) into a product of linear and irreducibleﬂ quadratic fac-
tors with real coefficients;

4A quadratic polynomial is said to be irreducible if it cannot be written as the
product of two linear factors with real coefficients.

121



122

Method of Partial Fractions II (page 90-91, Chapter 2)

(c) for each factor of the form (ax + b)*, expect the decomposition to
have the terms
Aq A A
(ax + b) i (ax + b)? L (ax + b)k’

(d) for each factor of the form (ax? + bx + ¢)™, expect the decomposi-
tion to have the terms
Bix +Cq n Byx +Cy n n Bux+Cn
(ax2 +bx+c) (ax?+bx +c)? (ax? 4+ bx + c)™m’




Method of Partial Fractions III (page 90-91, Chapter 2)

(e) set N(x)/D(x) equal to the sum of all the terms found in (c)—(d);

(f) multiply both sides of the equation found in (e) by D(x) and solve
for the unknown constants; this can be done by either:

(i) equating coefficients of like powers (most general);
(ii) assigning convenient values to the variables x (most effective for
simple linear factors (ax + b)); or
(iii) using differentiation (most effective for repeated linear factors).
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Method of Partial Fractions IV (page 97, Chapter 2)

e Example[?| As an example, consider the integral

dx.

/5x3—12x2+5x—4
[ =
(2x+1)(x —1)3

The partial fractions of the integrand are found as follows:

(a) check the integrand, denoted by p(x)/q(x), is proper:
degp(x) =3 < degqg(x) = 4;
(b) make the ansatz

5x° —12x2+5x—4 A .. B . Cc . D
2x+1)(x—1)3  2x+1 x—-1 (x—1)2 (x—1)%

4See Example 32 on page 97.
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Method of Partial Fractions V (page 97, Chapter 2)

(c) multiply both sides by (2x + 1)(x — 1) to obtain
5x° —12x% +5x —4 = A(x —1)°
+B(x—1)?2x+1)+C(x—1)(2x+1) + D(2x +1); (%)

(d) determine the coefficients A and D by setting x to —% and 1 (the
roots of the linear factors) in equation (x):

e 3e3() (i) (1) o=a(3)
x=1:5(1)—12(1) +5(1) —4 = D(3);

the resultis A =3, D = —2;
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Method of Partial Fractions VI (page 97, Chapter 2)

(e) determine the coefficients B and C by differentiating equation

15x% — 24x +5=3(3)(x — 1) + B[2(x — 1)(2x + 1)
+2(x —1)*] +C[(2x + 1) +2(x — 1)] +2(-2),
and setting x to 1 (the multiple root) and —1 (a small value):
x=1:15(1)—24(1) +5=C(3) — 4,
x=—1:15(1) — 24(—1) +5 = 3(3)(4) + B(12) + C(—5) — 4;

the resultis C = 0, B = 1; the values of B and C can also be deter-
mined by comparing the coefficient of x> and that of x° (the con-
stant term), as shown on page 98 of Chapter 2.
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Method of Partial Fractions VII (Homework 2)

e Example[?| As another example, consider the integral

I_/x5+2x4—x+2

dx.
B _x—2"

The partial fractions of the integrand are found as follows:

(a) since the integrand, denoted by p(x)/q(x), is improper:
degp(x) =5 > degqg(x) =3,

a long division (see below) is done to decompose p(x)/g(x) as

=14 : :
(x) x3 4+ 2x2 —x -2’

p(x)
q

4See Problem 16(h) in Homework 2.
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Method of Partial Fractions VIII (Homework 2)

x2 +1
x3—|—2x2—x—2) x° + 2x4 —x4+2
—x® —2x% + 23 4+ 242

X3 42x2 —x 42
—x3 —2x% 4 x 42

4

(b) to find the factors of the polynomial x> + 2x?> — x — 2, make use
of the fact that if the coefficients a; in a polynomial r(x) = x" +
a,_1x" 1+ ... 4+ a;x 4 ag are all integers, then every integer root
of r(x) is a factor of ay;
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Method of Partial Fractions IX (Homework 2)

(c) for the polynomial x> + 2x?> — x — 2, this means that its integer
roots, if there are any, must be £1 or £2; direct verification shows
that x = 1, —2 are the roots of the polynomial, and hence

X420 —x—2=(x—1)(x+1)(x+2);
alternatively, one may observe that
X 42x% —x —2= (x> —x) + (2x* —2)
= x(x*=1)+2(x*—=1) = (x +2)(x* = 1),

which leads to the same factorization;
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Method of Partial Fractions X (Homework 2)

(d) for the fractional part of the integrand, make the ansatz

4 A B C

(x—1)(x+1)(x+2) x—1+x+1+x+2

(e) multiplying both sides by (x —1)(x + 1) (x + 2):
4=Ax+1)(x+2)+B(x—1)(x+2)+C(x—1)(x+1),

and setting x =1, —1, and —2, respectively then yields

2 4
A=Z, B=-2 C=-.
3 3



131

Areas between Curves I (page 9, Chapter 3)

o Consider a region that is bounded from above by the curve y =
f(x), from below by the curve y = g(x), and on the left and
right by the lines x = a and x = b.

Y
Upper curve

y=fx)

Lower curve
y = gx)

Figure 8: The region between the curves y = f(x) and y = g(x) and
the lines x = a and x = b.
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Areas between Curves II (page 9, Chapter 3)

e To find the area of the region:

(a) we first approximate the region with n vertical rectangles based on
a partition P = {xg, x1,...,x,} of [a,b];

Y
A
y=f()2,’ -
//
X ///

a =X 1/ Xpl—1| /]
sl ~ > X
N \ ]/

THITE
ST y=gw

Figure 9: Approximating the region with rectangles perpendicular
to the x-axis.
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Areas between Curves III (page 9, Chapter 3)

(b) with the choice of the points ¢;, the area of the i-th rectangle is

AA; = height x width = [f(Cl) — g(Clﬂ Ax;;

(¢ f(Ck))

Figure 10: The area AA; of the i-th rectangle is the product of its
height, f(c;) — g(c;), and its width, Ax;.



Areas between Curves IV (page 9, Chapter 3)

(c) the area A of the region is then approximated by the total area of
the n rectangles, which corresponds to the Riemann sum:

A~ Y84 = Y [f(e) - gle)] A

(d) assuming f(x) and g(x) are continuous (hence Riemann integrable;
see Theorem|5), the above Riemann sums converge as || P|| — 0; the
limiting integral is taken to be the area of the region:

n

A= lim Y [fle) ~s(e)]an = [ [f(x) -~ g(x)]

IPI=0;=
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Areas between Curves V (page 9, Chapter 3)

(e) if the region’s bounding curves are described by functions of y, the
approximating rectangles are horizontal instead of vertical, and the
basic formula has y in place of x:

A= [ - sy

Yy )" y
d
- d- _ 5 d-
x =f(») oW * g(y)é x = f(»)
x =g(y) | >
] 0
x =gy oL L
C
> X X
0 0
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Areas between Curves VI (page 9, Chapter 3)

e To apply the above formula to calculate the area of a region ly-
ing between two curves, we take the following steps:

(a) sketch the region and a typical rectangle;
(b) find a formula for &, the height of a typical rectangle;
(c) find the limits of integration;

(d) integrate / using the Fundamental Theorem.

e Note that /1 is
(a) a function of x if the rectangle is vertical;

(b) a function of y if the rectangle is horizontal.
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Areas between Curves VII (page 9, Chapter 3)

e Examplef’| As an e

xample, consider the region that is bounded from

above by y = 1/x and from below by the x-axis and the line y = x — 2,

Y

A

2

\

(4, 2)

— _ 1,2
(g(y),y)%
\ xX=y+2

Ay $(f0).)
/() — g(»)—
|

0

y=0 2 4

Figure 11: The region in the first quadrant bounded from above by

y = /x and from below by the x-axis and the line y = x — 2.

4See also Example 4, 5, 6, and 7 on page 10, 11, 13, and 15.



Areas between Curves VIII (page 9, Chapter 3)

To find the area of the region:

(a) sketch the region and a typical horizontal rectangle based on a par-

tition of an interval of y-values (see Figure|11);

(b) find a formula for /i(y), the height of a typical rectangle:
h(y) = right curve — left curve = (y +2) — yz;

note that both bounding curves must be written as functions of y;

(c) find the limits of integration: the lower limit is obviously y = 0,
and the upper limit can be found by solving x = y +2 and x = y*
simultaneously for y, which yields y = —1 (discard) and y = 2;

(d) the area of the region is then

2 2
A:/O (y+2—vy°)dy.
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Areas between Curves IX (page 9, Chapter 3)

The same area can also be computed by integrating with respect to x,
as shown in the following figure. The disadvantage of this approach is
that it requires splitting the integral into two parts.

4
Area:/(\/)_cx+2)dx
2

{ )
2+ Area = | Vx dx
0
(x, f(x))

1 N\

A

° L > x

0 / y=072 4

(x, g(x))

Figure 12: Computing the same area as shown in Figure(11|by integrat-

ing with respect to x.
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Areas between Curves X (page 9, Chapter 3)

For this particular problem, the best solution is to combine calculus
and geometry, which yields

4 1
A :/O Vidx— - (2)(2).

>
>

0 y=0 2 4

Figure 13: The area of the blue region is the area under the parabola
y = y/x minus the area of the triangle.



141

Volumes by Slicing I (page 18, Chapter 3)

e Consider a solid whose cross-sections are planar regions.

y

P, Cross-section R(x)

with area A(x)
L G

| |
- |
\:\
|
b X

Figure 14: A cross-section of the solid S formed by intersecting S with
a plane Py perpendicular to the x-axis through the point x.
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Volumes by Slicing II (page 18, Chapter 3)

e To find the volume of the solid:

(@) consider first an arbitrary cylindrical solid with a known base area
A and height h; its volume is given by

Volume = base area x height = A - i;

A = base area 1 I h = height
Plane region whose Cylindrical solid based on region
area we know Volume = base area X height = Ah

Figure 15: The volume of a cylindrical solid is always defined to be
its base area times its height.



Volumes by Slicing III (page 18, Chapter 3)

(b) the above formula forms the basis for defining the volume of a solid

(c)

by the method of slab; to begin with, assume that the cross-section
of the solid at each point x in the interval [a, b| is a region R(x) of
area A(x), and A(x) is a continuous function;

partition [a, b] into subintervals of width Ax; and slice the solid,
as we would do to a loaf of bread, by planes perpendicular to the
x-axis at the partition pointsa = xg < x1 < - < x; = b;
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Volumes by Slicing IV (page 18, Chapter 3)

(d) the planes Py, perpendicular to the x-axis at the partition points
slice the solid into thin “slabs” (like thin slices of a loaf of bread);

Figure 16: A typical thin slab in the solid S.

Y
4

=7
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Volumes by Slicing V (page 18, Chapter 3)

(e) approximate the slab between the planes at x;_; and x; by a cylin-
drical solid with volume AV; = A(x;)Ax;;

y

Approximating
cylinder based

on R(x;) has height
Axy = xp — X

/

Plane at x;_;

g

;IN Plane at x;,
;N} .

The cylinder’s base
is the region R(x;)
with area A(x;)

NOT TO SCALE

Figure 17: The solid thin slab in Figure|16|is approximated by a

cylindrical solid with base area A(x;) and height Ax; = x; — x;_1.



Volumes by Slicing VI (page 18, Chapter 3)

(f) the volume V of the entire solid is therefore approximated by the
total volume of the n cylindrical solids, which corresponds to the

Riemann sum:
n n

V = ZAVZ = ZA(XZ')AJCZ','
=1 =1

(g) since A(x) is assumed to be continuous (hence Riemann integrable;

see Theorem|5), the above Riemann sums converge as || P|| — 0; the
limiting integral is taken to be the volume of the solid:

b
V = lim AxAx—/Axdx;
HPH%Z Az = | AR

(h) if the solid is sliced by planes perpendicular to the y- (or z-) axis, its
volume is given by the same formula with x replaced by y (or z).
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Volumes by Slicing VII (page 18, Chapter 3)

e To apply the above formula to calculate the volume of a solid,
we take the following steps:

(a) sketch the solid and a typical cross-section;
(b) find a formula for A, the area of a typical cross-section;
(c) find the limits of integration;

(d) integrate A using the Fundamental Theorem.

e Note that A is

(@) a function of x if the cross-section is perpendicular to the x-axis;
(b) a function of y if the cross-section is perpendicular to the y-axis;

(c) afunction of z if the cross-section is perpendicular to the z-axis.
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Volumes by Slicing VIII (page 18, Chapter 3)

e Example. As an example, consider the wedge cut from a cylinder of
radius 3 by two planes. One plane is perpendicular to the axis of the
cylinder, and the other crosses the axis at an angle of 45°.

2V9 — x?2

Figure 18: The wedge cut from a cylinder by two planes, sliced per-
pendicular to the x-axis; the cross-sections are rectangles.
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Volumes by Slicing IX (page 18, Chapter 3)

To find the volume of the wedge:

(a) sketch the wedge and a typical cross-section (see Figure|18);

(b) find a formula for A(x), the area of a typical cross-section:
A(x) = width x height = x(2V9 — x2) = 2xV9 — x?;

(c) find the limits of integration, which are x = 0 and x = 3;

(d) the volume of the wedge is then

3 932
V:/ 2x\/9—x2dx:/ (9 —x*)V/2 . 2xdx .
0 9-02 ~—~— ‘\/E'Z/
u —u' dx



Solids of Revolution: Disk Method I (page 20, Chapter 3)

e The solid generated by rotating a planar region about an axis in
its plane is called a solid of revolution; to find the volume of a
solid like the one shown in Figure(19;

(a) observe that the cross-sectional area A(x) is the area of a disk of
radius R(x), the distance from the planar region’s boundary to the
axis of revolution;

(b) the area is then
A(x) = m(radius)? = N[R(x)}z,

and the volume of the solid is given by

V= / x)dx = /b N[R(x)]z dx;
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Solids of Revolution: Disk Method II (page 20, Chapter 3)

(c) if the axis of revolution is vertical (as in Figure

20

), the volume of

the solid is given by the same formula with x replaced by v:

V= /CdA(y) dy = /Cdﬂ[R(y)]zdy,

where again R(y) is the distance from the planar region’s boundary

to the axis of revolution.

e This method for calculating the volume of a solid of revolution

is often called the disk method.
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Solids of Revolution: Disk Method III (page 20, Chapter 3)

e To apply the disk method to calculate the volume of a solid of
revolution, we take the following steps:

(a) draw the planar region and sketch a typical line segment across it
perpendicular to the axis of revolution;

(b) find the radius R of the disk that would be swept out by the line
segment if it were revolved about the axis along with the region;

(c) find the limits of integration;

(d) integrate 71R? using the Fundamental Theorem.

e Note that R is
(a) a function of x if the disk is perpendicular to the x-axis;

(b) a function of y if the disk is perpendicular to the y-axis.
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Solids of Revolution: Disk Method IV (page 22-24, Chapter 3)

e Examplef’| As an example, consider the solid generated by revolving
the region bounded by y = /x, y = 1, and x = 4 about the line y = 1.

y
\

R(x)=Vx—1
(x, V) y=Vx

(@ ()

Figure 19: (a) The region bounded by y = VX, y =1,and x = 4, and
(b) the solid generated by revolving the region about the line y = 1.

4See also Example 8 on page 22 and Example 9 on page 23.
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Solids of Revolution: Disk Method V (page 22-24, Chapter 3)

To find the volume of the solid:

(a) draw the planar region and sketch a typical line segment across it

perpendicular to the axis of revolution (see Figure

19

)

(b) find the radius R(x) of the disk that would be swept out by the line
segment if it were revolved about y = 1 along with the region:

R(x) = distance from bounding curve to axis = /x — 1;

(c) find the limits of integration: the upper limit is obviously x = 4,

and the lower limit can be found by solving y = y/xandy = 1

simultaneously for x, which yields x = 1;

(d) the volume of the solid is then

V= / VI —1)2
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Solids of Revolution: Disk Method VI (page 22-24, Chapter 3)

e Example. As another example, consider the solid generated by revolv-
ing the region between the parabola x = y* + 1 and the line x = 3
about the line x = 3.

y Ry =3-0*+1 2 R(y) =2-?
=2 —y? @? x =73

\Vak (3, V2) V2t

s T

Ly ' L> x
0 1\ 5 0 1/\ 5
_ .2 =2
AL x=y" +1 (3’_\/5) 3k x=y +1 ‘
(a) (b)

Figure 20: (a) The region bounded by x = y?> +1 and x = 3, and (b)
the solid generated by revolving the region about the line x = 3.
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Solids of Revolution: Disk Method VII (page 22-24, Chapter 3)

To find the volume of the solid:

(a) draw the planar region and sketch a typical line segment across it

perpendicular to the axis of revolution (see Figure|20);

(b) find the radius R(y) of the disk that would be swept out by the line
segment if it were revolved about x = 3 along with the region:

R(y) = distance from bounding curve to axis = 3 — (y* + 1);

(c) find the limits of integration: both the lower and the upper limit
can be found by solving x = y? + 1 and x = 3 simultaneously for

y, which yields y = —v2 and vy = v/2;
(d) the volume of the solid is then

V2
V= —y*)2 dy.
/ﬁﬂ(2 y©)"dy
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Solids of Revolution: Washer Method I (page 20, Chapter 3)

o If the region that is revolved to generate a solid does not border
on or cross the axis of revolution, the solid will have a hole in it.

y y
(x, R(x))

(x, r(x))

~

0

o y=R()
- y=rE
b X

Figure 21: The solid generated by revolving a region that does not

Washer

border on or cross the axis of revolution; the cross-sections of the solid
are washers, not disks.



Solids of Revolution: Washer Method II (page 20, Chapter 3)

e To find the volume of a solid like the one shown in Figure

(a) observe that the cross-sectional area A(x) is the area of a washer of
inner radius 7(x) and outer radius R(x), where r(x) and R(x) are

21¢

distances from the region’s boundaries to the axis of revolution;

(b) the area is then
Alx) = N[R(x)]z — n[r(x)}z = T[R*(x) — r*(x)],

and the volume of the solid is given by

V= / x)dx = /b [R?(x) — r*(x)] dx;
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Solids of Revolution: Washer Method III (page 20, Chapter 3)

(c) if the axis of revolution is vertical (as in Figure

23

), the volume of

the solid is given by the same formula with x replaced by v:

V= /CdA(y) dy = /Cdﬂ[Rz(y) —*(y)] dy,

where again 7(y) and R(y) are distances from the region’s bound-

aries to the axis of revolution.

e This method for calculating the volume of a solid of revolution

is often called the washer method.
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Solids of Revolution: Washer Method IV (page 20, Chapter 3)

e To apply the washer method to calculate the volume of a solid
of revolution, we take the following steps:

(a) draw the planar region and sketch a typical line segment across it
perpendicular to the axis of revolution;

(b) find the inner and outer radii r and R of the washer that would be
swept out by the line segment if it were revolved about the axis
along with the region;

(c) find the limits of integration;

(d) integrate 71(R? — r?) using the Fundamental Theorem.

e Note that r and R are
(a) functions of x if the washer is perpendicular to the x-axis;

(b) functions of y if the washer is perpendicular to the y-axis.
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Solids of Revolution: Washer Method V (page 24-27, Chapter 3)

e Examplef| As an example, consider the solid generated by revolving
the region bounded by y = x*> + 1 and y = —x + 3 about the x-axis.

1 Q//\) X Washer cross section
Outer radius: R(x) = —x + 3
Inner radius: 7(x) = x% + 1

(a) (b)

Interval of
integration

Figure 22: (a) The region bounded by y = x> + 1 and y = —x + 3, and
(b) the solid generated by revolving the region about the x-axis.

aSee also Example 10 on page 24 and Example 11 on page 26.
% pag P pag



Solids of Revolution: Washer Method VI (page 24-27, Chapter 3)

To find the volume of the solid:

(a) draw the planar region and sketch a typical line segment across it

perpendicular to the axis of revolution (see Figure|22);

(b) find the inner and outer radii r(x) and R(x) of the washer that
would be swept out by the line segment if it were revolved about
the x-axis along with the region:

r(x) =x*+1, R(x)=—x+3;

(c) find the limits of integration: both the lower and the upper limit
can be found by solving y = x> +1and y = —x + 3 simultaneously
for x, which yields x = =2 and x = 1;

(d) the volume of the solid is then

V= / —x+3)% — (x* +1)?] dx.
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Solids of Revolution: Washer Method VII (page 28, Chapter 3)

o Example[’| As another example, consider the solid generated by re-
volving the region bounded by y = x? and y = 2x about the y-axis.

2.4

Interval of integration

(a) (b)

Figure 23: (a) The region bounded by y = x? and y = 2x, and (b) the
solid generated by revolving the region about the y-axis.

4See also Example 12 on page 28.



Solids of Revolution: Washer Method VIII (page 28, Chapter 3)

To find the volume of the solid:

(a) draw the planar region and sketch a typical line segment across it

perpendicular to the axis of revolution (see Figure|23);

(b) find the inner and outer radii 7(y) and R(y) of the washer that
would be swept out by the line segment if it were revolved about
the y-axis along with the region:

r(y) =y/2,  R(y) =y

(c) find the limits of integration: both the lower and the upper limit
can be found by solving x = ,/y and x = y/2 simultaneously for
y, which yieldsy = 0 and y = 4;

(d) the volume of the solid is then

v= [l - w22 g
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Solids of Revolution: Shell Method I (page 32, Chapter 3)

e When computing the volume of a solid of revolution:

(a) both the disk and the washer methods work by slicing through the
solid with a plane perpendicular to the axis of revolution;

(b) in some situations, it is more advantageous to slice through the
solid using circular cylinders of increasing radii (like cookie cut-
ters), whose axes are parallel to the axis of revolution.
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Solids of Revolution: Shell Method II (page 32, Chapter 3)

e Consider a solid generated by revolving the region bounded by

a nonnegative continuous function y = f(x) and the x-axis over

the interval [a, b| about the line x = L < a (see Figure|24).

e To find the volume of the solid:

(a) let P be a partition of the interval |a, b] by the points

a:X0<X1<"'<Xn:b,

and let ¢; be the midpoint of the i-th subinterval [x;_1, x;|;

(b) approximate the region in Figure

24

(a) with rectangles based on

this partition of [a, b|; a typical approximating rectangle has height

f(Ci) and width Ax; = x; — x;_1;



Solids of Revolution: Shell Method III (page 32, Chapter 3)

Vertical axis
of revolution

Vertical axis
of revolution @?
Se h
y =fx) ~
N\ }
Xr—1
a /c\ b ¥ \‘
x=1 Xe—1 Yk Axy,

Figure 24: (a) The region bounded by y = f(x) > 0 and the x-axis, and (b)
a typical cylindrical shell generated by revolving a thin slice parallel to the

line x = L about the line x = L, where L < a.

Ck
. Rectangle
height = f(c;)
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Solids of Revolution: Shell Method IV (page 32, Chapter 3)

(c) if this rectangle is rotated about the line x = L, then a shell is swept

out, as in Figure

24

(b); the volume of this shell is (see Figure

25

)

AV; = 27 x average shell radius x shell height x thickness
= 27T - (Ci — L) -f(Ci) - Ax;;

(d) the volume V of the entire solid is therefore approximated by the

total volume of the n cylindrical shells, which corresponds to the

Riemann sum:

n n
V ~ Z AV; = ZZn(ci — L) f(c;)Ax;;
i=1 i=1
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Solids of Revolution: Shell Method V (page 32, Chapter 3)

AX Outer circumference = 277 - radius = 27(cj — L)
—

|// / Radius:ck—L ]

M
5 E
h = f(cg) =
3
h = f(ck) £ ax
S e

Figure 25: Imagine cutting and unrolling a cylindrical shell to get a (nearly)
flat rectangular solid.



Solids of Revolution: Shell Method VI (page 32, Chapter 3)

(e) since (x — L)f(x) is assumed to be continuous (hence integrable;
see Theorem [5), the above Riemann sums converge as ||P| — 0;

the limiting integral is taken to be the volume of the solid:

V=1 27t(ci — L) F(c:)Ax;
HPIHIgOZ mt(c; — L) f(c;)Ax;

_ / 27t(x — L) f(x) dx

b
= / 27t(shell radius) (shell height) dx;
a
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Solids of Revolution: Shell Method VII (page 32, Chapter 3)

(f) if the axis of revolution is a horizontal line y = L, and L < ¢ where
c, d] is the interval over which the function x = f(y) is defined (as

in Figure|27), the volume of the solid is given by the same formula

with x replaced by y:

d
V= / 27t (shell radius) (shell height) dy

c

= /C d 27t(y — L) f(y) dy-

e This method for calculating the volume of a solid of revolution
is often called the shell method.
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Solids of Revolution: Shell Method VIII (page 32, Chapter 3)

e To apply the shell method to calculate the volume of a solid of
revolution, we take the following steps:

(a) draw the planar region and sketch a typical line segment across it
parallel to the axis of revolution;

(b) find the radius r and height /i of the shell that would be swept out
by the line segment if it were revolved about the axis along with

the region;
(c) find the limits of integration;

(d) integrate 27trh using the Fundamental Theorem.

e Note that r and h are
(@) functions of x if the axis of the shell is parallel to the y-axis;

(b) functions of y if the axis of the shell is parallel to the x-axis.
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Solids of Revolution: Shell Method IX (page 32-35, Chapter 3)

e Examplef| As an example, consider the solid generated by revolving
the region bounded by y = /x, the x-axis, and x = 4 about the y-axis.

Shell radius
Y y = Vx
Shell radius 4,2)
ch
/ y="Vx V/x = Shell height
2 Shell X
T T height .
fG) = Vx
l Interval of
> X 1 1
0 . 4 Integration
Interval of integration
(a) (b)

Figure 26: (a) The region bounded by y = /x, the x-axis, and x = 4,
and (b) the solid generated by revolving the region about the y-axis.

4See also Example 14 on page 32 and Example 15 on page 34.



Solids of Revolution: Shell Method X (page 32-35, Chapter 3)

To find the volume of the solid:

(a) draw the planar region and sketch a typical line segment across it

parallel to the axis of revolution (see Figure|26);

(b) find the radius r(x) and height /i(x) of the shell that would be
swept out by the line segment if it were revolved about the y-axis

along with the region:

(c) find the limits of integration: the upper limit is obviously x = 4,
and the lower limit can be found by solving y = 0 (the x-axis) and
y = /x simultaneously for x, which yields x = 0;

(d) the volume of the solid is then

4
V= /0 277(x) (v/X) dx.
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Solids of Revolution: Shell Method XI (page 35, Chapter 3)

e Example| As another example, consider the solid generated by re-

volving the same region as in Figure|26(a) about the x-axis.

y

Shell height
2\ \ 4 _/yZ
\
4,2
y Y y = Vx /( -2)
4 —y?
| Shell height | -
o ~~+__
2— 2 |(4,2) \\\\\\\ \1\
“5 E \\\\ y
Sl £ 4\&
s g : x
= g Y Shell radius Shell
— = ¢

@ X radius
(a) (b)

Figure 27: (a) The region bounded by y = /x, the x-axis, and x = 4,
and (b) the solid generated by revolving the region about the x-axis.

4See also Example 16 on page 35.



Solids of Revolution: Shell Method XII (page 35, Chapter 3)

To find the volume of the solid:

(a) draw the planar region and sketch a typical line segment across it

parallel to the axis of revolution (see Figure|27);

(b) find the radius 7(y) and height () of the shell that would be swept
out by the line segment if it were revolved about the x-axis along
with the region:

ry) =y,  h(y)=4-y%

(c) find the limits of integration: the lower limit is obviously y = 0,
and the upper limit can be found by solving x = y? and x = 4
simultaneously for y, which yields y = —2 (discard) and y = 2;

(d) the volume of the solid is then

V= /02 27t(y) (4 — y*) dy.
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Lengths of Plane Curves I (page 61, Chapter 3)

e Consider a curve given parametrically by the equations

x=f(t), y=gt), a<t<h

0

Figure 28: The curve C defined parametrically by the equations x =
f(t) and y = g(t), a <t < b; the length of the curve is approximated
by the sum of the lengths of the polygonal path PyP; - - - Py.

177



Lengths of Plane Curves II (page 61, Chapter 3)

e To find the length of the curve:

(a) assume that the functions f(f) and g(¢) have continuous deriva-
tives, i.e. are continuously differentiable, on the interval |a, b], and
that their derivatives are not simultaneously zero;

(b) subdivide the path (or arc) AB, where A = (f(a),g(a)) and B =
(f(b),g(b)), into n pieces at points A = Py, Py, P>, ..., P,,_1, P, = B;
these points correspond to a partition of the interval |a, b] by

a=tg <t <th<---<t, 1<tp=0b,

where P; = (f(t;),g(t;));
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Lengths of Plane Curves III (page 61, Chapter 3)

(c) join successive points of this subdivision by straight line segments;

a representative line segment has length (see Figure|29)

AL; = \/(Axi)2 + (Ay;)?

= \/[f(fz') — f(ti))® + [g(t) — g(timn)]

it At; = t; —t;_1 is small, the length AL; will be a good approxima-
tion to the length of the arc P;_{P;;

(d) since f(t) and g(t) are continuously differentiable, the Mean Value
Theorem implies that there exist some ¢;, 7; in (¢;_1, ¢;) such that
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Lengths of Plane Curves IV (page 61, Chapter 3)

>
>

P = (f(tp). g(tp)

Pr_y = (1), g(t_1))

0

Figure 29: The arc P;_1P; is approximated by a straight line segment, which
has length AL; = /(Ax;)? + (Ay;)2.
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Lengths of Plane Curves V (page 61, Chapter 3)

(e) assuming that the path from A to B is traversed exactly once as t
increases from t = a to t = b, with no doubling back or retracing,
the length L of the entire curve can be approximated by the total
length of the n line segments:

=;¢V@W+w@ﬁmh

which roughly corresponds to the Riemann sum

S é\/[f’(éi)}z + /(@] b
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Lengths of Plane Curves VI (page 61, Chapter 3)

(f) since the function

JIF®1+ g0

is assumed to be continuous (hence Riemann integrable; see Theo-
rem|5), the above Riemann sums converge as || P|| — 0; the limiting
integral is taken to be the length of the curve:

=t SV e

|P||—
= [VIFor+ ol
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Lengths of Plane Curves VII (page 39-41, Chapter 3)

(g) if the curve is described by the graph of a continuously differen-
tiable function y = f(x), a < x < b, we can assign x = f and
obtain the following parametric representation of the curve:

x=t y=f(t), a <t <bpb;

the length of the curve is then given by
L:/ﬂb \/(t’)2+ /(1)) dt
_ /ab e o) = /ab J1+ ()] dx

(h) similarly, if the curve is described by the graph of a continuously

differentiable function x = g(y), ¢ <y < d, its length is given by

LZ/Cd Vi+ (2] dy.
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Lengths of Plane Curves VIII (page 62-70, Chapter 3)

e Examplef?| As an example, consider the astroid

x:cos3t, y:sin3t, 0<t<2m.

Figure 30: The astroid x = cos®>t, y =sin®t, 0 < t < 271.

4See also Example 24, 25, 26, and 27 on page 62, 64, 66, and 68.
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Lengths of Plane Curves IX (page 62-70, Chapter 3)

To find the length of the curve, we compute:
[x’(t‘)]2 = [3cos? t(—sin t‘)]2 = 9cos* tsin ¢,

[y (t)] 2= [3sin” t(cos t)}2 — 9sin* fcos? t,

\/[x’(t)} gt [y’(t)]z = \/9 sin’ t cos? t(sin® t + cos? t)

= V/9sin t cos? t = 3|sin t cost|.

Then by symmetry,

L= /OZN \/[x’(t)]2 + [y’(t)}zdt = 4/07”2 \/[x’(t)}z + [y’(t)}2 dt

/2 /2 /2
:4/ 3|sintcost\dt:12/ sintcostdt:6/ sin 2t dt.
0 0 0
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Lengths of Plane Curves X (page 42-46, Chapter 3)

e Example[?| As another example, consider the curve

y=(x/2)*°, ~0<x<2

Figure 31: The curve y = (x/2)2/3, 0 < x < 2, which also has the
representation x = 2y3/ 2, 0<y<1.

4See also Example 18 on page 42 and Example 19 on page 45.
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Lengths of Plane Curves XI (page 42—-46, Chapter 3)

Since the derivative

Y (x) = [(x/2)2/3] = %(g)l/?,% ) %(%)1/3

X

is not defined at x = 0, the length of the curve cannot be found using
the formuld?

L:/O2 \/1+ [y’(x)}zdx.

4Strictly speaking, it can, by using the notion of improper integrals.
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Lengths of Plane Curves XII (page 42-46, Chapter 3)

Instead, we rewrite the equation to express x in terms of y:

y = (x/2)*73,
y3/2 = x/2,

X = 2y3/2.
Since the derivative

3
x'(y) = [Zy‘o’/z}/ =3 .Zyl/z — 3]/1/2

is continuous on [0, 1], the length of the curve can be computed using
the formula

L= [+ ) Pay = [ Troyay
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Lengths of Plane Curves XIII (page 41 & 61, Chapter 3)

e The curve length formulas can be conveniently remembered by

(@) introducing the arc length differential

ds = \Jdx2 + dy?,

which is an infinitesimal analog of the arc length increment

AL; =/ (Ax;)2 + (Ay;)?

introduced in the Riemann sum )" ; AL; (see Figure|32);
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Lengths of Plane Curves XIV (page 41 & 61, Chapter 3)

(b) recognizing from the law of differential that

dx N> [dy . \° dx\*  [dy\*
o= () () = () ()

if x = x(t) and y = y(t) are functions of ¢, that

2 2
ds = {[dx2 + d—ydx = 1/1+ dy dx,
dx dx

if y = y(x) is a function of x, and that

dx 2 dx\ °
_ 2
= (dy dy) 4 : (dy) i

if x = x(y) is a function of y;
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Lengths of Plane Curves XV (page 41 & 61, Chapter 3)

(c) writing the curve length formulas collectively as

and substituting in appropriate representations for ds depending
on the specific problem at hand.

y

A

dy
a

dx

0

Figure 32: The arc length differential ds = \/dx? + dy?.



Areas of Surfaces of Revolution I (page 47, Chapter 3)

e Consider a surface swept out by revolving the graph of a non-
negative continuously differentiable function y = f(x), a <
x < b, about the x-axis.

Figure 33: The surface generated by revolving the graph of a nonneg-
ative function y = f(x), a < x < b, about the x-axis; the surface is a
union of bands like the one swept out by the arc PQ.
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Areas of Surfaces of Revolution II (page 47, Chapter 3)

e To find the area of the surface:

(@) consider first the surface generated by rotating a horizontal line
segment AB of length Ax about the x-axis; it is a cylinder with sur-
face area 27tyAx;

Ax

> <

2wy

NOT TO SCALE

(b)

Figure 34: (a) The cylindrical surface generated by rotating a hor-
izontal line segment AB of length Ax about the x-axis has area
2rtyAx, and (b) the cut and rolled-out surface as a rectangle.
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Areas of Surfaces of Revolution III (page 47, Chapter 3)

(b) if the line segment AB has length As and is slanted, then it gener-
ates a frustum of a cone when rotated about the x-axis; the surface
area of this frustum is 27ty*As, where y* = (y1 +v2)/2;

As

2my*

NOT TO SCALE

(b)

Figure 35: (a) The frustum of a cone generated by rotating a slanted
line segment AB of length As about the x-axis has area 27t1y*As, and
(b) the area of the rectangle for y* = (y1 + y2)/2.



Areas of Surfaces of Revolution IV (page 47, Chapter 3)

(c) to find the area of the surface shown in Figure |33} partition the

(d)

closed interval [a, b] in the usual way and use the points in the par-

tition to subdivide the curve into short arcs;

consider a typical arc PQ and the frustum of a cone swept out by

revolving the line segment joining P and Q about the x-axis (see

Figure

36

); the surface area 27ty* AL; of this frustum approximates

the surface area of the band swept out by the arc PQ;
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Areas of Surfaces of Revolution V (page 47, Chapter 3)

Figure 36: The frustum of a cone swept out by the line segment joining P
and Q.



Areas of Surfaces of Revolution VI (page 47, Chapter 3)

(e) the average height y* and the slant length AL; of the line segment

joining P and Q are (see Figure|37)

v = S [fGi) )], AL = /(Ax) + (Ay)?

therefore, the area of the frustum is given by

AS; =27 2 [F(xim) + F(x)] -/ (Axi)2 + (Ayy)?
= 7 [f(xim1) + F(x)] o/ (Bx:)2 + (Ay;)2;

(f) since f(x) is continuously differentiable, the Mean Value Theorem

implies that there exists some ¢; in (x;_1, x;) such that

Ay; = f(xi) = f(xio1) = f(&i) (xi — xi-1) = f'(8i) Ax;;
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Areas of Surfaces of Revolution VII (page 47, Chapter 3)

Segment length:
L=V(Ax)?> + (Ay,)

P
|
|

I

r = fxp_1)

Figure 37: Dimensions associated with the arc PQ and the line segment
joining P and Q.



Areas of Surfaces of Revolution VIII (page 47, Chapter 3)

(g) the area S of the entire surface is therefore approximated by the
total area of the n frustums:

n n

S~ Y AS; = Y a[f(xia) + F(x)]y/ (Axi)? + (Ay)?

i=1 i=1

n

= Y wf (i) + F)] 1+ [F(@)]% A,

i=1

which roughly corresponds to the Riemann sum

o ézﬂf(éi)\/l + [£(&)])” Axi;
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Areas of Surfaces of Revolution IX (page 47, Chapter 3)

(h) since the function

2 f()/1+ [ (x)]

is assumed to be continuous (hence Riemann integrable; see Theo-
rem|5), the above Riemann sums converge as || P|| — 0; the limiting
integral is taken to be the area of the surface:

= lim Zan i) \/1—1— f’ (jl AxZ

IPll=0 =
—/ 2 f(x ) Y1+ [

radlus Y band width ds
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Areas of Surfaces of Revolution X (page 47, Chapter 3)

(i) if the curve is described by the graph of a nonnegative continu-

ously differentiable function x = ¢(y), ¢ < y < d, and it is re-

volved about the y-axis (as in Figure

39

), the area of the surface

thus generated is given by the same formula with x replaced by y:

s—/zng ) V1+18

dy;

radius x band Wldth ds
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Areas of Surfaces of Revolution XI (page 47, Chapter 3)

() if the curve is described by a pair of continuously differentiable
parametric equations x = f(f), y = g(t), a < t < b, and it is

traversed exactly once as t increases from a to b (as in Figure |40),

then the area of the surface generated by revolving the curve is

s—/zng Vi) + o),

radius y band width ds

if the revolution is about the x-axis (assuming y = g(¢) > 0), and

s-/zn VIFOF+ [0

radlus X band w1dth ds

if the revolution is about the y-axis (assuming x = f(¢) > 0);



Areas of Surfaces of Revolution XII (page 47, Chapter 3)

(k) all these formulas for calculating areas of surfaces of revolution can
be written in a unified form as

S = / 27t(radius)(band width) = / 27p ds,

where p is the radius from the axis of revolution to an element of

arc length ds (see Figure|38);

(I) for any given problem, the task is then to express the radius func-
tion p and the arc length differential ds in terms of a common vari-
able, and to supply limits of integration for that variable.
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Areas of Surfaces of Revolution XIII (page 47, Chapter 3)

Axis of
revolution

Figure 38: The area of the surface swept out by revolving an arc AB about

the axis shown here is | ab 27tp ds; the exact expression depends on the for-
mulas for p and ds.



Areas of Surfaces of Revolution XIV (page 47, Chapter 3)

e In summary, to calculate the area of a surface of revolution, we
take the following steps:

(a) find the radius function p and the arc length differential ds; as a
general rule, p = x if the axis of revolution is the y-axis, and p =y
if the axis of revolution is the x-axis;

(b) choose the variable of integration; this can be x, y, or a parameter
t, if the curve that is used to generate the surface is described by a
function of x, y, or a pair of parametric equations in ¢;

(c) express the radius function p and the arc length differential ds as
functions of the variable of integration;

(d) find the limits of integration;

(e) integrate 27tp ds using the Fundamental Theorem.
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Areas of Surfaces of Revolution XV (page 49-57, Chapter 3)

e Examplef’| As an example, consider the cone generated by revolving
the line segment x =1 —y, 0 <y <1 about the y-axis.

Figure 39: The cone generated by revolving the line segment x = 1 —
y, 0 <y <1 about the y-axis.

4See also Example 20, 21, and 22 on page 49, 52, and 56.



207

Areas of Surfaces of Revolution XVI (page 49-57, Chapter 3)

To find the area of the cone:

(a) find the radius function p and the arc length differential ds:

0 =x, ds:\/dxz—l—dyz;

(b) choose the variable of integration: since the line segment is de-
scribed by a function of y, it is convenient to choose y as the variable
of integration;
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Areas of Surfaces of Revolution XVII (page 49-57, Chapter 3)

(c) express the radius function p and the arc length differential ds as
functions of the variable of integration y:

p=x=1-y,
dx
ds_\/(dy ) + dy? = \/1 dy:\@dy;

(d) find the limits of integration, which are y = 0 and y = 1;

(e) the area of the surface is then

szfolznu—y)-\fzdy.
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Areas of Surfaces of Revolution XVIII (page 49-57, Chapter 3)

e Example. As another example, consider the surface generated by re-
volving the circle x = cost, y = 1+ sint, 0 < t < 271, centered at the

point (0, 1) in the xy-plane about the x-axis.

Circle y
X =cCcost

y=1+sint
0=¢t=2m

Figure 40: The surface generated by revolving the circle x = cost, y =

1+sint, 0 <t < 27, about the x-axis.
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Areas of Surfaces of Revolution XIX (page 49-57, Chapter 3)

To find the area of the surface:

(a) find the radius function p and the arc length differential ds:

0=1, ds:\/dxz—l—dyz;

(b) choose the variable of integration: since the circle is described by a
pair of parametric equations in ¢, it is convenient to choose t as the
variable of integration;
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Areas of Surfaces of Revolution XX (page 49-57, Chapter 3)

(c) express the radius function p and the arc length differential ds as
functions of the variable of integration ¢:

o=y =1+sinf,

ds = \/@; dt)z + (% dt)z = \/[x’(t)}z + [y (1] dt

= \/(— sint)? + (cost)2dt = Vsin? t + cos? t df = dt;

(d) find the limits of integration, which are t = 0 and t = 277;

(e) the area of the surface is then

27
S = / 271(1 4+ sint) - dt.
0
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Argand Diagrams I (page 13, Chapter 5)

o There are two geometric representations of a complex number
z = x + 1y (see Figure|41):

(a) as the point P(x,y) in the xy-plane;

(b) as the vector (ﬁ from the origin to P.
e In each representation:

(a) the x-axis is called the real axis, and

(b) the y-axis is called the imaginary axis;

both representations are Argand diagrams for x 4 iy.

e If we identify z = x + iy with the vector OP = (x,y), then
(a) the modulus r = /x?% 4 y? of z is simply the length of (ﬁ’, and
(b) the argument 6 of z is simply the angle between OP and 7 = (1,0).
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Argand Diagrams II (page 13, Chapter 5)

A
rd

P(x, y)
[ )

\0

19 X

Figure 41: The Argand diagram represents the complex number z = x + iy
both as a point P(x, y) and as a vector OP.
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Euler’s Formula (page 31, Chapter 5)

e Geometrically, Euler’s formula e = cos® + isin 6 represents

the complex number e' as a unit vector that makes an angle 6

with the positive x-axis.

y
A ee—cos(9+zsm(9 A 9 =cosO + isin@

\ (cos 0, sin 0)

\0—argz \ 0

> X

(a) (b)

Figure 42: Argand diagrams for e = cosf + isin 6 (a) as a vector and
(b) as a point.



Expressing Sums in Euler’s Form I (page 36, Chapter 5)

o Example@ To express the complex number z = e 4 ¢ in Euler’s
form, one could factor out the “average-angle exponential” e!(¢+¢9)/2.

- — pif 4 ol — ei(9+cp)/2 [eie—i(9+¢)/2 + eicp—i(9+<p)/2}

— l(0F9)/2[l(0-9)/2 4 o=1(0-9)/2] — (i(05¢)/2 . o5 0 ; v

as was done in the lecture notes, or proceed as follows:

z = (cos 6 4 cos @) + i(sin 6 + sin ¢)

B 0+ ¢ 0—a¢ .. 0+¢ 0— ¢
= 2C0Ss > COS > + 21sin > COS >
= 2.Cos 9;¢ (cos 9;4) + 1sin Gergb) = 2C089_TCP -ei(9+4’)/2.

4See Example 11 on page 36.
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Expressing Sums in Euler’s Form II (page 39, Chapter 5)

e Examplef?| To express the complex numbers — cos6 +isinf and 1 —
cos 0 +1isin 6 in Euler’s form, one could invoke the generic substitution

1 . . 1 . .
cosf = i( 10 4 om0y, sinf) = Z(ele —e 1),

as was done in the lecture notes, or proceed as follows:
—cosf +isinf = —(cosf —isinb)
= (—1)[cos(—6) +isin(—0)] =eTe ¥ = ellm=0)
1—cosf+isinf =1+ (—cosf +isinf)

_ il + ei(n—@) _ ei(ﬂ—@)/2 [e—i(n—G)/Z _|_ei(7r—6)/2}

— ol(1=0)/2 5 0g i 2_ 0 — ZSing L el(=0)/2,

4See Example 12 on page 39.
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Products of Complex Numbers (page 26, Chapter 5)

o Geometrically, the product of two complex numbers is a vector
whose length is the product of the lengths of the two factors
and whose argument is the sum of their arguments.

Figure 43: The product of z; = r1e't and z, = r,e'?? satisfies |z12z5| =
rirp and arg(z1z) = 61 + 6s.



Powers and Roots of Complex Numbers (page 43, Chapter 5)

o The n-th power of a complex number z, where 7 is a positive
integer, can be easily obtained from the Euler form re'? of z:

2" = (rel?)" = r"el" = "' (cos nf + isin nd).

o Likewise, the n-th root of z, where 7 is a positive integer, can be
easily obtained from the generalized Euler form of z:

7 = rel? . 1 = relfl2km — 4l (0+2km) k=0+1,42,...,

L/n [rei(9+2k”)}1/n — pUnei0+2%km)/n  p_ 012 . n—1;

note that

ei2(k+ln)7r/n _ ei2krt/nti2lnmt/n _ Gi2km/n 2l Gi2km/n 1,

for all integers [, so e!?*"/" takes on only n distinct values.
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Roots of Complex Numbers I (page 49-53, Chapter 5)

o Geometrically:

(a) all the n-th roots of rel lie on a circle centered at the origin and
having radius equal to the real, positive n-th root of r;

(b) one of them has argument 6 /7, and

(c) the others are uniformly spaced around the circle, each being sep-
arated from its neighbors by an angle equal to 27t/ n.

o Figure |44 illustrates the placement of the three cube roots, wy,
w1, and wy, of the complex number z = relf
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Roots of Complex Numbers II (page 49-53, Chapter 5)

z = rett

Figure 44: The three cube roots of z = rel’.
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Roots of Complex Numbers III (page 54-57, Chapter 5)

° Exampleﬂ To compute v 1 —1i, write 1 —iin Euler’s form:
1—1= \/Eei(_n/LL) — \/Eei(—ﬂ/4+2k7‘(),

and then raise the result to the 1/4-th power:

\4/:: [\/Eei(_ﬂ/4+2kﬂ)]l/4 _ (ﬂ)1/4[ei(—n/4+2kﬂ)]1/4

— 21/8ei(—71'/4—|—2k7'()/4, k — O, 1, 2,3

Note that, while the extra factor 2k7t in the argument of 1 — i does not
change the value of the number, it does play a role in its fourth root
(1 —1i)/4. The reason is that 2k7 /4 is, in general, no longer a multiple

2kt /4

of 27t, which means that the extra exponential e multiplying the

“principal root” [v/2e!(=7/4)] % isno longer 1.

4See Example 16 on page 54.



Fractional Powers of Complex Numbers I (page 58, Chapter 5)

o Example@ To find all possible values of (—+/3 +1)%/2, write —+/3 + i
in Euler’s form:

—\/§‘|‘1 — 2e157'5/6’

square it:

(_\/g_i_ 1)2 — (2e1571'/6)2 — 22ei(57'(/6)2 — 4ei(571'/3) — 4ei(57'(/3—|—2k7'()

4

and then raise the result to the 1/5-th power:

(—V3+1)¥° = [(=V3+1)2]"/° = [4l®7/3+2km)]1/5

— 41/5ei(57l'/3—|—2k71')/5, k — O, 1, 2, 3, 4

4See Example 18 on page 58.
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Fractional Powers of Complex Numbers II (page 58, Chapter 5)

Alternatively, one may directly raise the Euler form of —+/3 + i:
_\/5 _|_ 1 — Zei(57'(/6) — 2e1(57'(/6—|-2k7'()
to the 2/5-th power, obtaining
(_\@Jr 1)2/5 _ [2ei(5n/6+2kn)}2/5 _ 92/54i(57/6+2km)(2/5)
— 41/561(57T/3—|—4k71')/5, k — O, 1, 2, 3,4

The two approaches indeed yield the same answers, since the values
that 4k7t/5 take when k ranges from 0 to 4:

47t 8 127w 27T 167t 67T
0, 5 , 5 , 5 = ? (mOd 27T), ? = ? (mOd 27-[),

are the same as those that 2kt /5 take (after modulo 277).



224

Irrational Powers of Complex Numbers (page 59, Chapter 5)

e Example. To raise a complex number z to an irrational power a, one
makes use of the identity z* = el°8%" and the properties of the log
function. For example, for z = rel? and & = /2, one computes

Z\/i — elogz\/E _ e\/ilogz — e\/ilog[rei(eﬂkn)] \/i[logr—t—logeiw“k”)]

= ¢

V2[log r+i(6+2km)] _ e\/ilogr+i\/§(9+2k7t) \/ilogrei\/i(9+2k7r)

= e = e

_ ologrV2 jiv20 i2kv2r _ V2,iv260 ji2kv2r

=7r

Since /2 is irrational, the extra exponential ei2kv2n

multiplying the
“principal power” (reig)ﬁ takes on infinitely many distinct values. It
follows that zV2, too, has infinitely many distinct values. The same

conclusion holds for any other irrational powers z* of z.



Solving Algebraic Equations I (page 60, Chapter 5)

e Example[?| To solve the equation
(1+2)°=(2-2)°,

divide both sides by (2 — z)8:

(1+2)% <1+z)8 .

2—z)8 \2-z

and then take the 8-th root to obtain

1+z _11/8 _ [ei(0+2kn)}1/8 _ oi(2km)/8 _ Gikm/4
2—2z '
This shows that
i zeikﬂ:/4 1
_ ik /4~ _
l+z=e (2 —2z), or z= e

4See Example 20 on page 60.
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Solving Algebraic Equations II (page 60, Chapter 5)

To write the result in Cartesian form, observe that

2el7/4 1 2[(eF/4 4 1) —1] -1
1_|_eik7t/4 - 1_|_eik7t/4
_ 2(ef/ 4 1) 5 _, 3
T 14ekn/d 1 pekn/d T T 1 4 eikn/4”

Z —

To simplify the last fraction, write its components in Euler’s form:
3 = 3el,
1 4 oik/4 _ G0 | gikr/4 _ Li(0+kr/4)/2 [ei(O—kn/4)/2 n ei(kn/4—0)/2}
— eikﬂ'/8 [e—ikﬂ'/S _|_ eik?‘(/8} — eikﬂ'/S . 2COS<k7T/8),

and then divide;:

1+eikn/4  2cos(km/8)ek/8  2cos(km/8)

3 3ell 3 oi(0—k7/8)
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Solving Algebraic Equations III (page 60, Chapter 5)

2 2

It follows that
3 3 -
— 2 . . — 2 . —1k7'(/8
- 1+ elkm/4 2cos(krt/8) ©
=2 — ) [cos(kmt/8) —isin(kmt/8)| = 1 + §itan(krt/8).
2 cos(kmt/8)

Note that this is the same answer as the one given in the lecture notes
(page 62), since the double angle formulas imply that

3sin(kr/4)  3-2sin(kmr/8)cos(km/8)
2[1+ cos(kt/4)]  2[1+2cos?(km/8) — 1]
_ 3sin(kmt/8) cos(kmt/8) 3
B 2 cos?(krt/8) -2 tan(kr/8)




Properties of Complex Conjugate (page 77, Chapter 5)

e In Euler’s form, the complex conjugate of z = re' is given by

Z =rel =rcosf 4+ irsinf
= rcosf —irsin@ = r|cos(—0) +isin(—0)| = re 10,

e The various properties of complex conjugate can be readily ver-
ified using the definition; for example, if z| = x1 +iy; = rq eith
and zp = xp + iy = roeif2  then

z123 = r1eif - rpel® = ryrpel(002)

= 1’11’26_1(61+92) = 1’16_191 . 1’26_192 — Z1Zo,

z1 25 = (x1 +iy1) £ (x2 +iy2) = (x1 £ x2) +i(y1 T y2)
= (x1 £x2) —i(y1 £y2) = (x1 —iy1) £ (x2 —iy2) = z1 £ 2,

which are properties 8 and 9.
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Linear Independence I (page 71, Chapter 4)

—

e Proof of the theorem. It suffices to prove that the vectors dy, 4y, .. ., d,
are linearly dependent if and only if the equation

X181 + xpdp + - - - + xpdy = 0, ()

has at least one nontrivial (nonzero) solution. To begin with, suppose
that the vectors dq,4d, ..., d, are linearly dependent. Then by defini-
tion, there exists some k between 1 and # such that the vector 4, can be

=7

expressed as a linear combination of the other 4;s:
Ay = c1d1 + cpdp + - - - + k11 + Cku1dgs1 + - - + Cnln.
Subtracting gy from both sides yields
C1dy + Colly + -+ 4 cg1dk—1 + (= 1) + Cps1dk1 + - + Calin =0,

which shows that the equation (x) has one nontrivial solution.
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Linear Independence II (page 71, Chapter 4)

Conversely, suppose that the equation (*) has one nontrivial solution
X1,X2,...,Xn. Then there exists some k between 1 and n such that x; #
0. Subtracting x4y from both sides of () and dividing through the
resulting equation by (—x;) # 0 yields

ak:__lal__zaz_..._ klak—l_ k+1ak+1_...__nan,
Xk Xk Xk Xk Xk

which shows that gy is a linear combination of the other 4;’s. In other

words, the vectors 41, d, . .., 4, are linearly dependent. O



Properties of Matrix Addition (page 4, Chapter 6)

e For m x n matrices A, B, and C, the following properties hold:
(a) closure under addition: A 4 B is again an m X n matrix;
(b) associative law: (A+B)+C = A+ (B+C);
(c) commutative law: A+ B = B+ A;

(d) existence of additive identityﬂ there exists one and only one ele-
ment in C"*", i.e. the zero matrix 0 consisting of all zeros, such

that A4+ 0= A forall A € C"*";

(e) existence of additive inverse: for each A € C"*" there exists one
and only one element in C"*", i.e. the matrix (—A) obtained by
negating each entry of A, such that A+ (—A) = 0.

aIn what follows, C""*" denotes the set of all m X n complex matrices, i.e. matrices
whose entries are complex numbers.
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Matrix Multiplication I (page 5, Chapter 6)

e Before proceeding to defining matrix multiplication, let’s con-
sider the problem of composing two linear functions

X1 a11X1 + 412X
flx)=f = :
X2 a21X1 + 422X
() [buxqg F x|
glx) =g = ;
X2 bp1x1 + boox2
(a) first, a direct computation shows that

(a11b11 + a12b21)x1 + (a11b12 + a12b20) x2
h(x) = f(g(x)) = ( ;
(a21b11 + aoaby1)x1 + (a1b12 + axbao)x2
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Matrix Multiplication II (page 5, Chapter 6)

(b) if the functions f, g, h are represented by matrices F, G, H of their
coefficients, then

Fo (ﬂn ﬂ12> , G- (bn b12> ;
ar1 apo b21 b22

(c) with this association, it is natural to call H the composition (or
product) of F and G, and to write

b b b b
G — <€l11 11 T+ 412021 411012 +4agp 22) —H

ap1b11 + axnby  ax1b1p 4 axnboo

(d) in other words, the product of two matrices represents the compo-
sition of the two associated linear functions.
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Matrix Multiplication III (page 5, Chapter 6)

o To further develop the concept of matrix multiplication, let’s
begin by composing a single row with a single column; if

1)

o)

the inner product of R with C is defined to be the scalar

n
RC =ric1 + 1200+ -+ +1ucn = Y _Fici.
i—1
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Matrix Multiplication IV (page 5, Chapter 6)

e The previous example shows that the (i, j)-entry in the product
H = [h;j] of two 2 X 2 matrices

P <ﬂ11 ﬂu) ’ G — (bll bu) ’
a1 a2 b1 b

can be described as the inner product of the i-th row of F with
the j-th column in G, that is,

b1
hij = ainbyj + by = FuGuj = (an a) < / ) -

e Thisis exactly the way that the general definition of matrix mul-
tiplication is formulated.
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Matrix Multiplication V (page 5, Chapter 6)

e Definition 10. Matrices A and B are said to be conformable for mul-
tiplication in the order AB if A has exactly as many columns as B
has rows, i.e. Aism X p and B is p X n. For conformable matrices
Amxp = |a;j| and Bypxy = |bjj], the matrix product AB is defined to
be the m X n matrix whose (i, j)-entry is the inner product of the i-th
row of A with the j-th column in B, that is,

[AB]ij = AjxByj = ailblj + aiZij Tt azp pj = Z azkbk]

In case A and B fail to be conformable, then no product AB is defined.



Properties of Matrix Multiplication I (page 5, Chapter 6)

e For conformable matrices A, B, and C, there holds:
(a) left-hand distributive law: A(B+ C) = AB + AC;
(b) right-hand distributive law: (A + B)C = AC + BC;
(c) associative law: A(BC) = (AB)C.

e Proof. To prove (a), assume A ism X p and B, C are p X n. Then

p p
[A(B+C)];j = kZ [Alix[B+ Clij = kzl[A]ik([B]kj +[Cly))
1 —
p p
2 Alix[Blij + [Alik[Clxj) = kzl[ ik Blkj + Z Jik [Cli;

= [AB]Z']' + [AC]Z']' — [AB + AC]Z']'.

So A(B+ C) = AB + AC, as claimed.
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Properties of Matrix Multiplication II (page 5, Chapter 6)

The proof of (b) is similar. As for (c), assume Aism X p, Bis p X g, and
Cis g x n. Then

p p q
[A(BC)]ij = ) [Alix[BClxj = )_[Alix )_[BlulClyj
k=1 k=1 =1
p 4 q p
= Y Y [AllBlulCl = Y Z[AmB]kz) Cl)
k=11=1 =1 k=1

So A(BC) = (AB)C, as claimed. O
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Properties of Scalar Multiplication (page 13, Chapter 6)

e For m x n matrices A, B and scalars «, 3, the following holds:
(@) closure under scalar multiplication: # A is again an m X n matrix;
(b) associative law: (aB)A = a(BA);

(c) distributive law I: (A + B) = « A + aB;
(d) distributive law II: (« + f)A = a A + BA;
(e) scalar identity: 1A = A forall A € C"*".
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Properties of Matrix Transposition (page 14, Chapter 6)

e For m x n matrices A, B and scalar «, the following holds:

(@) (AT =4;

(b) (A+B)T = AT + BT,

©) (aA)T =aAT.

e Proof. (a) is obvious. To prove (b) and (c), note that

[(A+B)"; =

[TV

A+ Blji = [Alji + [Blji
A];j+ [B];; = [AT + BT);;,

wAlj = a[Al; = a[AT];; = [xA"];.

So (A+B)' = AT + Bl and (aA)" = AT, as claimed. O
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Matrix Inversion (page 21, Chapter 6)

o Consider the scalar equation ax =  where « is a nonzero scalar:

(a) asolution of this equation is x = a ! since

a(a™'p) = (aa™")p = (1) = B;
(b) this solution is unique since if x1, xp are both solutions, then

-1 1

ax]y = =ax, = (& "a)x; = (a” "a)xp

— (1)x1 = (1)3(2 —> X1 = X7.

e This simple exercise shows that:

1

(a) the properties aa~! = a~1a = 1 is the key to the unique solvability

of the scalar equation ax = §;

(b) to solve matrix equations Ax = b in the same fashion as the scalar
equation is solved, a matrix analogue of these properties is needed.
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Properties of Matrix Inversion (page 27, Chapter 6)

e The operation of transposition has an interesting effect upon a
matrix product: a reversal of order occurs; more precisely, if A
ism X p and Bis p X n, then:

(AB)T = BT AT,
e Proof. By definition,
T : E T T T 4T
[(AB)"];j = [ABlji = ) [Ali[Blki = Y_[B" JulA lxj = [B" A" ],
k=1 k=1
so (AB)T = BT AT, as claimed. ]

e Proof of Property 4. To show (A')~1 = (A=1)7, simply note that

Al A Y = a1 =1T=1. O
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Properties of Determinants I (page 50-52, Chapter 6)

e Theorem 11 (Effects of row operations). Let B be the matrix ob-
tained from Ay, xn by one of the three elementary row operations:

(1) type I: interchange rows i and j;
(ii) type II: multiply row i by a # 0;
(111) type III: add « times row 1 to row j.
Then det(B) is given by:

(a) det(
(b) det(
(c) det(B) = det(A) for type Il operations.

B) = — det(A) for type I operations;
B) = adet(A) for type II operations;
)
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Properties of Determinants II (page 50-52, Chapter 6)

e Proof. We illustrate the proof of the theorem on a 3 x 3 matrix

aip dp 4z
A=\|b b b3
1 C2 (3

(1) Let B be obtained by interchanging two rows, say the first and the
second rows, of A. Then

by by b3
det(B) =det | a; ar a3

€1 €2 €3

by b by b by b
—cldet< 2 3) czdet< ! 3>+c3det< ! 2).
a 4as a1 4as a1 ap



Properties of Determinants III (page 50-52, Chapter 6)

For any 2 X 2 matrix (ai]-)lz =17 it is easy to verify that

a1 dp a11 412
det = dy1d1p — A11d22 — — det .
a11 412 a1 a2

Thus the right-hand side of the above equation equals

—< ¢ det 213 — ¢y det s + c3 det 2
by bs by bs by by

ap 4z 4as
= —det| by b, by | =—det(A),
i € €3

which is what’s to be shown.
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Properties of Determinants IV (page 50-52, Chapter 6)

(2) Let B be obtained by multiplying some row, say the first row, of A
by a # 0. Then

nay  ady  ads
det(B) = det | b, by b3

C1 €2 €3

b, b by b by b
zxaldet< 2 3>oca2det< ! 3>+oca3det< 1 2)
C2 C3 1 C3 1 C2

b b by b by b
—oc{aldet( 2 3) —azdet< ! 3>+a3det< ! 2)}
Co (3 C1 C3 1 €2

a; 4az 4as
— adet bl bz b3 :(xdet(A).

1 C2 (3
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Properties of Determinants V (page 50-52, Chapter 6)

(3) Let B be obtained by adding a multiple of some row, say the first
row, of A to some other row, say the second row, of A. Then

a1 an as
det(B) =det | by +aay; by +waay by + aas
C1 €2 C3

= —(by + aaq) det (&lz a3>

€2 (3

c1 €3 1 €2

+ (by + way) det (ﬂl a3> — (b3 + waz) det <a1 a2>
c
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Properties of Determinants VI (page 50-52, Chapter 6)

ar, a a, a a, a
— —bydet| 2 ) 4bodet| T 7| —bydet| b "?
C2 C3 1 C3 1 C2
ar a a, a a, a
— naq det SRR xap det LA nas det 152
Cr C3 C1 C3 C1 (2

ap dz 4as a1 a as
=det| by by bz | +det| aay war waj

€1 €2 €3 €1 €2 €3

a4z as
= det(A) +adet | a; a, a3



249

Properties of Determinants VII (page 50-52, Chapter 6)

Note that, according to part (a) of the theorem,

a1 dp dajs a1 dp dj

det | a1 ap az |KCRe—det| ay ay a3 |,

1 C2 (3 1 C2 (3
which implies that?|
aip dp 4z
det | a; ap a3 | =0.
1 C2 (3

Thus
det(B) = det(A) + a -0 = det(A).

More generally, the determinant of any matrix with two identical rows is zero.
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Properties of Determinants VIII (page 50-52, Chapter 6)

e Since
det(AT) = det(A)

for all A, «y, itis not necessary to distinguish between rows and
columns when discussing properties of determinant.

e In particular, Theorem|11/still holds when all row operations are
replaced by the corresponding column operations; for example:

(a) type I column operation:

ap 41 4s ap dp 4z
det | b, by bj Cl:CZ—det by by b3 |;
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Properties of Determinants IX (page 50-52, Chapter 6)

(b) type II column operation:

xap dp das a1 dp dj
det | aby by b3 | =adet| by by b3 |;
xc1 €y Cj3 C1 Cy» (3

(c) type III column operation:

a1 dp +waay as ap dap 4as
det | by bp+aby by | =det| by by b3

C1 Cy+acy1 C3 c1 C» (3



Gaussian Elimination I (page 69, Chapter 6)

e The general procedure for Gaussian elimination applied to the
solution of a linear system can be summarized as follows:

(a) consider a system Ax = b of m equations in n unknowns; represent
the system using the augmented matrix [A|b];

(b) fori =1,2,...,m, apply Gaussian elimination to the i-th row of the
augmented matrix [A|b] by using the following procedure:

(i) focus on the submatrix of [A|b] starting from the i-th row and i-
th column; choose a pivot column from this submatrix, which is
the first column in the submatrix that contains a nonzero entry;
for example, it

-~

S

I
O O =
N =N
N O1 W
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Gaussian Elimination II (page 69, Chapter 6)

(ii)

and i = 2, i.e. the second row is being processed, then the pivot
column is j = 2, and the pivot is thus the (2,2)-entry; note that,
when i = 2, only the submatrix starting from the second row
and second column is considered;

if the entry at the pivot position is zero, then perform row inter-
changes to bring a nonzero entry below the pivot into the pivot
position; for example, if

[Alb] =] 0

N
N O W

3

and i = 2, i.e. the second row is being processed, then the pivot
column is again j = 2, and to bring a nonzero entry into the
(2,2)-pivot position, interchange row 2 with row 3 to obtain:
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Gaussian Elimination III (page 69, Chapter 6)

1 2 3
Alp] 228 Lo Tel 713 |;
0 0 5

(iii) after the pivot is determined on the i-th row, eliminate all the
entries below the pivot by adding a suitable multiple of row i to
the rows below it; this completes the processing of the i-th row;

(iv) it i < m, then move on to row i 4+ 1 and repeat the above proce-
dure; otherwise stop;

(c) once Gaussian elimination is done, the original augmented matrix
|A|b] is transformed into a reduced matrix [U|c| where U is in row
echelon form; see below for the typical structure of a matrix in row
echelon form;
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Gaussian Elimination IV (page 69, Chapter 6)

e The typical structure of a matrix in row echelon form is illus-
trated below with the pivots boxed:

(“*_"_*_1 X % % k% *\
0O 0. ]=x* * ok ok %k %
0 OL“O“E x| % %k % %
0 0 0 0 0 0 [#] «
00 0 0 00 0 0

\0 0 0 0 o0 0/




Gaussian Elimination V (page 69, Chapter 6)

(d)

if [U|c| has a row of the form (00 - - - 0|a) where a # 0 is a nonzero
number, then the original system Ax = b has no solutions; this is
true because the equation corresponding to this row says

O-x14+0-20+---4+0-x; =uq, or simply 0 =g,

which cannot possibly be satisfied since a # 0 is nonzero;

on the other hand, any rows of the form (00 --- 0|0) in [U|c] are
equivalent to the equation

0-x14+0-x0+---+0-x, =0, or simply 0=0,

which is trivially satisfied; in other words, these rows can be safely
ignored from [U]|c];
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Gaussian Elimination VI (page 69, Chapter 6)

(f) if no rows of the form (00 --- O|a # 0) appear in [U|c], then the
original system Ax = b has at least one solution; furthermore:

(i) if each column of U contains a pivot, then the system has a uni-
que solution, which can be found using back substitution;
(ii) if at least one column of U contains no pivot, which means

#(unknowns) = #(columns)

> #(pivots) = #(nonzero rows in U) = #(equations),

then the system has infinitely many solutions.



Gauss-Jordan Method I (page 69, Chapter 6)

e The Gauss-Jordan method is a variation of Gaussian elimina-
tion and is distinct in the following two aspects:

(a) at each step, the pivot element is forced to be 1;

(b) at each step, all terms above and below the pivot are eliminated.

e The row echelon form produced by Gauss-Jordan contains a re-
duced number of nonzero entries, and hence entails a special
name: reduced row echelon form.
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Gauss-Jordan Method II (page 69, Chapter 6)

e The typical structure of a matrix in reduced row echelon form
is illustrated below with the pivots boxed:

(__1____*_1 0 0 *x x 0 *\
0 0.1 0O *x x 0 =«
0 OL_(_)“l 1] « *x 0 x
0 0 0 0 0 0'[1] »
0 0 0 0 00 0 0

\ 0 0 0 0 0 0 0 )
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Gauss-Jordan Method III (page 69, Chapter 6)

e Example. As an example, let’s apply the Gauss-Jordan method to the
following 3 x 3 system:

2x1 +2xp + 6x3 =4
2xX1+ xp+7x3 =6

—2x1 —6xp —7x3 = —1

The elimination procedure yields:

2 2 6 1 00 0
2 1 71 61 —10 1 0|-11,
-2 -6 —7| -1 0 0 1 1

hence the solution is

X1 = 0, Xy = —1, X3 = 1.
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Systems with Infinitely Many Solutions I (page 77, Chapter 6)

e Example[?| Consider the linear system

2x+2y—3221.

X+ y—2z=2

Applying Gaussian elimination to the augmented matrix yields

(

1

2 2

1

—2
-3

2
1

) Ry—2R; <
—

1

0

1
0

—2

1

)

Since the number of pivots (2) is less than the number of unknowns (3),

the system has infinitely many solutions. To find the general solution:

(a) identify the pivot variables, which are variables corresponding to

the pivot columns of the coefficient matrix (x and z);

4See Example 38 on page 77.
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Systems with Infinitely Many Solutions II (page 77, Chapter 6)

(b) identify the free variables, which are variables corresponding to the
non-pivot columns of the coefficient matrix (y);

(c) solve the pivot variables x and z in terms of the free variable y:
z = -3, x=2—-y+2z2=2—y+2(-3)=—-4—y;

(d) itis convenient to express the solution set by writing

X —4 -y —4 -1
y | = Y = 0| +y 11,
z -3 -3 0

with the understanding that y is a free variable that can range over
all real numbers; this representation is called the general solution
of the linear system.
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Systems with Infinitely Many Solutions III (page 77, Chapter 6)

Note that:

(a) the vector (—4,0, —3)7 is a particular solution of the linear system,
corresponding to the particular choice y = 0 of the free variable;

(b) the vector (—1,1,0)T multiplying the free variable y is a solution of
the associated homogeneous system

x+ y—2z2=0
2x—|—2y—32=0,

indeed, if we write the linear system as Ax = b where

1 1 -2
A= , x= b=,
2 2 -3 1

N R
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Systems with Infinitely Many Solutions IV (page 77, Chapter 6)

and write the general solution as x = xj, + yh where

—4 —1
xp — 0 ’ h — 1 ’
—3 0

then the fact that x, is a particular solution of the linear system
implies that

y-Ah = A(yh) = A(x —xp) = Ax — Axp, =b—b=0;
since y is an arbitrary real number, it must then follow that
Ah = 0;

in other words, the vector & must be a solution of the homogeneous
system Ax = 0, as claimed.
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Block Matrix Multiplication I (page 93, Chapter 6)

o A useful technique in matrix multiplication is to partition one
or both factors into submatrices, or simply blocks: if

(An A -+ Agy (Bin B - Blt\

Ay Apxp - Ay By1 By -+ By
A= , B = p

KAsl A -+ Ay \Brl By - Brt}

are two conformably partitioned block matrices in which each
pair (A, By;) is Conformablﬂ then the (i, j)-block in AB is

AjB1j+ ApByj+ -+ Ajy By

dMatrices A and B are said to be conformable for multiplication in the order AB
it A has exactly as many columns as B has rows,i.e. Aism X pand Bis p X n.



Block Matrix Multiplication II (page 93, Chapter 6)

e Example. Block multiplication is particularly useful when there are

patterns in the matrices to be multiplied. Consider the block matrices

D

_<§ ;),
(é g),
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Block Matrix Multiplication III (page 93, Chapter 6)

() ()

Using block multiplication, the product AB is easily computed to be

where




Finding the Inverse of a Matrix I (page 93, Chapter 6)

e To find the inverse X of an n X n matrix A, note that:

(a) X is the solution of the matrix equation AX = I, where I, is the
n x n identity matrix;

(b) the equation AX = I, can be written in block form as

A | xq |xof- - [xn] = ledlea] - - - len],
N~~~
nxn nx1

where x; is the j-th column of X and ¢; is the j-th unit vector (vector
that contains a 1 in the j-th position and 0’s elsewhere);
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Finding the Inverse of a Matrix II (page 93, Chapter 6)

(c)

(d)

using block multiplication, the equation in (b) can be written as
[Axi[Axa| -+ |Axu] = ler]ea] - - [en],
or equivalently,
Ax]-:e]-, j=12,...,nm

thus finding the inverse X of A is equivalent to solving n simulta-
neous linear systems Ax; = e;;

the n linear systems Ax; = e; can be solved simultaneously, in-
stead of one after one, by applying Gaussian elimination to the
augmented matrix [Ale|ex| - - - |en] = [A|LL];
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Finding the Inverse of a Matrix III (page 93, Chapter 6)

(e) alternatively, the n systems Ax; = ¢; can be solved simultaneously
by applying the Gauss-Jordan method to the augmented matrix
|A|I,], which reduces [A]I,] to its reduced row echelon form;

(f) if A is nonsingular, then for each j Gauss-Jordan reduces [Ale;] to

[I|x;] where x; is precisely the j-th column of X; hence

Gauss-Jordan

[A[I]

> [11X]

where X = A~ 1 is the inverse of A;

(g) the only way for Gauss-Jordan to fail is for a row of zeros to emerge
in the left-hand side of [A|I] at some point during the elimination
process, and this occurs if and only if A is singular.
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Testing for Linear Independence I (page 104, Chapter 6)

e A useful way to check whether the vectors a4, d, . .., d, are lin-
early independent is to check whether the equation

X101 + Xody + -+ -+ xpdy, =0

has only the trivial solution, or equivalently, to check whether
the homogeneous system

(2
N
1x1
Zz’lx1+Zz’2x2+---+anxn:[Zz’1 ‘ﬁz“ﬁn] X2 =0
N .
nx1 .
\ xi /

has only the trivial solution xy = x, = --- = x, = 0.
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Testing for Linear Independence II (page 105, Chapter 6)

e Example’| To determine whether the vectors
i=37+2], b=7—k  C=27+3]+4k,

are linearly independent:

(a) consider the homogeneous linear system Ax = 0 where

3
A=[@plcl=2 o0 3|;

4See Example 47 on page 105.
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Testing for Linear Independence III (page 105, Chapter 6)

(b) Gaussian eliminating the augmented matrix?|[A|0] yields

3 1 2|0 1 1/3  2/3
Aloj=[2 o0 3lo|E o 1 —5/2|0];
1 4|0 0 0 3/2

(c) note that the system Ax = 0 1is consistent@ since there is no row of
the form (000 | b) with b # 0 (in fact, b is always 0);

4Indeed, when solving homogeneous linear systems of the form Ax = 0, it suf-
fices to apply Gaussian elimination to the matrix A alone, since the right-hand side

remains to be 0 in the entire elimination process.
PMore generally, every homogeneous linear system Ax = 0 is consisltent since

x = 0 is always a solution.
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Testing for Linear Independence IV (page 105, Chapter 6)

(d) since every column of A contains a pivot, the system Ax = 0 has a
unique solution, i.e. the trivial solution x = 0; this shows that the
equation

X1
X138 + xb+ x5 = [@[b|d] | xp | =0

X3

has only the trivial solution x; = xp = x3 = 0; thus the vectors 4, 5,
and ¢ are linearly independent.



