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Laplace Transform

m Forlinear time-invariant (LTI) ordinary differential equations (ODES)
of any order, Laplace transforms

m convert ODEs into algebraic ones;
m solve ODEs for initial conditions without extra steps;
m permit solution of nonhomogeneous equations without first

solving homogeneous equations;
m address impulsive forcing functions easily.

m A handy means of solving differential equations.

m A principal analytic tool for engineers.
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/.1 Preliminaries

m Improper integral:

/a " f(#)dt = lim / "

A—00

m Piecewise continuous: A function is piecewise continuous in the
interval o <t < g if it is continuous there except for a finite number
of jJump discontinuities.

m Exponential order: A function is of exponential order if there exist
a, K, and M such that f(t) < Ke* ift > M.
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/.2 Introducing the Laplace Transform

m The Laplace transform F'(s) of a function f(¢) is
F(s) = LU0} = [ e 'f(t)at
0
m Existence: The transform F'(s) exists provided the function f(¢) is

piecewise continuous and of exponential order.

m Uniqueness: If f(t) is continuous and F'(s) is its transform, there is
no other continuous function with that transform.

m Linearity: If the Laplace transform of fi(¢) is Fi(s), the Laplace
transform of f5(t) is Fh(s), and a and b are constants, then the

Laplace transform of a f1(t) + bf2(t) is aFi(s) + bF5(s).
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L7.3 Laplace Transforms of Some Common
unctions

m The Laplace transform of f(¢) = e** :
T

oo
L{e“t}z/ e *'e®dt = lim e *te™dt
0

T'— o0 0

1 1
= lim [ (1 — e_(s_a)T)] —
T—oo [ S — Q S —a

The integral is defined only for s > a.
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L7.3 Laplace Transforms of Some Common
unctions

m The Laplace transform of f(t) =t¢:

o0 T
L{t} = / e *'tdt = lim e Stdt
0

T — o0 0
Te—sT 1 1
= i — —(1—e%)) = =.
3;0( ;T tell-e >) 2

The result is valid only for s > 0.

Page 5



L7.3 Laplace Transforms of Some Common
unctions

m The Laplace transform of f(t) = sin(wt) :

T

L{sin(wt)} = / "sin(wt)dt = lim e ' sin(wt)dt
T— 00 0
Integrating by parts twice:
T T
—st .: 1 —sT _: W —st
e **sin(wt)dt = —= (e7*" sin(wT)) + — [ e * cos(wt)dt
0 S S Jo
1 —sT _: W 1 —sT W g —st -
= —= (e sin(wT)) + = | —=(e7*" cos(wT) — 1) — = e *'sin(wt)dt.
s s| s s Jo

w? L 1 w
(1 + —2> / e * sin(wt)dt = —= (e~*" sin(wT)) — —Q(e_ST cos(wT) — 1)
S 0 S

S
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L7.3 Laplace Transforms of Some Common
unctions

O
T
1
./0 e "' sin(wt)dt = 2 (w— e *" (ssin(wT) + w cos(wT))) .
m Therefore,
I w
L{sin(wt)} = lim : e %' sin(wt)dt = CR

m The Laplace transform of f(t)e=*t :

L{f(t)e M} = /000 e St f(t)e Mdt = /OOO e~ TNLE (At = F(s + \).
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7.4 Laplace Transforms of Derivatives

m Theorem: Let f(t) be continuous and of exponential order and let % be
piecewise continuous on any interval 0 < t < A. Then the Laplace transform
of 47 exists and

LSy = s ) - 10) = sP(9) - 1)

m Corollary:
d*f df
L{@ =s"L{f(t)} —sf(0) - E(O)
d3 f df d?f

L{@ = s’ L{f(t)} — s*f(0) - SE(O) - @(0)

Ly = en () - 10 - 3 o),

1=1
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7.5 Short Table of Laplace Transforms

TABLE 7.1
Short Table of Laplace Transforms
(Initial Version)

f® F(s)
1 1
s
1
’ ¥
e—?ur 1
s+ A
sin ¢ ®
s?+ o
cos i S
s+ o
te ™ 1
(s+A)?
e ™ sin ot 0)2 >
(s+A)" +w
e M coswt s+A
(s +A)* + @
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L}?.G Laplace Transforms in Homogeneous
rdinary Differential Equations

m The general approach to solving ODEs with Laplace transforms is
a four step process:

m Transform each element of the given ODE from a function of time
Into an algebraic function of s.

m Solve the resulting algebraic equation.

= Manipulate the algebraic solution into a linear combination of
forms that appear in our short table of Laplace transforms.

m Use the table to determine the function of time corresponding to
the algebraic solution.
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/.6.1 Example 1

m Problem: Using Laplace transforms, solve the first-order ODE

dy
— 1+ 2y =0 0) = 5.

m Solution:

m L{¥ +2y} = L{0} = L{%¥} + 2L{y} = 0.

m Defining L{y(t)} = Y (s).

m L{¥} =sL{y} —y(0) =sY —5=sY —5+2Y =0.

= Y(s) = ;25 is the solution to the ODE in the Laplace transform
domain (frequency domain).

= Refer to the short table and get the inverse Laplace transform,

y(t) = LY (s)} = 5e .
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7/.6.2 Example 2

m Problem: Using Laplace transforms, solve the second-order ODE

d?y dy
— S+ 4=+ 13y =0 0) =4, —(0) = —1.
dt2+ - T By =0, y(0) =4, —(0)

m Solution:

m L{it +4%Y + 13y} = L{0} = L{fit }+4L{%¥} + 13L{y} = 0.
m Defining L{y( )} =Y(s).
o L{i‘?} = sl{y} —y(0) = sY — 4.

o L{dt2 sL{dy — %(O) =35(sY —4) — (=1) = s?Y —4s+ 1.

-L{it}+4L{ UV +13L{y} = s?Y —4s+1+4(sY —4) +13Y = 0.

mY(s) = S;f;;fm is the solution to the ODE in the Laplace

transform domain.
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7/.6.2 Example 2

m Solution:
= Y(s) = 23 is the solution to the ODE in the Laplace
transform domain.
N
4 15 2
Y(s) = 5 (s +2) +c :

(5+2)2+32 s+22+3  Fst22432

= Refer to the short table and get the inverse Laplace transform,
y(t) = L=HY (5)} = cre %  cos(3t) + cae*! sin(3t).
mcy =4, 3(c1+co) = 15:>(32:§.
- 7
y(t) = 4e * cos(3t) + §B_2t sin(3t).
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/.6.3 Example 3

m Problem: Using Laplace transforms, solve the third-order ODE

d’y A%y | dy
— 4+ 33— 4— 2y = 0 0)=1, —(0) =2, —(0) = 3.

m Solution:

m Defining L{y(t)} =Y (s).

o L{i—z} = sL{y} — y(O) =sY — 1.

lL{ity —sL{ffz’} ( ) =5(sY —1) —2=35%Y — s — 2.
lL{dt3 —sL{d752 dy(()) s(s%Y —5—2)—3 = s°Y —s°—2s5—3.

dt?

mY(s) = 331;35211?;2 is the solution to the ODE in the Laplace

transform domain.
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/.6.3 Example 3

m Solution:
" Y(s) = 243413 s the solution to the ODE in the Laplace
transform domain.
|
Y(s): s2+5s+13 B s?+5s+13

s343524+45+2 (s+1)((s+1)2+1)
m Partial fraction expansion:

C1 n C2S + C3
s+1 (s+1)2+1
~ (e1+c2)s* + (21 + 2+ ¢3)s + (2¢1 + c3)
- G+ DG+ D2+ 1) |

Y(s) =
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/.6.3 Example 3

m Solution:

mcL+tcy =1, 2ci +co+c3 =9, 2¢1 +c3 =13 = ¢ = 9,¢c0 =

—8, C3 — —d.
_ 9 8s+5 __ 9 8(s+1) 3
= Y(s)= s+1  (s+1)241 = s+1  (s+1)2+1 T (s4+1)241°
m Refer to the short table and get the inverse Laplace transform,

y(t) = L7HY (s)} = 9e™ " — 8e P cos(t) + 3e *sin(t).
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£7.7 Laplace Transforms in Nonhomogeneous
rdinary Differential Equations

m Consider ODEs of the form

dny dn—ly dn—2y
— 2 ot any = g(t),
Qe T Tl g Tty = 9(0)

dy dn—ly

y(O) — Yo, E(O) — Yo, -+ - dtn_l

n—1
(0) ="V,
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7.7.1 General Solution Using Laplace
[ransforms

m Theorem: The solution to the above ODE is

y(t) = L7H{Y(s)},

where )
o plsn_l +p25n_ + ... +pn—18 _|_pn

Y
(5) s +ais 14+ +a,_15+ a,

G(s)

+ s+ aqis" L +...+a,_1s+a,

P1 = Yo, P2 = Yo + a1Yo, P3 = Yo + 1Yo + a2%o, - - -

Pn — yg_l + afly(?_2 + ... an—QQO + an—-1Yo

and G(s) = L{g(t)}.
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7.7.1 General Solution Using Laplace
[ransforms

m Proof:

m Step 1: Transform each element of the ODE:

L{y(H)} = Y(s). L{E0) = sY(s) ~9(0) = ¥ () ~ w0,

(S ="V () =" g — o syl ™ =y

m Step 2: Substitute the transformed elements into the ODE:

(s"Y(s) —s" tyg — ... — sy(()n_z) - y(()n 1))
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7.7.1 General Solution Using Laplace
[ransforms

m Proof:

m Step 3: Collect all terms involving Y (s) on the left-hand side of
the equation, everything else on the other:
(s"+a1s™" V4. Han_15+a,)Y(s)=s""Tyo+ ...+ y(()n_l)

(n—2)

+ar(s" Pyo+ ...+ Yy )4 ...+ an—a(syo + o) + an—1y0 + G(s).
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7.7.1 General Solution Using Laplace
[ransforms

m Proof:

m Step 4: On the right-hand side, collect coefficients of each power
of s:

(s" +a1s™" "V + . 4 an_15+a,)Y(s)
= 505" ™ 4+ (Yo + a10)s™ ™ + (fo + argo + azyo)s" T + ...

+ (y(()n_2) + aly(()n—g) + ... 4+ an_2yo)s
+ W+ ayd ™ + o+ an1o) + G(s)

m Step 5: Divide through by s™ + a1s Y+ . +a, 15+ a,.
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/.7.2 Example

m Problem: Using Laplace transforms, solve the ODE

2y dy dy

—+8——|—15y:2t, y(0) =0, —=(0) =9 =0.

dt? dt

m Solution:
m Defining L{y(t)} = Y (s).
= L{%} = sL{y} — y(0) = Y.
o L{% = SL{i—?;} — %(O) = s%Y.
m L{2t} =5
m Substituting the transformed elements into the ODE:

2
(5° + 85+ 15)Y (s) = =
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/.7.2 Example

m Solution:

m Solving:

) 2
Y= st 15) 2 13)(s+5)

m Partial fraction expansion:

C1S + Co C3 Cy
Y(s) = :
() 52 —|_S—|—3+8—|—5
N Cl—|—62—|—C4:O, 861—|—Cz—|—563—|—364:0, 1561—|—8CQZO, 1562 = 2.
_ 16 2 1 1
W€l = —595) C2 =735, €3 =g, C4 = —35-

]
61 21 1 1 1 1
Vis)= -2 2t 2 _ |
)=~ T2t 9553 25545
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/.7.2 Example

m Solution:

]
6 2 1 1
t :L—l Y — t = —3t__ —5t.
y(t) Wls)h = —50r 5t 5 25°
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/.7.3 Laplace Transform of A Convolution

m Theorem: Let H(s) = L{h(t)} and G(s) = L{g(t)}. Then

I {/Oth(t _ T)g(f)df}

=
V)
~—
Q
—~
V)
~—
|
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‘ /.7.3 Laplace Transform of A Convolution

m Proof:

L{/ (t—7)g dT} //_Stht—T 7)drdt

m Change the order of integration:

L{/ (t—7)g dT} // et h(t — 7)g(7)dtdT,

m Change variables ©u =t — 7 and du = dt for fixed .

|
L{/ (t—7)g dT} // e W h(u)g(T)dudr

= [ e [ e mg(nar = HEGG)
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/.7.3 Laplace Transform of A Convolution

m Corollary: The kernel for the ODE

4"y + "y + a "y +...+a (t)
E— a nl =
arn | ggn—1 T 2 g2 y=49
IS
h(t) = LY{H(s)} = LY 1 }
s+ a8 4+ +a, 15+ an,
m Proof:
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7.7.3 Laplace Transform of A Convolution

m Proof:

= Taking the Laplace transform

Liy(t)} =Y (s) = H(s)G(s).
= Assuming zero initial conditions

G(s)

Y —
() s+ a8 + .. 4+ a,_ 15+ a,

m Thus,
1

H(s) = .
(5) s+ a8~V 4+ . +a, 15+ an,
and h(t) = L~ Y{H(s)}.
= Engineers call H(s) as the transfer function of the system.
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| 7.7.4 Differential Equations with Impulsive
and Discontinuous Inputs

m [he utility of the Laplace transform when the input (forcing function)
in LTI ODEs is impulsive or discontinuous.
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7/.7.4.1 Defining the Dirac Delta Function

m Consider the sequence of functions defined for ¢ty > 0

10/t }

8/t }

6/t}

4/t }

2/t }F

\

( mn T
dn(t—to):—, O0<t—ty < —

T n

dn(t —tyo) =0, otherwise

do(t—tp)
dg(t — 1)
de(t—to)
d,(t—to)
doft— 1) et
. A
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7.7.4.1 Defining the Dirac Delta Function

= Note the integral I, = [~ d,.(t — to)dt = 1 is independent of n.

m The sequence of integrals

T, = / Tl (t— to) f()dt.

0O n t+0+7/n
J, = /O do(t — to) f()dt = 2 / ()t

T to

m If f(¢) is a continuous function, by the mean value integral calculus
theorem, for some t* such that 5 < t* < tg + 7/n,

n t+0+7/n nT ) )
o=t [ =) = ().

Page 31



7/.7.4.1 Defining the Dirac Delta Function

m Hence,

m The limit
lim dn(t — t()) — 5(t — t())
n— 00

IS referred to as an impulse and carries the name Dirac delta

function at ¢.

/ T S(t— to) f(1)dt = f(to).
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7/.7.4.1 Defining the Dirac Delta Function

m Laplace transform
LI5(t — to)} = / e=St5(t — to)dt = e,
0

m Forty =0,

L{5(#)) = 1.
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7.7.4.2 Ordinary Differential Equations with
mpulsive Inputs

m Consider the nth order LTI ODE with no initial conditions and an
iInput consisting of just the Dirac delta function at the origin:
dn dn—ly dn—2y

@* L qgn—1

m Since [, 6(t — to) f(¢)dt = f(to), it follows y(t) = h(t).
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7.7.4.2 Ordinary Differential Equations with
mpulsive Inputs

m By the Laplace transform methods,

G
Y (s) = (5)
s+ a8 4+ +a, 15+ an,
B 1
s+ a1smD 4+ +a, 15+ a,
m [herefore,
o 1
y(t) =L~ |3

s+ a8 + .. 4+a,_15s+a,

m Also, y(t) = h(t). As the kernel of the ODE, h(t) is often referred to
by engineers as the impulse response of the system.
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E7.7.4.3 Ordinary Differential Equations with
Iscontinuous Inputs

m Define a unit step function beginning at time 1" as up(¢):

uT(t) ZO, tST
’U,T(t) =1, t>1T

Uy (2)
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L7.7.4.3 Ordinary Differential Equations with
Iscontinuous Inputs

m Theorem: If F(s) is the Laplace transform of a function f(¢), then
the Laplace transform of the function delayed by time T is

L{urt)f(t—T)} = /OOO e Stur(t)f(t — T)dt = e 1 F(s).

m Proof:

L {up(t) f(t — T)} = / F(t—T)dt = /;Oestf(t—T)dt

Lett =t — T, then
/ e SLF(t—T)dt = / e WD f(Ydt = eT / e f(t')dt
T 0 0

Thus L{ur(t)f(t —T)} = e 1 F(s).
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£7.7.4.3 Ordinary Differential Equations with
Iscontinuous Inputs

m Corollary: The Laplace transform of u(t) is the Laplace transform
of 1 delayed by T

6_ST

L{UT(t)} — L{UT(t) - 1} = G_STL{l} — -
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£7.7.4.3 Ordinary Differential Equations with
Iscontinuous Inputs

m Corollary: The Laplace transform of u(t) is the Laplace transform
of 1 delayed by T

6_ST

L{UT(t)} — L{UT(t) - 1} = G_STL{l} — -
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7.7.5 Short Table of Laplace Transforms
Final Version)

TABLE 7.2
Short Table of Laplace Transforms (Final Version)
(1) F(s)
o(r) 1
! 1
Y
t 1
s*
e—ikt 1
s+A
sin ot @
s? + o’
cos ot s
st + o’
te™ 1
(s+1)°
e ™ sin @t ©
(s+20)* + o
e ™M coswt s+A
(s+1)* + @

ur @) f(t—T) e "TF(s)
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/.7.6 Example

m Problem: Determine the output y(¢) of an underdamped second-
order system

£ + 2 )\d— (A% + w?)y = w(t)
a2 v

with the non-repeating square wave input w(t) shown in Figure.

w(t)

1
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/.7.6 Example

m Solution:

m Describe w(t) as a combination of step functions occurring at
different times:

w(t) = ug(t) — 2ur(t) + uarp(t).
m Using Laplace transform:
L{w(t)} = % (12757 4 ¢ 2T) |
m Assuming zero initial conditions,

1
(s +2X s+ (M +w?))Y(s) == (1 —2e " + e 2).
S
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/.7.6 Example

m Solution:

m Solving,
Y (s) = 1 —2e 51 4 =287
7 s(s24+2Xs+ (N2 +w?))
m Partial fraction expansion:

1
Vi(s) =
0(s) $(s% 4+ 2As + (A2 + w?))
S CoS + C3

s +32—|—2)\5+()\2+w2)
s?(c1 + o) + s(2Xc1 + ¢3) + 1 (A2 + w?)

s(s% + 2As + (A2 4+ w?))

mThus,ci +co =0, 2)\c1 + ¢35 =0, cl()\2 -+ w2) = 1.
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/.7.6 Example

m Solution:

m The solutions are ¢; =

m Therefore,

YQ(S) = 1

>\2+w27

)\2_|_w2
1

)\2_|_w2

= We see that

yo(t) = L™ {Yo(s)}

s (s+ N2+ w?

—2)
A24w?:

1 —1

C2 — )\2_|_w27 CS —

'1_ s+ 2\
s s242Xs + (A2 4+ w?)
1 s+ A A ]

(s + N)? 4+ w?

1 A

1 — e *Mcos(wt) — —e™ sin(wt)]

R W
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/.7.6 Example

= Solution:
=
yo(t) = L™ {Y(s)} = ! [1 — e Mcos(wt) — ie‘” Sin(wt)]
A2+ w? W
=

1 -1 L -2 e
y(t) =L {Y(s)} =L {3(52 + 2Xs 4+ (A% + W2))}

= yo(t) — 2ur(t)yo(t —T') + uar(t)yo(t — 27).
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/7.7.7 Initial and Final Value Theorems

= Initial Value Theorem
Let F'(s) be the Laplace transform of a continuous function f(t)
and let df/dt < M for all t. Then

f(0) = lim sF(s).

S— 00

= Proof:
= Start by L{ } =sL{f(t)} — f(O
= Also,
} / _st_dt
= SO,

d
sF(s) = f(0) +/O _Std—{dt.
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| 7.7.7 Initial and Final Value Theorems

m Proof:
m Since 1 - M
|/ e st fdt\ _/ \—\e_Stdt<M/ e Stdt =
S
we have 1 M
lim |/ e "t fdt| < lim — =0.
S—r 00 s—o0 8
m Hence,

lim sF'(s) = f(0).
S— 0O
m The theorem also holds for functions continuous everywhere except at the
origin, provided that the theorem is amended to

lim sF(s) = f(0).

S— 00

where f(07) is understood to be the value of the function just after t = 0. This
Is useful for systems with an impulsive input at ¢t = 0.

Page 47



/7.7.7 Initial and Final Value Theorems

= Final Value Theorem
Let F(s) be the Laplace transform of a continuous function f(t)
that has a limit as ¢ — co. Then

lim f(¢) = lim sF'(s)

t— 00 s—0

m Proof:
m Start by

{ } = sL{f(t)} = f(0).

sL{f(t)} = £(0) + /0 N e‘“%dt.

m Then
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/7.7.7 Initial and Final Value Theorems

m Proof:
= Now .
> d d
/ e_St—fdt = lim e St L dt.
m SO, -
> d d
lim e_St—fdt = lim lim e_St—fdt
s—0 Jq dt s—0T—o0 [ dt
T T
d d
= lim lim e_St—fdt: lim —fdt
T —o00 s—0 0 dt T'— 00 0 dt
= lim f(T) — f(0).
— 00
O

lim sF'(s) = f(0) + lim f(T)— f(0)= lim f(T).

s—0 T'— 00 T'— o0
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L7.7.8 Ordinary Differential Equations with
eriodic Inputs

m Consider the response of nth order LTI ODEs to a periodic input:
g(t+T)=g(t) forall t > 0.

m Using Laplace transform:

G(s) = L {g(t)} = / T ettg(t)dt

(n+1)T

T
= / e *tg(t)dt + / e Stg(t)dt + ...+ / e *g(t)dt + ...
0 T nT’

= ZGn(s)
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L7.7.8 Ordinary Differential Equations with
eriodic Inputs

m Consider the nth term

mlett! =t —nT.
T / T /
Gn(s) = / e s g (¢! 4 nT)dt = / e ST g (¢ dt
0 0

_ (e—sT)n/O B_St/g(t,)dt _ (G_ST)nGo(S).

Page 51



L7.7.8 Ordinary Differential Equations with
eriodic Inputs

m Since

& 1
Zx” = , for |z| < 1,
— Il —x

G(s) = Gole) (=) = 10

n=0
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/.7.8.1 Response to a Periodic Input

m Assuming zero initial conditions, the Laplace transform Y (s) of the
response of an nth order LTI ODE to a periodic input is

Go(s)
(1—esT)(s"+as(m=V+ ... +a,_15s+a,)

Y(s) =

m Theorem: The response of a stable, damped nth order LTI ODE to
a bounded periodic input is eventually periodic.

m Proof:

(;Q(S)

s+ a8+ +a, 1S+a,

Y(s)(1—e 51 =
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/.7.8.1 Response to a Periodic Input

= Proof:
= Now,
LY (s)(1—e )} =L {Y(s)} = L " {e*"Y(s)}
=y(t) —urt)y(t—1T1).

= Hence,

y(t) —ur(t)y(t —T) = L} { Go(s) }

s+ a8+ 4a,_1s+a, ]
m Fort > T, thatis

y(t) —y(t —T) = L1 { Go(s) }

s+ a8+ 4+a, 1s+a,]
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/.7.8.1 Response to a Periodic Input

m Proof:

= To show that the response to a periodic input eventually becomes
periodic, we must show that

lim (y(¢) —y(t —T)) =0.

= We must show that

anJ{ Go(s) }:o.

t— 00 s™ 4 als(”_l) + ...+ ap_18+ay

= Since the LTI ODE is stable and damped, the limit lim;_, . (y(t) —
y(t —T)) exists.
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/.7.8.1 Response to a Periodic Input

m Proof:
m Using the final value theorem,

lim L1 Gols)
t— 00 s 4 als(”_l) +...+ap—-18+ an
— i sGo(s)
s—=0s" + a1 + . . +a,_15+ a,
— lim SGO(S).
s—0 an

m Since g¢(t) is bounded,

S

T T M
|Go(s)] < / lg(t)]e”%tdt < M/ e Stdt = —(1 — 7).
0 0

sGo(s) M

lim |
s—0 Ay, s—0 ay, t— 00

| <lim—(1—-e ) =0= lim (y(t) —y(t—=T)) = 0.
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L7.7.8..2 Resonance with a Nonsinusoidal
eriodic Input

m Consider a second-order underdamped system excited by a
periodic square wave xr(t):

{ xr(t) =41, 2nT <t< (2n+1)T

xrt)=—-1, Cn+1DT <t<2n+2)T, n=0,1,2,...

m Note that x(¢) has period 27 .

X (2)

1

Page 57



L7.7.8..2 Resonance with a Nonsinusoidal
eriodic Input

m The ODE for a second-order underdamped system with input x (%)
IS

m Using Laplace transform
2T _ ot
e " (ug(t) — 2ur(t) + uop(t))dt
L {XT(t)} — fO 1 — ¢—2sT

1 (1 . 6—8T)2 B 1 — G_ST
1 — e 28T S o s(14e 3Ty
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L7.7.8..2 Resonance with a Nonsinusoidal
eriodic Input

m Assuming zero initial conditions,

1 — e st
(1+e5T)(s2+2As + (N2 +w?))

Y (s) = L{y(t)} = -

m The problem is the transcendental function 1 + e~ in the
denominator. It is not in the short table and not amenable to the
techniques we used, such as a partial fraction expansion.

Page 59



:

7.7.8.2 Resonance with a Nonsinusoidal
eriodic Input

Extending the results in 7.7.6 Example,
y(t) = ! 1 — e *cos(wt) — ée_kt sin(wt)
A2 4+ w? W
N
)\2 + B Z unT
n=1
A
(1 — e M) cos(w(t — nT)) — e 2D gin(w(t — nT))) :
w

where N begins at zero and advances by one with each switch of
the square wave.

Page 60



L7._7.8..2 Resonance with a Nonsinusoidal
eriodic Input

m Only consider the steady-state solution:

yss(t) = (_612) (1 — 2%%@)) ,

where 6t is the time elapsed since the last switch, ¢ = VA2 4 w?,
q(0t) = e % (cos(wdt—0)+e M cos(w(5t—T)+0)), 0 = tan~1(\/w),
and, most importantly,

D =1+ 2e M cos(wT) + e M

m The value D determines the peak magnitude of the steady-state
response: the smaller is D, the larger is the response.
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L7.7.8..2 Resonance with a Nonsinusoidal
eriodic Input

m How D, and hence the peak response, varies with the period of the
square wave, 277

m D reaches a local minimum when wT = (2n + 1)m.

m There are an infinite number of solutions to this. Call them 7,,. At
these points,

D=1-2*nq4 e 2Mn — (1— e_’\T”)2.

m Ty = 7/w provides the global minimum of D such that

)",

&>

D=(1—-¢eT"
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L7._7.8..2 Resonance with a Nonsinusoidal
eriodic Input

m The system has very low damping; that is, \/w << 1, D can be
very small, and hence the peak steady-state response quite large.

m When T = Tj the radian frequency of the square-wave input is

27T T
Winput — =0 — —— — W.
P 2T0 7T/Cd

Hence resonance can occur when the frequency of the periodic
input equals or is nearly equal to the natural frequency of the
system, independent of the inputs waveform.
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7.7.8.2 Resonance with a Nonsinusoidal
eriodic Input

m The figure graphs the result of numerically integrating the equation ng -+ 2)\‘31—? +

(A2 +w?)y = x7(t) for three different square-wave input frequencies for the same
underdamped second-order system.

;=n/T
10 ;= 20, —

m Output of an underdamped second-order system of natural frequency w when
excited by square-wave inputs of unit amplitude but different frequencies w;.
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