MA1200 (CB1/CF1) Additional Exercises on Chapter 6 Semester A, 2017-18

10.

I1.

Evaluate the limit lim sin(2x) .
x=0 . (X
SIn| —

(ZJ

Evaluate the limit lim 35"3‘2—”‘"‘2"
x>0 (x° +5)x

. ... 1-cos®x
Evaluate the limit lim ———.
x—0 x2
2
3X° —4x+2

Evaluate the limit lim 5
X—o  X° 45

3x-2 , if x<2
Let f(x)=< 1 , if x=2. Determine whether f(x) is continuous at x =2. Give
X2, if x>2

your reason.

cos(zx) , if x<1 : : : .
Let g(x) = (7x) ) . Determine whether g(x) is continuous at x=1. Give
Xx+2 , if x=>1
your reason.
8x2 +2x-3 . 1
— , if x£= ' 1
Let f(x)= 2x-1 % . Is f(X) continuous at X = 5 ? Give your reason.
5 , If x==
2
x2 — .
Let f(X)=1y_1 it X#1  Find the value of ¢ for which f (x) is continuous at
c , if x=1
x =1. Give your reason.
if x> : - . o
Let f(x)= \/3 ' !f X= 1. Evaluate lim f0-1@ , if the limit exists.
xc , if x<1 x-1  x-1

Let g(x) =|tanx

, for xe {—%, %} Determine whether g(x) is differentiable at x=0.

Give your reason.

Let f(x)=|cosx

, XeR. Is f(x) differentiable at x=0? Give your reason.



x—0

12. (a) Evaluate the limit lim (Xsin 1)
X
(Hint: Since —1<sin@<1 for all values of @, it follows that —| x| < xsini <|x|
X
for all values of x (#0).)

2 . .
(b) Let g(x)={x sin_ T X#0 " petermine whether g(x) is differentiable at
0 , iIf x=0

x=0, if so, find g'(0).

1 _2
13. Show from first principles that di (x3) = 3 x 3, for x#0.
X

(Hint: If p is a negative integer or a fraction index, then

p(P-9) .2, P(P-D(P-2) 3
21 3 ’

L+x)P =1+ px+
the expansion is valid only if | X |<1.)

14. Without the use of De L’Hopital rule, prove that, for all integers n

n n
x"—a N
—na"t,

lim
x—>a X—a
(Hint: Consider three cases.
1. For n=1.
2. For n be a positive integer and n>1, we have

x"—a"=(x—a)(x"t+ax" 2 +aix" P+ +ax" Ty +a" Y.

3. For n be a negative integer, we let y = xtand b=at )

Answers:

1. 4

2. 3
5

3. 2
2

4. 3

5. IIm f(x)=4+#1=f(2),so f(x) is not continuous at x=2.
X—>

6. I|m g(x)=-1#3= lim g(x), so I|m g(x) does not exist.

Xx—=1" x—1
. g(X) is not continuous at x=1.

7. Ilm f(x)=5= f(;j so f(X) is continuous at X:%

X—)2

8. lim f(x)=2. Since f(X) is continuous at x =1, we have IIm f(x)=f(@),i.e c=2.

Xx—1
9. im 1O=T@ 5 1y FO-T@ e timit fim L= T@

does not exist.
X1~ x—1 2 w1t x—1 x-1  x-1



9(9-9(0) _ 9(9-9(0) _;

10. lim =——=~=-1but lim
x—»0~  X— x—0"  X—
since fim 49290 iy 809290 e it tim LI=9O) goe not exist.
Xx—0" X—O X—)0+ X— x—0 X—
Hence, g(X) is not differentiable at x=0.
11. lim M=O,so the limit IimM exists.
x>0  X-0 x>0  X-—
Hence, f(X) is differentiable at x=0.
12. (a) —|x|£xsin1£|x| forall x=0.
X
Since lim (—|X|):O and lim|x|=0 , by the Sandwich Theorem,
Xx—0 x—0
. .1
Ilm(xsm—):o.
x—0 X
®  lim 90=90) _ i, [xsinl)zo,fmm (2). . The limit exists.
x>0 X-0 x—0 X
Hence, g(x) is differentiable at x=0 and g'(0)=0.
101
1 3 _y3
13 i(x3): fim (XH)° —x%
dx h—0 h
1
1 3 1
x3 1+hj —x3
. X
= lim
h—0 h
o[ 5me o5
1 3l 73 2 3173\ 73 8 1
3\ x 2! X 3 X
= lim
h—0 h
1_2 1.2y _5
1) 3l 3)hy? 2 33 3)n’ L
bl A V- 2«3 AL IV
.3\ x 2! X 3 X
= lim
h—0 h
{1 55
_2 _5 _8
= lim lx3+3 3hx3+3 3 3h2x3+
h—0| 3 2! 3
=1X_%
3
n_.n
14. Casel: For n=1, lim x~a =...=na"?!
Xx—a X—a
xN _g"
Case 2: For n be a positive integer and n>1, lim =...=na"!
Xx—>a X—a



Case 3: For n be a negative integer, let y= X and b= afl, then

y—n _b—n Ilm y—n _b—n
n n -n -n
lim X=2- — tim Y — im i"bl _yob y=b
Xx—a X—a y—b y~ —b™ y—b y~ —-b~ b_y
y—b lim —Y°
y—b y—b




