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Exponential Functions

The exponential function with base b is defined by
f(x) = b*,
where the constant b (with b > 0 and b # 1) is called the base, and x € R is called the

exponent.

X
Eg Flx)=10% glx)= 2)', h(x) = 53**2 are examples of exponential functions.
2

k(x) = x'° is NOT an exponential function.

Graphs of exponential functions:

\\I‘\" y — bx // y = b x
| (0<b<1) /f (b >1)
— .
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Note that:
1. The largest possible domain of f(x) = b* is [Dom(f) = R.
2. The largest possible range of f(x) = b* is |[Ran(f) = (0, o)|. e
3. For 0<b<1, f(x)=b* isastrictly decreasing function. %
f(x) >0 as x > —c0 and f(x)—>0 as x > © 3 =X
4. For b > 1, f(x) = b* is a strictly increasing function. 4
f(x) >0 a x——c and f(x) > o as x > ll -
5. For any b (where b >0 and b # 1), the graph of f(x) = b* alzrvays cuts the
y-axis at y = 1, since f(0) = b® =1 for all b > 0. However, it never touches the
x-axis, since f(x) = b* is always positive.
6. Since the exponential function f(x) = b* is either strictly decreasing (for 0 < b <

1) or strictly increasing (for b > 1), f(x) = b* is a one-to-one function and its

inverse f~1(x) exists.
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The graphs of exponential functions with different values of b are shown below.

Note that y = 1% is not an exponential function, since y = 1* = 1 is a constant function.
y ¥
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Question 1: Compare the graphs of y = G) and y = 10*. What do you observe?
Question 2: Compare the graphs of y = @) and y = (g) . What do you observe?
3,

2
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Laws of indices:

If a>0, b>0, x and y are real numbers, then

(1) ag"=

Natural Base e

(2)
(5)

ax+y = a*-a”

(a*) = a*
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A special case, in which we consider b = e, where e is defined by the limit of the sequence

— lim
€ = noow

1+ = 27182818 ...
(1+3)

n
That is, the value of (1 +%) approaches the irrational number e = 2.7182818 ... as n

gets larger and larger (i.e. as n — o). The number e is called the natural base. The

exponential function with base e, f(x) = e”*, is called the natural exponential function.
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Example 1

For each of the following functions, find its largest possible domain and largest possible range,

and then sketch its graph.

X
(a) f(x)=e**1—5 (b) g(x)=3+2e* (c) h(x)=1-23 (-;-)
Solution
(a) Since e**! is well-defined for all real values of x, the function f(x) = e**1 —5 is also

well-defined for all real values of x. .. Dom(f) =R
For any x € Dom(f) = R, e**! is always greater than 0, and thus f(x) = e**1 —5 s

always greater than —5. .. Ran(f) = (=5, ).

(b) g(x) =3+ 2e™™ is well-defined for all real values of x,so Dom(g) = R.
g

Forany x € Dom(g) = R, we have e ™ > 0 andthus g(x) =3 + 2e¢™* > 3.

. Ran(f) = (3, ).
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X
(c) h(x)=1-3 G) is well-defined for all real values of x, so Dom(h) = R.

Forany x € Dom(h) = R, we have G)x >0 = -3 G)x <0

:>M@=1—3GY<1.ﬂwa&m@%z&mﬂ)

Graphs:
y y A
P S
,f/ ‘\\ o _ =y K
/ \
, 5
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/ X R _?L_ — S____—T_ = /
o /
e-5-¢ /
::—45 ,,,,,,, - % /
X
(a) f(x) =e**1—5 (b) g(x)=3+2e* (c) h&)=1—3(9
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Inverse function of b*

The exponential function f(x) = b* (with b > 0 and b # 1) is a one-to-one function and

thus it has an inverse. Its inverse is

f~1(x) = logy x,

which is called the logarithmic function with base b.

Logarithmic Functions

The logarithmic function with base b is defined as
f(x) =logpx
for x > 0. For y = logy x, the constant b (with b > 0 and b # 1) is called the base, and y

is called the exponent.

y=logp,x < x=b>bY

Here, y = log, x is the logarithmic form and bY = x is the exponential form.

Note that exponential function is the inverse function of logarithmic function.
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Example 2

Write down each equation in its equivalent exponential form.

(@) 2 =logsx (b) 3 =log, 64 (c) logs7=y
Solution

(a) (2)=loggx) means @@=@

(b) 3 =1log, 64 means b3 =64

(c) logs7=y means 3Y=7.

Example 3

Write down each equation in its equivalent logarithmic form.

(a) 12°=r (b) b3=8 (€] &% =
Solution
(a) @@:@ means @z log@r) (b) b*>=8 means 3 =log,8.

(c) e*=9 means a=log,9.
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Graphs of logarithmic functions:

y = log, x e y = logp x
| (0<bh<1) / (b > 1)

Note that:

1. The logarithmic function f(x) = log, x is only defined for positive values of x.

.. The largest possible domain of f(x) =logy, x is [Dom(f) = (0, ).

The largest possible range of f(x) =log, x is Ran(f) = R,

For 0 < b <1, f(x) =logy x is a strictly decreasing function.

For b > 1, f(x) =logy, x is a strictly increasing function.

L S b

For any b (where b >0 and b # 1), the graph of f(x) =log, x always cuts the
x-axis at x =1, i.e. f(1) =log,1 =0 for all b >0 and b # 1. However, it never

cuts the y-axis, since f(x) =logy, x is not defined at zero or negative values of x.
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Two commonly used logarithms:

e |Ifthebase b =10, logigx is called the common logarithm, usually denoted by log x.
e If the base b = e (the natural number), log, x is called the natural logarithm, usually

denoted by In x.

The graphs of logarithmic functions with different values of b are shown below.

\ y=logyx
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