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DC Motor Control
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𝜏



B

The DC motor armature circuit is described based on the Kirchhoff voltage law by

𝑉 𝑡 = 𝑅𝑖 𝑡 + 𝐿
𝑑𝑖(𝑡)

𝑑𝑡
+ 𝐾 ሶ𝜃(𝑡)

The mechanical load is described via the torque balance by

𝐽 ሷ𝜃(𝑡) = 𝜏(𝑡) − 𝐵 ሶ𝜃(𝑡)

where

𝑉 𝑡 =Armature Voltage

𝑖 𝑡 =Armature Current

𝑒 𝑡 = Back EMF

𝜃 𝑡 = Angular Position

𝜏



Motor torque is proportional to the armature current:

Back EMF is proportional to the angular velocity of the shaft:

𝑒(𝑡) = 𝐾 ሶ𝜃(𝑡)

𝜏(𝑡) = 𝐾𝜏𝑖(𝑡)

Assuming that the motor torque and the back EMF constants

are equal: 𝐾𝜏 = 𝐾, the above governing equations become

𝜏(𝑡) = 𝐾𝑖(𝑡)

𝑒(𝑡) = 𝐾 ሶ𝜃(𝑡)

𝑉 𝑡 = 𝑅𝑖 𝑡 + 𝐿
𝑑𝑖(𝑡)

𝑑𝑡
+ 𝐾 ሶ𝜃(𝑡)

𝐽 ሷ𝜃 𝑡 = 𝐾𝑖 𝑡 − 𝐵 ሶ𝜃(𝑡)



𝜏(𝑡) = 𝐾𝑖(𝑡)

𝑒(𝑡) = 𝐾 ሶ𝜃(𝑡)

𝑉 𝑡 = 𝑅𝑖 𝑡 + 𝐿
𝑑𝑖(𝑡)

𝑑𝑡
+ 𝐾 ሶ𝜃(𝑡)

𝐽 ሷ𝜃 𝑡 = 𝐾𝑖 𝑡 − 𝐵 ሶ𝜃(𝑡)

(i) Write the Laplace Transforms of the above 4 equations: 5 minutes



𝜏(𝑡) = 𝐾𝑖(𝑡)

𝑒(𝑡) = 𝐾 ሶ𝜃(𝑡)

𝑉 𝑡 = 𝑅𝑖 𝑡 + 𝐿
𝑑𝑖(𝑡)

𝑑𝑡
+ 𝐾 ሶ𝜃(𝑡)

𝐽 ሷ𝜃 𝑡 = 𝐾𝑖 𝑡 − 𝐵 ሶ𝜃(𝑡)

(i) Write the Laplace Transforms of the above 4 equations:

Solution:

𝑇 𝑠 = 𝐾𝐼 𝑠

𝐸 𝑠 = 𝐾𝑠Θ 𝑠

𝑉 𝑠 = 𝑅 + 𝐿𝑠 𝐼 𝑠 + 𝐾𝑠Θ (𝑠)

𝑠(𝐽𝑠 + 𝐵)Θ(𝑠) = 𝐾𝐼 𝑠

(ii) Find the Transfer Function from input 𝑉(𝑠) to output Θ(𝑠):

10 minutes

𝐻 𝑠 =
Θ(𝑠)

𝑉(𝑠)
=?



(ii) Find the Transfer Function from input 𝑉(𝑠) to output Θ(𝑠):

Solution:

𝐼 𝑠 =
)𝑉 𝑠 − 𝐾𝑠Θ(𝑠

𝑅 + 𝐿𝑠

𝑠(𝐽𝑠 + 𝐵)Θ(𝑠) = 𝐾
)𝑉 𝑠 − 𝐾𝑠Θ(𝑠

𝑅 + 𝐿𝑠

H s =
Θ s

𝑉 𝑠
=

𝐾

𝑠 𝑅 + 𝐿𝑠 𝐽𝑠 + 𝐵 + 𝐾2

(iii) Use the following basic building blocks to draw a block diagram 

for the DC motor from input 𝑉(𝑠) to output Θ(𝑠): 10 minutes



𝐼 𝑠 =
)𝑉 𝑠 − 𝐾𝑠Θ(𝑠

𝑅 + 𝐿𝑠

𝑠(𝐽𝑠 + 𝐵)Θ(𝑠) = 𝐾
)𝑉 𝑠 − 𝐾𝑠Θ(𝑠

𝑅 + 𝐿𝑠

H s =
Θ s

𝑉 𝑠
=

𝐾

𝑠 𝑅 + 𝐿𝑠 𝐽𝑠 + 𝐵 + 𝐾2

(iii) Draw a block diagram of the DC motor from input 𝑉(𝑠) to output Θ(𝑠):

Solution: (not unique)



(iv) Now, use data 

and the input is a Unit Impulse function  𝛿(𝑡)

What is the output Unit Impulse Response ℎ 𝑡 =?10 minutes

Recall:

Θ(𝑠)

𝑉(𝑠)
=

0.01

𝑠( 1 + 0.5𝑠 0.01𝑠 + 0.1 + 0.0001)
≅

2

𝑠(𝑠2 + 12𝑠 + 20)

H s =
Θ s

𝑉 𝑠
=

𝐾

𝑠 𝑅 + 𝐿𝑠 𝐽𝑠 + 𝐵 + 𝐾2



(iv) Input is the Unit Impulse function. The output  ℎ 𝑡 = ?

Solution:

(v) Sketch the Unit Impulse Response of the system: 5 minutes

ℎ 𝑡 =
1

10
−
1

8
𝑒−2𝑡 +

1

40
𝑒−10𝑡

Θ(𝑠)

𝑈(𝑠)
=

2

𝑠(𝑠2 + 12𝑠 + 20)
=

2

𝑠(𝑠 + 2)(𝑠 + 10)

=
1

10𝑠
−

1

8(𝑠+2)
+

1

40(𝑠+10)

t

h(t)



(v) Sketch the Unit Impulse Response of the system:

t

h(t)

1/10

Solution:

(vi) Is the system BIBO stable? Why? 5 minutes

ℎ 𝑡 =
1

10
−
1

8
𝑒−2𝑡 +

1

40
𝑒−10𝑡

ℎ 0 =
1

10
−

1

8
+

1

40
= 0



(v) Sketch the Unit Impulse Response of the system:

t

h(t)

1/10

Solution:

(vi) Is the system BIBO stable? Why?

ℎ 𝑡 =
1

10
−
1

8
𝑒−2𝑡 +

1

40
𝑒−10𝑡

Solution:

No, it is only marginally stable: its transfer 
function has a pole on the imaginary axis

ℎ 0 =
1

10
−

1

8
+

1

40
= 0

2

𝑠(𝑠 + 2)(𝑠 + 10)



END


