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1. Consider a line at x = —L/3 to 2L/3. It contains electric charges of density o = p, (x/L)? for
some constant p; ; in C/m. Find the total charge.

Solution:

The total charge is
2L/3

Q= pLax
-L/3

2L/3
= ] pLo (x/L)?dx
—-L/3

2L/3
= f Py (P /17)dx
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2. A sphere centered at origin has radius b. It contains electric charge of density p, (7, 8, ¢) in C/m>.
(a) Find the total charge when the density p, = p, for some constant p.
(b) Find the total charge when the density p, = p, exp (—73/b?) for some constant py.

Solution:

(a) The total charge is

o= [ acepw

sphere r<b
= f p,av
sphere r<b

4p07'[b3
-3

(b) The total charge is

0= f pu(r,6,8) dV

sphere r<b

= f P, €xXp (—r3/b3) dv

sphere r<b

=p, f e /b r25ing dfdedr

sphere r<b

2 T b -
=p0j d(p-f sianQ-f e T2 dr
0 0 0
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3. The magnetic field from a current along the z-axis is proportional to

yxX—Xxy
2m(x2+y?)

H(x,y,z) =

(a) Express H in terms of the cylindrical coordinate system. Then, briefly sketch the field.
(b) Evaluate curl H.
(c) Evaluate div H.

Solution:
(a) The transformation from the rectangular to the cylindrical coordinate system is given by

X = pcos¢

y = psing
X = cos¢p — singpp
y = singp + cospP

Thus, the field is

X —xy
H(x,y,z) = Y Y

2m(x? + y?)

__ psing(cos¢p — sing) — pcosp(singp + cospep)

2mp?
_—®
2np
Therefore, we have
—¢
H(p,p) = —
(P, @) 2mp
The field is plotted in the figure below.
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(b) curl His

(c) divHis

p pd Z
1 d 0 0
P —p
— 0
2mp
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4. Consider a voltage V(x,y) = V, exp(—k?y?), where ¥, is a constant in volts and & is a positive
constant in m™',
(a) Is V(x,y) a scalar field or a vector field?
(b) Plot V' versus x at y = 0. Label the axes accurately.
(c) Plot V'versus y at x = 0. Label the axes accurately.
(d) Plot the contour lines on the xy-plane for V'= 0.2V, 0.4V5, 0.6V, 0.8V5, and V5.
(¢) Find E = —grad(V).

Solution:
(a) V(x,y) is a scalar field.

(b) Wheny =0, we have V(x,0) =V (x,y) = V,.

7
£
0 g
(c) When x =0, we have V(0,y) = V, exp(—k?y?).
Vi
y

(d) When V(x,y) = 0.2V,, we have
Vo exp(—k?y?) = 0.2V,
e K =02

1.6
2 _
Y e

So the contour lines on the xy-plane are two lines for V'=0.2V%.
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Similarly, we have another contour lines and a point on the xy-plane

, 092
y = k2

0.51
yo = wZ

The contour lines on the xy-plane are plotted in the figure below.
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5. From the Coulomb’s law, derive the electric field measured at (x, y, z) = (0, 0, &) from a charged
circle centered at the origin. The circle is oriented along the xy-plane with radius a. The line charge

density is given by
pL(®) = prosin®2¢

where ¢ is measured from the x-axis and p; (C/m) is a constant.
Solution:
z

IN(O, 0, 1)

x
Considering a differential angle d¢, a differential arc length on the charged circle is expressed as
dl=a-d¢
Therefore, at position M (acos¢, asing, 0) on the circle, the differential arc dl carries a charge of
dQ = pr($) - dl = pyosin®2¢ - dl = pyesin®2¢ - (a - d¢) = apyosin®2¢de

By Coulomb’s law, the differential electric field at N (0, 0, /) is

dQ Ruyn dQRyy _ apiosin®2¢de - (—acos¢pX — asingy + hz)

dE — — —
dmeg|Ryn|? IRynl  4meg|Rynl? 41y (y/ (a? + h2))3

where R,y is the vector pointing to N from M.

(i) The x-component of the total electric field at position N is

on 2T apy 0Sin?2¢ * (—acos —a? 2n
E, = J dE, = J Prosin“2¢ - ( P) 4 = o f sin?2¢cospdg
$=0 p=0 4mey(y/(a? + h?))3 Amey(a? + h2)2 #=0

where
1 1
sin®2¢cos¢p = Ecosd) ~1 (cos5¢ + cos3¢)

Then we have

21 21 1 1
J sin?2¢cospdp = —cos¢ — —(cos5¢ + cos3¢p)dp =0
$=0 $=02 4
Thus, we have
E,=0
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(i1) Similarly, the y-component of the total electric field at position N is

2m 2T qpy 0Sin%2¢ - (—asin —a? 2m
E,=| dE, = f PLosin’2¢ - (Zasing) .\ _ Ao f sin?2¢sinpde
$=0 p=0 4mey(y/(a? + h?))3 Amey(a? + h2)z 7 $=0
where

1 1
sin®2¢sing = Esind) ~7 (sin5¢ — sin3¢)

Then we have

21 21 1 1

f sin?2¢singd¢ = =sing — —(sin5¢ — sin3¢)d¢ = 0
$=0 $=02 4

Thus,

=0

(iii) The z-component of the total electric field at position N is

2n 2T apLosin®2¢ - h ah 2n
E,=| dE, = f Prosinzé-h 0 o f sin?2¢pd¢
$=0 p=04mey(/(a? + h?))3 Amey(a? + h2)z 7 $=0

Therefore, we have

ahpyo

E,=—7"—
4¢0(a? + h?)2
So the electric field at (x, y, z) = (0, 0, /) is

ah
E= EX?+EY§/+E22=¢2

3
4g5(a® + h?)2
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