
 HWS2-1

City University of Hong Kong 
Electrical Engineering 
Semester A 2021-2022 

 
EE2104 Introduction to Electromagnetics 
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1. Consider a line at x = L/3 to 2L/3. It contains electric charges of density  

୐
= 

୐଴
 (𝑥/𝐿)ଶ for 

some constant 
୐଴

 in C/m. Find the total charge. 
 

Solution: 
 
  The total charge is  

𝑄 = න 
୐

𝑑𝑥
ଶ௅/ଷ

ି௅/ଷ

 

 

= න 
L0

 (𝑥/𝐿)2𝑑𝑥
2𝐿/3

−𝐿/3

 

 

= න 
L0

 (𝑥2/𝐿2)𝑑𝑥
2𝐿/3

−𝐿/3

 

 

=


L0

𝐿2 න  𝑥2𝑑𝑥
2𝐿/3

−𝐿/3

 

 

=


L0

𝐿2 ∙ ቆ
𝑥ଷ

3
ቇ ฬ

2𝐿/3
𝑥 = −𝐿/3

 

 

=


L0

𝐿2 ∙
𝐿ଷ

9
 

 

=


L0
𝐿

9
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2. A sphere centered at origin has radius b. It contains electric charge of density 𝜌୴(𝑟, 𝜃, 𝜙) in C/m3.  
(a) Find the total charge when the density 𝜌୴ = 𝜌଴ for some constant 𝜌଴. 
(b) Find the total charge when the density 𝜌୴ = 𝜌଴ exp (−𝑟ଷ/𝑏ଷ) for some constant 𝜌଴. 

 
Solution: 
 
(a) The total charge is  

𝑄 = න 𝜌୴(𝑟, 𝜃, 𝜙)

ୱ୮୦ୣ୰ୣ ௥ழ௕

𝑑𝑉 

 

= න 𝜌
0

sphere 𝑟<𝑏

𝑑𝑉 

 

=
4𝜌

0
𝜋𝑏3

3
 

 
(b) The total charge is 

 

𝑄 = න 𝜌୴(𝑟, 𝜃, 𝜙)

ୱ୮୦ୣ୰ୣ ௥ழ௕

𝑑𝑉 

 

= න 𝜌
0

 exp (−𝑟3/𝑏3) 

sphere 𝑟<𝑏

𝑑𝑉 

 

= 𝜌
0

න 𝑒−𝑟3/𝑏3

𝑟2sin𝜃

sphere 𝑟<𝑏

𝑑𝜃𝑑𝜑𝑑𝑟 

 

= 𝜌
0

න 𝑑𝜑
2𝜋

0

∙ න sin𝜃
𝜋

0

𝑑𝜃 ∙ න 𝑒−𝑟3/𝑏3

𝑟2
𝑏

0

𝑑𝑟 

 
 

= 4𝜋𝜌
0

𝑏3

3
න 𝑒

−
𝑟3

𝑏3

𝑏

0

𝑑 ቆ
𝑟3

𝑏3ቇ  

 

= −
4𝜋𝜌

0
𝑏3

3
ቆ𝑒

−
𝑟3

𝑏3ቇ ቚ
𝑏

𝑥 = 0
  

 

=
4𝜋𝜌

0
𝑏3

3
(1 − 𝑒−1)  
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3. The magnetic field from a current along the z-axis is proportional to 
 

𝑯(𝑥, 𝑦, 𝑧) =
௬𝒙ෝି௫𝒚ෝ

ଶగ(௫మା௬మ)
 

 
(a) Express H in terms of the cylindrical coordinate system. Then, briefly sketch the field. 
(b) Evaluate curl H. 
(c) Evaluate div H. 
 
Solution: 
 
(a) The transformation from the rectangular to the cylindrical coordinate system is given by 

 

⎩
⎨

⎧
𝑥 = 𝜌cos𝜙
𝑦 = 𝜌sin𝜙

𝒙ෝ = cos𝜙𝝆ෝ − sin𝜙𝝓෡

𝒚ෝ = sin𝜙𝝆ෝ + cos𝜙𝝓෡

 

 
  Thus,  the field is  

                                   𝑯(𝑥, 𝑦, 𝑧) =
𝑦𝒙ෝ − 𝑥𝒚ෝ

2𝜋(𝑥ଶ + 𝑦ଶ)
 

 

=
𝜌sin𝜙(cos𝜙𝝆ෝ − sin𝜙𝝓෡) − 𝜌cos𝜙(sin𝜙𝝆ෝ + cos𝜙𝝓෡)

2𝜋𝜌2
 

 

=
−𝝓෡

2𝜋𝜌
 

 
Therefore, we have 

                                      𝑯(𝜌, 𝜙) =
−𝝓෡

2𝜋𝜌
 

 
The field is plotted in the figure below. 
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(b)  curl H is 

∇ × 𝑯 =
1

𝜌 ተ

ተ

𝝆ෝ 𝜌𝝓෡ 𝒛ො
𝜕

𝜕𝜌

𝜕

𝜕𝜙

𝜕

𝜕𝑧

0
−𝜌

2𝜋𝜌
0

ተ

ተ
= 0 

(c) div H is  
 

∇ ∙ 𝑯 =
1

𝜌
൤

𝜕

𝜕𝜙
൬−

1

2𝜋𝜌
൰൨ = 0 
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4. Consider a voltage 𝑉(𝑥, 𝑦) = 𝑉଴ exp(−𝑘ଶ𝑦ଶ), where V0 is a constant in volts and k is a positive 
constant in m1. 
(a) Is 𝑉(𝑥, 𝑦) a scalar field or a vector field? 
(b) Plot V versus x at y = 0. Label the axes accurately. 
(c) Plot V versus y at x = 0. Label the axes accurately. 
(d) Plot the contour lines on the xy-plane for V = 0.2V0, 0.4V0, 0.6V0, 0.8V0, and V0. 
(e) Find 𝑬 = −𝑔𝑟𝑎𝑑(𝑉). 

 
Solution: 
 
(a) 𝑉(𝑥, 𝑦) is a scalar field. 

 
(b) When y = 0, we have 𝑉(𝑥, 0) = 𝑉(𝑥, 𝑦) = 𝑉଴. 

 

 
 

(c) When x = 0, we have 𝑉(0, 𝑦) = 𝑉଴ exp(−𝑘ଶ𝑦ଶ). 
 

 
 

(d) When 𝑉(𝑥, 𝑦) = 0.2𝑉଴, we have 
 

𝑉଴ exp(−𝑘ଶ𝑦ଶ) = 0.2𝑉଴ 
 

𝑒ି௞మ௬మ
= 0.2 

 

𝑦ଶ =
1.6

𝑘ଶ
 

 
So the contour lines on the xy-plane are two lines for V = 0.2V0. 
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Similarly, we have another contour lines and a point on the xy-plane  
 

𝑦ଶ =
0.92

𝑘ଶ  

 

𝑦ଶ =
0.51

𝑘ଶ
 

 

𝑦ଶ =
0.22

𝑘ଶ
 

 
𝑦ଶ = 0 

 
The contour lines on the xy-plane are plotted in the figure below. 
 

 
 

(e) 𝑬 = −𝑔𝑟𝑎𝑑(𝑉) 
 

    = − ൬
𝜕𝑉

𝜕𝑥
𝒙ෝ +

𝜕𝑉

𝜕𝑦
𝒚ෝ +

𝜕𝑉

𝜕𝑧
𝒛ො൰ 

 
    = 2𝑉଴𝑘ଶ𝑦𝑒ି௞మ௬మ

𝒚ෝ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


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5. From the Coulomb’s law, derive the electric field measured at (x, y, z) = (0, 0, h) from a charged 
circle centered at the origin. The circle is oriented along the xy-plane with radius a. The line charge 
density is given by 

𝜌୐(𝜙) = 𝜌୐଴sinଶ2𝜙 
 

where  is measured from the x-axis and 𝜌௅଴ (C/m) is a constant. 
 
Solution: 

 
 
Considering a  differential angle 𝑑𝜙, a differential arc length on the charged circle is expressed as 
 

𝑑𝑙 = 𝑎 ∙ 𝑑𝜙 
 
Therefore, at position M (𝑎𝑐𝑜𝑠𝜙, 𝑎𝑠𝑖𝑛𝜙, 0) on the circle, the differential arc 𝑑𝑙 carries a charge of 
 

𝑑𝑄 = 𝜌୐(𝜙) ∙ 𝑑𝑙 = 𝜌୐଴sinଶ2𝜙 ∙ 𝑑𝑙 = 𝜌୐଴sinଶ2𝜙 ∙ (𝑎 ∙ 𝑑𝜙) = 𝑎𝜌୐଴sinଶ2𝜙𝑑𝜙 
 
By Coulomb’s law, the differential electric field at N (0, 0, h) is 
 

𝑑𝑬 =
𝑑𝑄

4𝜋𝜀଴|𝑹ெே|ଶ

𝑹ெே

|𝑹ெே|
=

𝑑𝑄𝑹ெே

4𝜋𝜀଴|𝑹ெே|ଷ
=

𝑎𝜌୐଴sinଶ2𝜙𝑑𝜙 ∙ (−𝑎cos𝜙𝒙ෝ − 𝑎sin𝜙𝒚ෝ + ℎ𝒛ො)

4𝜋𝜀଴(ඥ(𝑎ଶ + ℎଶ))ଷ
 

 
where 𝑹ெே is the vector pointing to N from M. 

 
(i) The x-component of the total electric field at position N is  
 

𝐸୶ = න 𝑑𝐸୶ =
ଶగ

థୀ଴

න
𝑎𝜌୐଴sinଶ2𝜙 ∙ (−𝑎cos𝜙)

4𝜋𝜀଴(ඥ(𝑎ଶ + ℎଶ))ଷ
𝑑𝜙 =

ଶగ

థୀ଴

−𝑎ଶ𝜌୐଴

4𝜋𝜀଴(𝑎ଶ + ℎଶ)
ଷ
ଶ

න sinଶ2𝜙cos𝜙𝑑𝜙
ଶగ

థୀ଴

 

 
where 

sinଶ2𝜙cos𝜙 =
1

2
cos𝜙 −

1

4
(cos5𝜙 + cos3𝜙) 

Then we have 

න sinଶ2𝜙cos𝜙𝑑𝜙 = න
1

2
cos𝜙 −

1

4
(cos5𝜙 + cos3𝜙)𝑑𝜙 = 0

ଶగ

థୀ଴

ଶగ

థୀ଴

 

Thus, we have 
𝐸୶ = 0 
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(ii) Similarly, the y-component of the total electric field at position N is  
 

𝐸୷ = න 𝑑𝐸୷ =
ଶగ

థୀ଴

න
𝑎𝜌୐଴sinଶ2𝜙 ∙ (−𝑎sin𝜙)

4𝜋𝜀଴(ඥ(𝑎ଶ + ℎଶ))ଷ
𝑑𝜙 =

ଶగ

థୀ଴

−𝑎ଶ𝜌୐଴

4𝜋𝜀଴(𝑎ଶ + ℎଶ)
ଷ
ଶ

න sinଶ2𝜙sin𝜙𝑑𝜙
ଶగ

థୀ଴

 

where 

sinଶ2𝜙sin𝜙 =
1

2
sin𝜙 −

1

4
(sin5𝜙 − sin3𝜙) 

Then we have 
 

න sinଶ2𝜙sin𝜙𝑑𝜙 = න
1

2
sin𝜙 −

1

4
(sin5𝜙 − sin3𝜙)𝑑𝜙 = 0

ଶగ

థୀ଴

ଶగ

థୀ଴

 

Thus,  
𝐸୷ = 0 

 
(iii) The z-component of the total electric field at position N is  
 

𝐸୸ = න 𝑑𝐸୸ =
ଶగ

థୀ଴

න
𝑎𝜌୐଴sinଶ2𝜙 ∙ ℎ

4𝜋𝜀଴(ඥ(𝑎ଶ + ℎଶ))ଷ
𝑑𝜙 =

ଶగ

థୀ଴

𝑎ℎ𝜌୐଴

4𝜋𝜀଴(𝑎ଶ + ℎଶ)
ଷ
ଶ

න sinଶ2𝜙𝑑𝜙
ଶగ

థୀ଴

 

 
Therefore, we have  
 

𝐸୸ =
𝑎ℎ𝜌୐଴

4𝜀଴(𝑎ଶ + ℎଶ)
ଷ
ଶ

 

 
So the electric field at (x, y, z) = (0, 0, h) is 
 

𝑬 = 𝐸୶𝒙ෝ + 𝐸୷𝒚ෝ + 𝐸୸𝒛ො =
𝑎ℎ𝜌୐଴

4𝜀଴(𝑎ଶ + ℎଶ)
ଷ
ଶ

𝒛ො 
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