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1. A perfectly conducting filament containing a small 500-Q resistor is formed into a square,
as illustrated below.

10
® ®

.3 m B § 500 Q
® ®

Find I(t) if B = Bysin(2nfyt + ¢pg)a,, where By = 1 mT, f, = 70 Hz,and ¢, = %.

The voltage generated from the varying B-field onto the square filament is

_oan dB ____ d[Bgsin(2ufyt + ¢o)]
V(t)——E——S E__S (@,-a,) it
Thus, we have
d [sin (1407Tt + %)] T
V(t) = —0.25B, = —35mcos (1407Tt + —) (mV)
dt 4
Therefore,
I(t) = Y® _ _4.07mcos (1407‘[t + E) (mA)
R ' 4
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2. The rails in the figure below each have a resistance of 5 Q /m. The bar with no resistance
moves to the right at a constant speed of 9 m/s in a uniform magnetic field of 80 mT. Find
1(f),0 <t <1s,if the bar is at x =2 m at = 0 and a 3-Q) resistor is present across the left
end.

16 m
Solution:
For 0 <t <1 s, the voltage across the bar is

vo=-_ .S _ pa-ay 022 2By = 0144 (v
()_ dt - dt - (aZ aZ) - dt - . v - . ( )

The resistance of the whole resistor is
R(t) =34+2x5x%x (24 vt) =23+ 10vt =23 +90t ()

Therefore, we have

V()  —0.144
R(t)  23+90t

I(t) = A)
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3. Consider a long coaxial cable of inner and outer radii a and b, respectively. The gap is filled
with material of relative permittivity & and relative permeability z4. The length of the cable
is /. Using the formula for the fields associated with infinite line charge and current.

(a) Find the capacitance C.

(b) Find the inductance L.

In the next course on electromagnetics, the concept of characteristic impedance Z = (L/C)"?
will be introduced. For & =4, 1= 1, b =2mm, and a = 0.2 mm, evaluate Z and state its unit.

Let the cable be placed on the z-axis.

0a b
(a) For the capacitance, assume that the wire conductor is charged with +pr (c/m).

Thus, we have
L .

—a
2megep P
The voltage V in reference to the outer conductor is

a a b
V=—fE-dL=—f b o= D
b

p 2TENELP 2mege, O Q

Therefore, the capacitance C is
pL -l 2mepe,l

Y nd
(b) For the inductance, assume that the current / flows along the wire conductor.

C =

—b

—-a
0 [ —>

a

p| tommmm e Tl

A
Y

Y
P
Then we have
_ Kokl i

2mp ¢

Thus, the flux through the surface S is

I P uopy! I. b
b = J Holr ds = lj Holr dp — l:uoﬂr In (_)
2mp a 2Tp 2 a

The inductance L is

P
=2 #ollrl (_)

f Hollr _ —690
2n ’soer
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4. Sun light reaches the earth surface at intensity of 1 kW/m?2. Although the radiation consists
of'a wide spectrum, the following calculation assumes a wavelength of A= 1 um in the infra-
red range. We also assume, for simplicity, that the field is polarized along one direction so
that the electromagnetic wave is described by:

E = E,cos(kz — wt) a,
H = Hycos(kz — wt) @,

where the amplitudes Eo and Hop, the wavenumber k, and the angular frequency o are
constants. The propagation direction is denoted as the z-direction.

(a) Express k and @ in terms of A.

(b) Using the Maxwell’s equations, express Hy in terms of Ej.

(c) By calcuating the energy density carried by the sun light, find the value of Ej.

Solution:

(a) By definition, the phase of the field increases by 2z when z increases by A.
Then we have
k(z+A)=kz+2n
Thus,
k =2m/2

From the wave equation, we have
2

d
V2 cos(kz — wt) = pyg, Ecos(kz — wt)

Therefore,
k = /pupeow = w/c
So
k =ck =2nc/A
__ 1 _ 8 . .
where ¢ = Jie 3 x 10° m/s is the speed of light.

(b) From the Maxwell’s qauations,
0
V X [Ey cos(kz — wt) Ay ] = —1g T [Ho cos(kz — wt) @y
Thus,

0
E, FP [cos(kz — wt)]a, == —poHyw sin(kz — wt) @,

Therefore, we have
kE,
Ho -
How

(c) The energy density is

I
W= o= (1kW/m?)/(3 x 108 m/s) = 3.33 x 107° J/m3

Also,
1 Hy®> 1 E® gE,y?
W==-uy—+=-5—= =3.33%x107° 3
5> Ho— +2£o > > J/m
So
E, =867 V/m
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5. Consider the following DC generator where a rotating disc is put under a magnetic field.
The field is uniformly pointing perpendicular to the disc as

B = Boaz

where By is a constant. The disc is rotating in the counter-clockwise sense at frequency f.
Using the Faraday’s law of electromagnetic induction, find the e.m.f. maintained between
radii a and b.

g
v

Solution:

Consider a charge ¢ at position p.
We have
Velocity = pwa,,

Current element = qpwa,
Force F = gpw@, X By@, = qpwBya,

The energy acquired when the charge moves from radius p =a top = b is

b? —a?

b
W= f qpwB, dp = qwB,
p=a 2

Therefore, the e.m.f. maintained between radius p =a top = b is

W b?—a? s
V=;= > wBy = (b* —a*)nfB,
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