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1 Differentiation of a Vector Function

Let 7(t) = x(t) T+ y(t) J + z(t) k be a vector function of a scalar variable t on an interval

I. Then 7(t) tracesacurvein R3 with an orientation.

-

The derivative of 7(t) with respect to t, denoted by % or 1'(t), is defined as:

dr ' 7(t + 6t) — 7(t)]
dt 6tlrr—>n0 ot _
- x(t+6t) —x(0)] y(t + 6t) —y(t)] | o z(t+6t) —z(®)] -
= | lim [+ | lim J+ | lim k
5t—0 ot 6t—0 ot 6t—0 ot
dt —dt —dt
_dx 9+dy 9+dZ -
dt ‘Tar! T ar

J+—k or writtenas  |7'(6) = x'() T+ y'(£) ]+ z'(t) k|
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Therefore, the vector function 7(t) is differentiable at t = a if x(t), y(t) and z(t) are

differentiable at t = a. We say that 7(t) is differentiable if it is differentiable at every point of

its domain.
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Position vector, velocity vector and acceleration vector

If 7(t) =x(@) T+ y() ]+ z(t) k is the position vector of a moving point on a smooth curve
at time t, then

r(t+90t)
rt+ot)—-r(t)=or
0 r(t)
> r'(t) = % = (Slim()% represents the velocity v(t) of the moving point and is seen to

be a vector tangential to the path of the moving point at 7(t), and

> r''(t) = d’r _ i(d—F) _ 4 represents the acceleration d(t) of the moving point
a2 at\ac) " ac P & PoInt.
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Example 1

A particle moves in such a way that its position vector at time t is
7(t) = e+ 2 cos 3t ] + 3sin 3t k.
Determine its velocity ¥ and acceleration a at time t = 0. Find the magnitudes and unit
directions of ¥ and a at t = 0.
Solution:

The velocity of the particle is

- df) - . -> i
v(t) = i —e 'T—6sin3t] + 9cos3tk.

Attime t = 0, B(0) = — I + 9k.
The magnitude of ¥(0) is

5(0)] = v/(—=1)% + 92 = V82
and the unit direction of 7(0) is
B0) 1

EOIRR AR,
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The acceleration of the particle is

a2 4
A =05"%

= e'7— 18 cos 3t — 27 sin 3t k.
Attime t =0, a(0) = 71— 18J.

(—e tT—65sin3t]+9cos3t E)

The magnitude of a(0) is

1d(0)] = /12 + (—18)2 = V/325
and the unit direction of a(0) is
i) 1
d(0)| 325

(7—18).

Chapter 4
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Length of curve and Arc length function

Let C be a space curve with a parametric representation as

C: 7)) =xO)T+yD)j+z)k (a<t<bh),

where the number t is called a parameter.

C is a smooth space curve if x(t), y(t), z(t) (where a <t < b) are continuous and x'(t),
y'(t), z'(t) (where a <t < b) exist and are continuous. Here, x'(a), y'(a), z'(a) denote

the right-hand derivatives, and x'(b), y'(b), z'(b) denote the left-hand derivatives.

dr(t)
dt

In addition, +0 fora<t<h.

dr(t

dt) (or 7'(t)) a tangent vector of C at point P because it has the direction of the

We call

tangent.
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b
= |
a

This is a positive constant. If we replace the dummy variable t in the above definite integral by

The length [ of the curve C is

d7(t)
dt

dt.

u and then replace the upper limit b by the variable t, we obtain the arc length function:

o0 = [ [ 0 (2 4 (22 s a2

a a

Note that s(t) is a function of t.
It represents the distance travelled by the moving point at time t.

Geometrically, it also represents the length of the part of C representedon a < u <'t.

Clearly, s(a) =0, s(b) = L.
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Rules of differentiation for vector functions

Let a(t) and E(t) be differentiable vector-valued functions of t, ¢ be a constant, and f(t)

be a differentiable scalar function. Then

dled®] __dld(o)]

0 dt dt

i) d[a(t)th_r b(t)] _ d[c:li(tt)] . d[l; (tt)]

(i) d[f(t;tc?(t)] [f( )] G0 + F (O [*(t)]

(v d[aazi;l?(t)] [c;(t)] B+ 406 [Ea)]
v) d[a(t)d: bO] _ [C;it)]xl;(t)+&(t)x [Zf)]
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Remarks:

- -> -> 7 . .
(@) If a =aq1+ ayJ + azk where a4, a,, as are functions of several variables t;, t,, ...,

t,,, then the partial derivatives
oa daq N da, N z
= L ) S
at,  at, - at,’ " ot

may be defined in the obvious way.

(b)  Also, vector integration may be defined as follows.
Let 7(t) = x(t) T+ y(©) ]+ z(¢) k. Then
Jf(t) dt =R(t)+C,

d|R(t R 2.
where % = 7(t), and C is any constant vector.

Here,

f?(t)dt = Ux(t)dt] I+ Uy(t)dt] 7+ Uz(t)dt] k+C.

Page 11



Semester A, 2023 -24 MA2001 Multi-variable Calcudus and Linear Algebrav Chapter 4
Example 2

If a particle moves with velocity v(t) = 2sint7+ (cost — 1) j+ 6t kK and 7=0 at t =0,

determine its position vector 7(t) attime t.

Solution
r(t) = rdth
:Jrﬁ(t)dt
:Jr[Zsint?+(cost—1)f+ 6t k| dt

= UZsintdt]?+ U(cost—l)dt]j+ U 6tdt]§

= (=2cost)l + (sint — t)j + 3t%k + C

Att=0 0=-21+C = C =21
s TP(t)=(2—2cost)i+ (sint —t)] + 3t2k. ]
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Example 3

Let 7 in polar form be the position vector of a moving particle in R?. Find the velocity and the
acceleration of 7 in polar form.
Solution

Representing 7 in polar form, we write

F=rcos€?+rsin9f=r(a.)se) = rR,
sin 6

where R =

= (o

) is a unit vector in the direction of 7, and r = |7| is the magnitude of 7.

The velocity ¥ of the moving particle in polar form is

di d(rR) dr-. dR dr. dRdf

Pew T Tar cal T w T w T agar
~ dR — si
et =4 (~sin®)
Note that R-P = —cos@sin 8 + sin 6 cos § = 0, so R is perpendicular to P = Z—?.
Then v = —R +r —tP i.e. ¥ isalinear combination of two perpendicular unit vectors ﬁ, P.
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Semester A, 2023 -24
The acceleration a of the moving particle in polar form is

L, dv d(dr§+ deﬁ)_ d(drﬁ)_l_d( deﬁ)
CTar Tar\ae” T Tdr ) T de\dr dt\' at
_d(dr)ﬁ_l_dr dR Ldrdo s d(d@)ﬁ_l_ do dP
“de\de)" Tdr dg Tdcder T de\de)” T dr dt
_dR do _dP do
—do dt —de dt
_dzrﬁ_l_drd}_?)de_l_drdeﬁ_l_ a0 5 do dP do
T de2 T dedede  dtde | de2 | dtdf de
-7
_ &y drdos  d?05 (d@)z dpP
dez" T “drde T dez” T \de) 4
TR
~ [a?r (d9)2 5. (,4rdo  d?6)
~laez "\t dtdt ' dt?
dP _ d (—sin@\ _ (—cosO\ _ (cosB\_ 3
where 25 = d9( cos 6 ) - (—sine) B (sinH) =R
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2 Vector Fields

A vector field on R3 is a vector function ¥ that assigns to each point (x,y, z) a vector of R3

given by

ﬁ(x,y,z) = vl(x'yiz)i)-l_ Vz(x;y;Z)J_)‘Fvs(x:y;Z) l_();

where v,(x,y,z), v,(x,y,z) and v3(x,y,z) are scalar functions.

Examples of vector fields

(i) A magnetic field B ina region of space, | — T~
— - D ™
B=Bli)+B2]_>+ng — —+ |3 NI — —»
i -
A 7

(i)  The velocity field of water flowing in a pipe, v(x, v, z).

(iii) The earth’s gravitational field.

Page 15



Semester A, 2023 -24 MA2001 Multi-variable Calcudus and Linear Algebrav Chapter 4
3 Gradient of a Scalar Field

Recall from Chapter 2 that for any differentiable scalar field f(x,y, z), its gradient, denoted by

; of , of , Of -
@al‘FE]‘Fazk.

This is also an example of a vector field which gives the magnitude and direction of the greatest
rate of change @at a point.

The vector differential operator, denoted by V, is defined as

grad f,is a vector defined as

d :
(analogousto D = E)’ and is read as “del” (or “nabla”).
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In terms of the operator V, if we write %l + a—ff Z—J;E = (l — +] X %) f, then

grad f =,c/Vf.

Geometric interpretation of grad f

Let S be a surface of R3 defined by the equation f@@@) = ¢, where ¢ is a constant. If

P(xg,¥0,2o) isanypointon S, then the gradient vect Vm Z) /is normal to the surface
SatP
at r.

___'/_7
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We may also apply the operator V to a vector field

ﬁ(x,y,z) = 771(95;)’»2)?+V2(X,3’:Z)]_>+V3(X;Y;Z) E

through dot product (V- ¥ = divergence of v) or cross product (V X v = curl of v). These

topics will be discussed in Section 4 and 5, respectively.
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4 Divergence of a Vector Field

Let Uv(x,y,2z) =v(x,v,2) T+ vy(x,y,2) ]+ v3(x,v,2) k be a vector field such that V1, Uy

and v5 are all differentiable scalar functions.
T@ of v, denoted by div 7, is defined as

dv; 0v, O0v;
—+—|
dx dy 0z

divv =

In terms of the operator V, we may write

0 0 - 0 i
@- p = (?a+f—+k &) : [vl(x,y,z)?+ v, (%, y,2) ]+ vs(x,y,2) k]

avl(nyJ Z) avZ(xryr Z) av3(x;y) Z)
= + +
0x ady 0z

= div v

divd £V ¥

Note that Vv is a scalar function.

Also, V-V # v - V. (Here, V- ¥ is a scalar field, while ¥ -V is a scalar differential operator.)
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Example 4

let ¥ = x2z1—2y3z] + xyz2 k, find div .

Solution:

+f@+ k E) (x227—2y3z] + xyz? E)

_ 0(x*2) N 0(—2y32) N d(xyz?)
- Ox 0y 0z
= 2xz — 6y°%z + 2xyz

U
(aa o .0
= | —

Chapter 4
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Physical interpretation of div v

Roughly speaking, the divergence of a vector field v at point P is a measure of the rate at

—

which the field “diverges” or “spreads” away from P.

~—

-

The divergence of a vector field ¥ = v;1 + v,] + v3k can be considered as the net outward

flux (per unit volume) from a small closed surface area containing a point (x,y,z) in the flow

of an incompressible fluid (for example water) as volume shrinks to zero, where v = v, +

v,] + vsk is the velocity of the fluid.
- T~

As a measure of the net outward flux per unit volume at a point (x,y, z), positive divergence

indicates f fluid at the point (where the flux is directed outward) whilst negative
divergence indicates here the flux is directed inward).
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For your reference: (p.22-24)

The idea of divergence is probably most easily illustrated by considering the motion of an
incompressible fluid (for example water) where we take the vector field to be the velocity
B = v,T + v, + v3k of the fluid.

Consider a small imaginary rectangular box of dimensions 6x, dy and 8z centered at (x,y,z)

in the fluid.

z A
We consider the flow of fluid through this box. The . "
volume of fluid crossing a surface in unit time is an b Aé C .
example of flux. Taking the midpoint of a face as a g
A B
>V

representative point, the flux through the face ABCD
out of the box is v, (x + %,y, Z) 0yo6z (v, and vy

are parallel to ABCD and make no contribution).

Similarly, the flux through face A'B’C’'D’ into the box is v, (x — (Sz—x,y, Z) Sybz.
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The net flux out of the box in the x-direction is
Ox Ox
[vl (x + 7,)},2) — vy (x — —,y, )] 0yoz
3

x 2\ 2 o
— [(771 (x,y,7) + (5 )6v1(xyz) n (67) 0%v4 (x,y,2) n (67) 03v,(x,y,2) n )

0x 2! 0x?2 3! dx3

2

(D) ovsey.2) , (-2) o2vi0xym | (2) &8 o1 Geya)
|1 (x' Yy Z) T 1! 0x T 2! dx2 T 3! dx3 5)/52
2 16x\ 0v,(x,y,2) 393v,(x,y,2)
_1'(2) ox +3'(2) axd |00
0v,(x,y,z) (6x)?d3v,(x,y,2)
| ox * 3122 dx3 o |Ox0yoz

Similarly, by considering the two other pairs of faces, the total flux out of the box is
avl(x»% Z) avZ(x Y, Z) av?)(x; Y, Z)
0x dy 0z

(5x)2 63771(35»)’; Z) + (6}])2 63172(.96', Y, Z) + (5Z)2 a3v3(x; Y, Z) +
3122 d0x3 3122 dy3 3122 0z3

] 0x0ydz

- | 6xbydz
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If we consider the flux per unit volume, we have
avl(xr Y Z) avZ(xr Y Z) avS(x' Y Z)
F -+
d0x dy 0z

(53()2 agvl(x;% Z) + (6}/)2 aSUZ(xJ Y, Z) + (62)2 63v3(x1 Y, Z) T .
3122 gx3 3122 9y3 3122 973

Taking the limit as the volume of the box shrinks to zero, we obtain

a » Y a » Vo a »
Jiv D = lim vﬂxyﬂ+ w&yzx+vdxy@
5x—0 0x dy 0z
6y—0
6z—0
. (63(:)2 03771(35;37;2) (5}])2 OSUZ(nyIZ) (52)2 63773(95;3’;2)
+ lim + + + -
6x—0 | 3122 d0x3 3122 dy3 3122 0z3
6y—0
6z—0
o0v,(x,y,z) 0v,(x,y,z) 0Jdvz(x,y,2)
= + +
0x dy 0z
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Definition

A vector field ¥ is said to be solenoidal if

divv = 0|

That is, no net outflow or inflow of fluid.
— —

Example 5

The electric field E at a point due to a point charge Q at the origin is given by

where 7 = xT+ yJ + zk (# # 0) isthe position vector of the point, r = |7| is the length of 7,

and gy is a constant. Show that E is solenoidal (for7 + 6).
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Solution
=_ 0 P Q X+ yj + zk
4rrey 13 47T€0(x2+y2+22)%
Then
divE =V-E
Q _8 X d y d

_|_

_|_

Chapter 4

Z

- 4rey | 0x

3 3
(x2+y? +z2)2 oy (x*+y?+2z2%)2

Q| yPtzr—-2x? N x2 + z% — 2y? N x% +y? —2z°
_4‘7T80

5 > >
(X2 +y2+2z2)2 (x2+y2+2z2)2 (x%+y?+2z2)2]
@xcept at the origin)

Hence, E is solenoidal (for7 # 6).

(There is no electric charge at any point except the origin.)

3
(x2+y?+2z%)2/
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5 Curl of a Vector Field

Let v(x,y,2z) =v(x,v,2) T+ v,(x,y,2) ]+ v3(x,y,2) k be a vector field in R3 such that

vy, U, and vy are all differentiable. The curl of ¥, denoted by curl v, is defined as

-

T ]k

curl v = o 0 0
dx 0dy 0z

vV, Uy Vg

L(0v3 dv, L(0v3 0V - (0V, 0V
(-0 ) )
dy 0z dx 0z dx 0dy

In terms of the operator V, we have

curl v =V X 1|,

Note that V X v is a vector function.
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Example 6

If B =x227—2y322 ] + xyz2k, find curl B.

Solution

e d

curlv =V X v

||
~J
QO
<
QO
N
I
~y

a(xyzz) 0(— 2y3zz)

dy

= (xz? +4y32)T+ (x? — yz

0 0
dx 0z
x%z xyz*

0
0x

x%z

] la(xyz a(xzz)]_) [6(—231322)
z |7

)

= [xz? — (—4y32)]T — (yz? — x4)] + (0 — O)E

MA2001 Multi-variable Calcudus and Linear Algebrav

Chapter 4
d
dy
—2y3Z2
0 (x? Z)
dy
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Physical Interpretation of curlv
Roughly speaklnat a pom@measures the extent to which the vector fleld v m
u‘

around P.
C S~

For example, the curl of v = v;(x,y)T+ v,(x,y)j at point P(x,y) can be considered as the

—

@f the total circulation (net flow around a closed path) per unit area around a small

—_—

rectangle centered at P. Here,

{ 7 k
N 0 0 0 va(x,y)  0v1(x,¥)\ -
curlv = — — — — k.
d0x dy 0z dy
vi(x,y) va(x,y) O ———

(See next page for proof.)

If this quantity is@a small paddle wheel placed in the fluid at the point P

would rotate anticlockwise/clockwise/remain stationary.

%—Eéﬁp
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Fc{r your reference?/ﬁ).30-33))
N ____—

(x,¥)-

yA
G
yt3 )
3’%“ A;
- X

p=an

- ‘?
,(-52‘/

-2

Flow along AB = (length of AB) X (velocity component along AB) v1 X, y ——=
and flow along CD = 1!x,y+7 0x.
' \//

Y
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The sum of flows along AB + CD is

o) o)
[vl (x,y —731) — (x,y +7y) ox
Vo , —_— [/ ,
M + (_ 63') ovi(xy) | (%) 9%ur(%,y) +
'y 2 dy 2t 9y?
= 2

_(m_l_( )avla(;y)+(%)/521;;3ﬁwyf+_..

__ny) o @)y o
dy Y T 3122 dy3 Y

Ox

Similarly, the sum of flows along BC + DA is

Ox ox v, (x,y) (6x)° 03v,(x, y) |
[vz (x+7,y)—v2 (x—7,y)]5y— ox 0x0y + 3122 0x3 020

———— T — —

The total circulation (net flow around a closed path) around the rectangle is

lavz(x, y) v (x,y) (6x)° 3°%v,(x,y)  (8y)° 03v1(x y)]

M e

o0xo

— Sxdy
0x dy y+ 3122 0x3 3122 e
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f

—

If we consider circulation per unit area, we have

av2<xy> avl(xw (6%) 0%, (x,7) @363v1<xy>
% 3122 g3 3122 gy3

o N—T—
Taking the limit as the area of the rectangle shrinks to zero we have >
"
oma(ry) _amGey)| 55’ e y) @Gy 63v1<x, 9|,
x=0\  Ox dy 6x=0 (3122  gx3 3122 3
6y—0 6y—0 —
_ 0v,(x,y) B ov,(x,y) M &
0x dy S
%
Hence, 2

=~ ) \& /‘[7“/

If this quantity is positi\ﬂnegative/zero, a small paddle wheel placed in the fluid at the point /P
- N -— ——

would rotate anticlockwise/clockwise/remain stationary.
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By analogy with a rigid body rotating about an axis with angular veIocity@or which the angular

velocity vector is w7, wher s a unit vector along the axis of rotation, we may associate with
===
. . 0 VI T oy :
the rotational effect of the fluid by a vector ((,;;2 — (,;;1) k. This is the third component of curl

=

v. Similarly, by considering flow in 3-dimensions we may derive the full expression for curl v

-
which gives a measure of the rotational effect of the fluid flow at a point.
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The angular velocity vecto@has maghnitude
(angular speed@and is directed along L as

a right-handed screw would progress if given

the same sense of rotation as the object. Let L

go through the origin and let R=xi+ yJ + zk

be the position vector for any point (x,y,z) on

the rotating object. Magn'\molg, < a
let T x,V,Z) be the tangentiallvelocity vector. Then

where 6 is the angle between R and L.

Since T and Q x/R Are in the same direction, the
2 c




Suppos at + by + ck. Then

SW@V@% -24 W Multi-variable Calcwlus and Linear Algebra Chapter 4
()

:

_ '@—bx} d(cx a)] _ la(ay bx) d(bz— cy)] n la(cx az) d(bz—- cy)]k

-

= 2al + 2bj + 2ck

= [ay- ()i - [(—b{;—jm e~ ok
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The angular velocity of a uniformly rotating body is half of the curl of the tangential velocity.
- ’\

———

7N
Because of this interpretation, curl was once writtortion), particularly in British
—_— e

J(/ \ ————
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Definition

A vector field ¥ is said to be irrotational if

curl ¥ = 0. Q\/QIDNM
% deoes not <xhiort any ~stadk ool (o Bas v
aromd . pseX N Space.

Example 8

Consider a current-carrying conductor with circular cross-section of radius R. Then the magnetic

field H is
Y% inside conductor
2TR2 - \ ‘iﬁ
1 R .

where r = (x? + y?)z. //// -7

Find the curl of H (i) outside and (ii) inside the conductor.
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Solution
i Outside the conductor, d 2 2
) 3 N 2= (X 4y )
curl H =V x H 2N

B
) ¢
2 (x? + y2) ( 2m(x? + y?
R . X 0 —y @
=00+ 0 +k6x (Zn(xz + yz)z » % (27r(x2 + yz))]

_ 1 22\ (=1 —2y? v
~ |z ey Dl wwr e

=< (2) 2</I/f>ﬁ

2 (x? + y?) 27T(x2 + yzb'ﬁ

\——

— T
=0

Hence, the magnetic field ﬁéoutside the cond%tor, is irrotational.
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(ii)) _Inside the conductor,

curl H =9 xH_

oi+07+ [ (-E0) - 2 (L)

nR2/) 3y \2nR?
1 _1 -
=z~ ame)
2nR? \2mR?
1
= k (the current density in the conductor)
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Example 9

The electric field E at a point due to a point charge @ at the origin is given by
Q 7

Fo T
Aty T3’

| g———

where 7 = xtU + yj + zk (# # 0) isthe position vector of the point, r = |7| is the length of 7,

and g, is a constant. Show that E isirrotational.

Solution
2_ 0 PQ xityj+zk
o 3 3
4tegr 41teg (x? +y2 + 22)2
Then H
— T B m— k]
a a
curlE =VXE = X B 0z
0 y —Z—\
3 3 — 3
(x2 + y2\+ z2)2 (x?2+y?+22)2 ) (x? +y? + 2?2
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1
5
me
o
—
Q
\<Q)
.~
Z
=
N
SN
+
N
N
I
Q
Q|
~~
N\
X
N
<
I A
+
N
N
—/
N
~_
| I
~J]

2 9y (x2+y2+22)%
~ ameg {[ +y2+z2)2 ( %{ﬂﬁl

—l— g e |
(Mzm (xzﬁ 2)2

N el e 4
(x/+/yz+zz)2 (x/ +22)z

-

E isirrotational.
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Summary of gradient, divergence and curl

¢ The vector differential operato@ V=1 9 +7 9 +k 9
dx ady 0z

——————————,

¢ Gradient of @ scalar field) f: grad f = Vf (the outcome is Yector-valu
Divergence of a vect v 9 =V-F (the outcome is
Curl of a vector c/m =VXF (the outcome ied)

<
¢ A vector field v is said to be solenoidal if |div v = 0|.

/
e T S
A vector field ¥ is said to be irrotational if |curl v = 0.

d)

¢ Although divergence and gradient are defined in all dimensions, curl is defined only in three
dimensions.
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6 Vector Identities

Le@nd@e scalar fields@abe vector fields, all are twice continuously differentiable.

Some useful results involving the operator V are shown below:

()  V(f+g)=Vf+Vg

(ii) V(fg) = fVg + gVf

(iii) V-W+w)=V-v+V-w

() V- = (V)5 + (VD) 5 s A
V) UX@ W) =UXD VX cperpdtor Wiyt TSR
(vi) VX (fv) = (V) x v+ f(V X D) e &nc}\xwf\

Wi T EX@) =W (X H) B (7 X W) /g PO B

>x T o Y x
(viii) VX (@ xw)=Ww- V)v —@-VYw+ V-wyv—(V-v)w

& (ix) v x (Vz}i =0 l (i.e. curl(grad f) = 0)

% (x) Wﬁ) 0/ (i.e. div(curl v) = 0)

. afﬁ of -  Of 0%f  0%f . 0°*f
i) (V- ) v (5 +—y]+—k) oo
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Let f(x,y,z) be ascalar field. Define th of@y
f 2f 52]‘ 0°f
\ 6x2 ay 022
In V notation, — —
VAf =V (Vf).
The operator
can be applied to a vector field
and we get
v2g = 0%V N 0%V N 0%V
V= 9x2 T 9y T 922
0%v, . 0%v,_ 0%v3- 0%v, , 0%v,_, 0%v3- 0%v,, 0%v,_, 0%v3-
<6x2 ‘T axz ) T ax )+Lay2 ‘T2 T oy k)+<022 ‘922 T oz k>
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Example 10
. aZf 0%f  9%f
Prove (xi): V- (Vf) = 6y2 +--
—_—— w—
Proof

Let f be a scalar field.

V- (Vf)

56 56) = 6)
Zf aZf aZf

P
ax2 dy? +6ZZ — V v-F~
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Example 11
Prove (vi): VX (fv) = (Vf) x v + f(V X D).
Proof T
Let f be a scalar field and % = v,7 + v,] + v3k be a vector field.
A G
vx(p=|L 29
dx 9y 0z
fvi fvy fus
L[ a d L [ d [0 0
= i[5 (o) - E(sz)] -7 |z (o) - —(fvl)] +[5 (ron) =5 (Fon)
WL IULR - of 0vs | av2] [ 0v3 70—
ﬁ‘m&‘?« = dy s f dy 9z~ —J oz ! 0z
of avz vy
+k[axv2 +f ayvl ay
B %(af af ) N (0173 avz) (af 6f ) (av3 avl)
~ oy " 9z7%) Moy ~a2) T\ax 2. T\ T

N—
gaf af -~ (0v, 01
+k _vz__vl)‘l'fk(ax - ay)
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“oz' ax 2 gyt
dvy dv, vy 0vy - (00U, 0V
(52 10— 52) 5 (55
+f[l(ay az) ](ax 02)+ ox 0y
of of of of| _|9f 9f
=T|ay odz|—T|ox az|t k|ox oy
v v3 U1 V3 vy
g 0 g 0 g 0
+f|T|lay oz|—J|ox az|tk|ox oy
172 173 vl v3 v1 vz
I ] k I ]k
_lof or of 6)0 0 0| . _ v
_—7|0x dy 0z dx 0y 0z .
Vf@ / Ve, Uy, Vg V1 Uy V3 < V
,;? = (V) x v+ f(V X D)

VX ()= (V) xv+ f(VXD).

Chapter 4
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Cuc\(ged £) =5

Example 12

Prove (ix): V x (Vf) =

Proof
Let f be a twice continuously differentiable scalar field.
e

I ] k

d od 0
VX (Vf) =|ox ody oz

af Jdf Of

dx 0dy 0z

- ?[% (%) - % (%)] ~J [aax (g];) 0z (Zf)] [ax ( ) aay (gD]

(—\
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Now, let’s consider result (ix) again:
"K curl(grad ¢) =V X (Vo) = 0.
Therefore, gradient fields are irrotational. That is,

I?'=ch = curl F = 0.

The converse of this result is also true, that is, every irrotational vector field is the gradient of

some scalar field.

That is, we have the result:

§ Z If F is irrotational (i.e. curl F = 6),

then there exists a scalar fiel@uch that F = Vo.
N

Such scalar field ¢ is often called potential function.

This has important applications in electromagnetism and fluid dynamics.

-
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div=V-(V><13)=O.

That is, the curl of any vector field is solenoidal.

Similarly, result (x) says that

—)
—
-
V-F=0 = F =\xV
The converse of result (x), which says that every solenoidal vector field is the curl of some

vector field, arises in applications.

That is, we have the result:

If F is solenoidal (i.e. div F = 0),
t then there exists some vector field@such that F = curl v.
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Example 13 Qe th s
VAE)=0

Show that the vector field

F(x,v,2) = yi+ (x +zcosy) ] + (siny + 22) k

is irrotational. Then find a potential function @(x,y,z) such that Vg = F.

— —

Solution

curl F = &—
—
@. — F

. a(smy +2z) a(x + z cos y) la(siny +2z) d(y)
—J

l

ody d0x - 0z
. [@z/co@_ 2(y)
d0x ady

=1(cosy —cosy) —j(0—0) + k(1-1)
=0

-

. F isirrotational.
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Then there exists a scalar function ¢(x,y,z) such thati.e.

T g, dp. 99 >
£?+£j+a—(§k=l?+(X+ZCOSY)f+(SiHY+ZZ)k

(0p
a_y A (1) Vs

“
0
> |Gy SErEeOsy %% /,cﬂ |
a_(p'zsiny+22 ...... (3) I

\ 0z = — o
Integrating (1) w.r.t. x: W

o(x,y,z) = Xy + gy,z) - (*)

where g(y,z) isa functionof y and z.

Partially differentiate both sides of (*) w.r.t. y:

d d
_(p — x _I_ _g 1
dy dy

Comparing with (2):
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o9 _ 99

x+w=x+ﬁ: —Z=zcosy.
¢ 9.2) = [ 2 cag y dy
= ES’{\fl\iﬂﬁ- h(_a

Integrate w.r.t. y:

g(y,z) = zsiny + h(z)

where h(z) is a function of z.

~o@(x,y,z) =xy+zsiny

Partially differentiate w.r.t. z:

0 mmr——
PR ALIC)
Comparing with (3):

= h'(z) =2z

o(x,y,z) =xy+zsiny +z? +C, where@s a constant.

ere C is a constant.

Hence,
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Check:

o(x,y,z) =xy+zsiny+z*+C
Then

0 d L0
@—wﬂ (p7+ Ly
Ox - dy’ 0z

=(y+0+0+0)+ (x+zcosy+0+0)+ (0 +siny+ 2z + 0)k

(x +zcosy) ]+ (siny+Zz)I_€

Chapter 4
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Example 14 resuit () on p. 43 Y: ( VK(—:\M) =0 J-\E/O

let F = (y — 2)T+ (z — x)] + (x — y)k. Show that F is solenoidal. Then find a vector field

H=hy(x,y,2)T + hy(x,y,2)] + hs(x,y,2)k with hy =0 suc

» ) E— -
Solution

9]
dwF-—(y—z)+—y(z—x)+—(x— y)=0+0+0=0.

Hence, F is solenoidal. 4 C//
Then there exists a vector field @5@(x,y,Z)?+((}éx,y,z)f+@x,y,z)z such that
F=VxH. We try to find the vector H withThen

-

T 7k
R dh; Oh dh oh, -
UxA=det| L 9 9 =( > _ 2) —74+ 2k
0x ay 0z 6y 0z 0x d0x
0 h, h;
F=VxH =/ *+M+( )k (ahB ah)* Oh3y. ;Oh2
— Yy — Z)l Z— X X =Y — — l
- i > \dy oz dx ]\ ox

That is,
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X—y= (3)
\
\ ™ QG.L/\CVW\ @@ e

From (3): 5 woriahlen

£ A

mx-y = b= |-y dx=T—xy+AG,2), erestnd
wher z) is a function of y and z. =S Consonds
Set’ A(y,z))= 0. Then

N v
hy, = — = {—
—_— —  —

From (2):

/ Ohs h dx == /
—x—z = —j(x—z) x—7—£
wher|s a funct|on of y and z.
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From (1): L,/ / Q[é

_dhy oh, 9 [x? V+B( N =
Y29y "oz ayl|lz TPV T
— —— :

Integrating both sides w.r.t. y gives

B(y,@ = j(y—Z)dy=y7—yz C(z)

Set C(z) =0, then B(y,z) = y? — yz.

— _
Thus,
X2 X% y?
h3~=7—xz+B(y,z)=7+7—xz—yz. (—
Hence,

(Notice that H € not uni




