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Announcements

• Assignment 2 due today
• Laboratory Starts This Week

• Please keep to your registered laboratory session
• Please arrive at the laboratory on time: it will facilitate 

your groupings and timely completion of the lab
• Please stay with your lab partner(s) as much as possible 

throughout both labs

• Meta-Devices Workshop – tomorrow!
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Tentative Course Schedule
Week 
#

Week 
of

Course Coverage

1 Jan 9 Course Introduction, Math Review
2 Jan 16 Introduction to Maxwell Equations, Materials and Boundaries

Jan 23 Happy Chinese New Year!
3 Jan 30 Wave Equations, Plane Waves, Propagation in Lossy Media
4 Feb 6 Polarizations, Asst. 1a Due
5 Feb 13 EM Potential, Polarizations Cont’d, Potentials Asst. 1b Due
6 Feb 20 Test 1, Reflection and Transmission
7 Feb 27 Reflection and Transmission Cont’d
8 Mar 6 Power and Velocity
9 Mar 13 Waveguides and Transmission Lines (TL), VIP in a TL, 

Terminated and Lossy TLs, Asst. 2 Due, Lab 1 Begins
10 Mar 20 Impedance in a TL, Smith Charts
11 Mar 27 Smith Charts Cont’d, Impedance Matching, Quarter-wave 

Transformers, Lab 2 Begins
12 Apr 3 Test 2,   Introduction to Antennas
13 Apr 10 Dipole Antennas, Asst. 3 Due
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What is a Transmission Line?
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What is a Transmission Line?
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A transmission line (TL) is a structure that guides EM waves 
in a desired direction. Usually the length of the TL is 
appreciable compared to the wavelength, such that a change 
in phase can be observed in the voltage or current wave.
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Example: the Optical Fiber
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Waveguides & Transmission Lines

• Waveguide: general EM structure that guide waves
• Has many different “modes”: orthogonal E-field and H-

field distributions along the cross-section, that don’t 
change in the longitudinal direction

• Transmission Lines (TL): abstracted single mode 
waveguides

• When a waveguide has one mode, one can simplify its 
analysis defining currents, voltages and resistances on 
the line, thereby simplifying the EM problem to a circuit 
problem
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Transmission Lines vs. Waveguides

Transmission line theory

Waveguide
EM field theory

Maxwell's equations

Electronic Circuit
Circuit theory

Ohm’s law
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Example: Coaxial Cable

Electric Field E is radial
Magnetic Field H is azimuthal
Propagation is into the page
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Inductance
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For 𝑎𝑎 < 𝑟𝑟 < 𝑏𝑏,

�
𝐶𝐶
𝐇𝐇 ⋅ 𝑑𝑑𝐥𝐥 = 𝐼𝐼0 = 𝐻𝐻𝜙𝜙2𝜋𝜋𝜋𝜋 = 𝐼𝐼0 ⇒ 𝐇𝐇 =

𝐼𝐼0
2𝜋𝜋𝜋𝜋

�𝐚𝐚𝜙𝜙

𝐁𝐁 = 𝜇𝜇0𝐇𝐇 =
𝜇𝜇0𝐼𝐼0
2𝜋𝜋𝑟𝑟

�𝐚𝐚𝜙𝜙

Φ = �
𝑆𝑆
𝐁𝐁 ⋅ 𝑑𝑑𝐒𝐒 = �

0

𝑙𝑙

�
𝑎𝑎

𝑏𝑏
𝜇𝜇0𝐼𝐼0
2𝜋𝜋𝑟𝑟

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =
𝜇𝜇0𝐼𝐼0𝑙𝑙
2𝜋𝜋

ln
𝑏𝑏
𝑎𝑎

𝐿𝐿 =
Φ
𝐼𝐼0

=
𝜇𝜇0𝑙𝑙
2𝜋𝜋

ln
𝑏𝑏
𝑎𝑎

𝑆𝑆

𝐼𝐼0
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Capacitance
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For 𝑎𝑎 < 𝑟𝑟 < 𝑏𝑏,

�
𝑆𝑆
𝐃𝐃 ⋅ 𝑑𝑑𝐬𝐬 = 𝑄𝑄𝑒𝑒𝑒𝑒𝑒𝑒 ⇒ 𝐷𝐷𝜌𝜌2𝜋𝜋𝜋𝜋𝜋𝜋 = 𝜌𝜌𝐿𝐿𝑙𝑙

𝐷𝐷𝜌𝜌 =
𝜌𝜌𝐿𝐿
2𝜋𝜋𝜋𝜋

;𝐸𝐸𝜌𝜌 =
𝐷𝐷𝜌𝜌
𝜀𝜀

=
𝜌𝜌𝐿𝐿
2𝜋𝜋𝜋𝜋𝜋𝜋

V = −�
𝐵𝐵

𝐴𝐴

𝐄𝐄 ⋅ 𝑑𝑑𝐥𝐥 = −�
𝑏𝑏

𝑎𝑎

𝐸𝐸𝜌𝜌𝑑𝑑𝑑𝑑 =
𝜌𝜌𝐿𝐿
2𝜋𝜋𝜋𝜋

ln
𝑏𝑏
𝑎𝑎

𝐶𝐶 =
𝑄𝑄𝑒𝑒𝑒𝑒𝑒𝑒
𝑉𝑉

= 2𝜋𝜋𝜋𝜋𝜋𝜋 ln
𝑏𝑏
𝑎𝑎

−1

𝜌𝜌𝐿𝐿

𝑆𝑆

B

A
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Transmission Line Model
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Transmission-Line Equations

AC signals: use phasors!

Telegrapher’s 
equations

17



Recap: Transmission Line Model
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(Can we get uncoupled equations… one for 𝑉𝑉(𝑧𝑧) and one for 𝐼𝐼(𝑧𝑧)?)

Solving this electronic circuit gives:

−
𝑑𝑑𝑑𝑑 𝑧𝑧
𝑑𝑑𝑑𝑑

= 𝑅𝑅𝑅 + 𝑗𝑗𝑗𝑗𝑗𝑗𝑗 𝐼𝐼 𝑧𝑧 ;

−
𝑑𝑑𝐼𝐼 𝑧𝑧
𝑑𝑑𝑑𝑑

= 𝐺𝐺𝐺 + 𝑗𝑗𝑗𝑗𝐶𝐶𝐶 𝑉𝑉 𝑧𝑧 .

(Telegrapher’s Equations)
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Wave Equations for TL
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−
𝑑𝑑𝑑𝑑 𝑧𝑧
𝑑𝑑𝑑𝑑

= 𝑅𝑅′ + 𝑗𝑗𝑗𝑗𝑗𝑗′ 𝐼𝐼 𝑧𝑧 ; (1)

−
𝑑𝑑𝑑𝑑 𝑧𝑧
𝑑𝑑𝑑𝑑

= 𝐺𝐺′ + 𝑗𝑗𝑗𝑗𝑗𝑗′ 𝑉𝑉 𝑧𝑧 . (2)

Telegrapher’s Equations

𝑑𝑑2𝑉𝑉 𝑧𝑧
𝑑𝑑𝑧𝑧2

− 𝛾𝛾2𝑉𝑉 𝑧𝑧 = 0 ; (3)

𝑑𝑑2𝐼𝐼 𝑧𝑧
𝑑𝑑𝑧𝑧2

− 𝛾𝛾2𝐼𝐼 𝑧𝑧 = 0. (4)

Wave Equations

𝑉𝑉 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝛾𝛾𝛾𝛾 + 𝑉𝑉0−𝑒𝑒+𝛾𝛾𝛾𝛾; (5)
𝐼𝐼 𝑧𝑧 = 𝐼𝐼0+𝑒𝑒−𝛾𝛾𝛾𝛾 − 𝐼𝐼0−𝑒𝑒+𝛾𝛾𝛾𝛾; (6)

Solutions to Wave Equations

Take d/dz of (1) and sub 
in (2) ; 
Take d/dz of (2) and sub 
in (1).

where 𝛾𝛾 = 𝑅𝑅′ + 𝑗𝑗𝑗𝑗𝐿𝐿′ 𝐺𝐺′ + 𝑗𝑗𝑗𝑗C′ = 𝛼𝛼 + 𝑗𝑗𝑗𝑗

(𝛾𝛾 ≡ propagation constant; 𝛼𝛼 ≡ attenuation 
constant; 𝛽𝛽 ≡ phase constant)

𝑍𝑍0 =
𝑅𝑅′ + 𝑗𝑗𝑗𝑗𝐿𝐿′

𝐺𝐺′ + 𝑗𝑗𝑗𝑗C′
≡ Characteristic ImpedenceRearrange (6) to get:

𝐼𝐼 𝑧𝑧 =
1
𝑍𝑍0

𝑉𝑉0+𝑒𝑒−𝛾𝛾𝛾𝛾 − 𝑉𝑉0−𝑒𝑒+𝛾𝛾𝛾𝛾 , where
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Comparison: EM vs. TL
Electromagnetics Transmission Lines

𝐄𝐄 ; 𝐇𝐇 𝑉𝑉 = �
𝑎𝑎

𝑏𝑏
𝐄𝐄 ⋅ 𝑑𝑑𝐥𝐥 ; 𝐼𝐼 = �

𝐶𝐶
𝐇𝐇 ⋅ 𝑑𝑑𝐥𝐥

Maxwell’s Equations:

𝛻𝛻 × 𝐄𝐄 = −𝜇𝜇
𝜕𝜕𝐇𝐇
𝜕𝜕𝜕𝜕

;𝛻𝛻 × 𝐇𝐇 = 𝜀𝜀
𝜕𝜕𝐄𝐄
𝜕𝜕𝜕𝜕

Telegrapher’s Equations:

−
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑅𝑅′ + 𝑗𝑗𝑗𝑗𝐿𝐿′ 𝐼𝐼 ; −
𝑑𝑑𝐼𝐼
𝑑𝑑𝑑𝑑

= 𝐺𝐺𝐺 + 𝑗𝑗𝑗𝑗𝐶𝐶𝐶 𝑉𝑉

Wave Equations:
𝑑𝑑2𝐄𝐄
𝑑𝑑𝑧𝑧2 − 𝛾𝛾2𝐄𝐄 = 0 ;

𝑑𝑑2𝐇𝐇
𝑑𝑑𝑧𝑧2 − 𝛾𝛾2𝐇𝐇 = 0

Wave Equations:
𝑑𝑑2𝑉𝑉
𝑑𝑑𝑧𝑧2 − 𝛾𝛾2𝑉𝑉 = 0 ;

𝑑𝑑2𝐼𝐼
𝑑𝑑𝑧𝑧2 − 𝛾𝛾2𝐼𝐼 = 0

Solution to Wave Equations:
𝐄𝐄(𝐫𝐫) = 𝐸𝐸0+𝑒𝑒−𝑗𝑗𝐤𝐤⋅𝐫𝐫 + 𝐸𝐸0−𝑒𝑒+𝑗𝑗𝐤𝐤⋅𝐫𝐫 �𝐞𝐞

𝐇𝐇(𝐫𝐫) = 𝐻𝐻0+𝑒𝑒−𝑗𝑗𝐤𝐤⋅𝐫𝐫 − 𝐻𝐻0−𝑒𝑒+𝑗𝑗𝐤𝐤⋅𝐫𝐫 𝐡̂𝐡

Solution to Wave Equations:
𝑉𝑉(𝑧𝑧) = 𝑉𝑉0+𝑒𝑒−𝛾𝛾𝛾𝛾 + 𝑉𝑉0−𝑒𝑒+𝛾𝛾𝛾𝛾;
𝐼𝐼(𝑧𝑧) = 𝐼𝐼0+𝑒𝑒−𝛾𝛾𝛾𝛾 − 𝐼𝐼0−𝑒𝑒+𝛾𝛾𝛾𝛾

Intrinsic Impedance:

𝜂𝜂 =
𝐸𝐸0+

𝐻𝐻0+
=

𝜇𝜇
𝜀𝜀𝑐𝑐

Characteristic Impedance:

𝑍𝑍0 =
𝑉𝑉0+

𝐼𝐼0+
= −

𝑉𝑉0−

𝐼𝐼0−
=

𝑅𝑅′ + 𝑗𝑗𝑗𝑗𝐿𝐿′

𝐺𝐺′ + 𝑗𝑗𝑗𝑗C′

Propagation Constant:
𝑗𝑗𝑗𝑗 = 𝛾𝛾 = 𝑗𝑗𝑗𝑗 𝜇𝜇𝜀𝜀𝑐𝑐 = 𝛼𝛼 + 𝑗𝑗𝑗𝑗

Propagation Constant:
𝛾𝛾 = 𝑅𝑅′ + 𝑗𝑗𝑗𝑗𝐿𝐿′ 𝐺𝐺′ + 𝑗𝑗𝑗𝑗C′ = 𝛼𝛼 + 𝑗𝑗𝑗𝑗
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Computational Electromagnetics:
Finite Difference Time Domain (FDTD) and
Finite Element Method (FEM)

• 3D space is treated as a 3D TL circuit in a time-domain 
(FDTD) or frequency domain (FEM) simulation
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https://commons.wikimedia.org/wiki/File:FDTD_Yee_grid_2d-3d.svg

AMH Wong and GV Eleftheriades, Phys. Rev. X., 2018. AMH Wong et al., Trans. Antennas Propag., 2021.
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Computational Electromagnetics
Eg. Ansys HFSS (You will explore this in Lab 1!)

EE3109, Jan - Apr 2023, L08 - Transmission Lines 23https://www.ansys.com/blog/two-best-features-in-ansys-hfss



Travelling Wave in a TL
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Consider a positively travelling wave (in a lowloss TL): 

𝑉𝑉+ 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝛼𝛼𝑧𝑧𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 ⇒ 𝑉𝑉 𝑧𝑧, 𝑡𝑡 = 𝑉𝑉0+ 𝑒𝑒−𝛼𝛼𝛼𝛼 cos 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+

𝐼𝐼+ 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝛼𝛼𝛼𝛼𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 ⇒ 𝐼𝐼 𝑧𝑧, 𝑡𝑡 =

𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝛼𝛼𝛼𝛼 cos 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+

Voltage amplitudes:

𝑉𝑉𝑝𝑝−𝑝𝑝 = 2 𝑉𝑉0+ ; 𝑉𝑉𝑅𝑅𝑅𝑅𝑅𝑅 =
𝑉𝑉0+

2
.

Consider the phase of this travelling wave (𝜑𝜑 = 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+):

The wavelength (𝜆𝜆) is the distance through which the wave changes in phase by 2𝜋𝜋 rad: 

𝜆𝜆 ≡ Δ𝑧𝑧 s. t. Δ𝜑𝜑 = 2𝜋𝜋 ⇒ 𝜆𝜆 =
2𝜋𝜋
𝛽𝛽

The phase velocity (𝑣𝑣𝑝𝑝) of the wave is the rate at which the constant phase point travels:

Rearrange the phase expression to get 𝑧𝑧 = 𝜔𝜔
𝛽𝛽
𝑡𝑡 − Constant ⇒ 𝑣𝑣𝑝𝑝 = 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝜔𝜔

𝛽𝛽
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Power in a TL

25

Consider a positively travelling wave (in a lowloss TL):

𝑉𝑉+ 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝛼𝛼𝛼𝛼𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 ⇒ 𝑉𝑉 𝑧𝑧, 𝑡𝑡 = 𝑉𝑉0+ 𝑒𝑒−𝛼𝛼𝛼𝛼 cos 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+

𝐼𝐼+ 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝛼𝛼𝛼𝛼𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 ⇒ 𝐼𝐼 𝑧𝑧, 𝑡𝑡 =

𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝛼𝛼𝛼𝛼 cos 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+

The instantaneous power carried is:

The time-average power carried is:

𝑃𝑃𝑎𝑎𝑎𝑎 𝑧𝑧 =
1
𝑇𝑇
�
0

𝑇𝑇

𝑃𝑃 𝑧𝑧, 𝑡𝑡 𝑑𝑑𝑑𝑑 =
𝑉𝑉0+ 2

𝑍𝑍0
𝑒𝑒−2𝛼𝛼𝛼𝛼

1
𝑇𝑇

�
0

𝑇𝑇

cos2 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+ 𝑑𝑑𝑑𝑑

=
𝑉𝑉0+ 2

𝑍𝑍0𝑇𝑇
𝑒𝑒−2𝛼𝛼𝛼𝛼 �

0

𝑇𝑇
1 + cos 2 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+

2
𝑑𝑑𝑑𝑑

=
𝑉𝑉0+ 2

2𝑍𝑍0𝑇𝑇
𝑒𝑒−2𝛼𝛼𝛼𝛼 𝑡𝑡 +

1
2𝜔𝜔

cos 2 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+
𝑡𝑡=0

𝑡𝑡=𝑇𝑇

𝑇𝑇 = 2𝜋𝜋
𝜔𝜔

is the period 
of 𝑉𝑉 𝑧𝑧, 𝑡𝑡 and 𝐼𝐼 𝑧𝑧, 𝑡𝑡

𝑃𝑃(𝑧𝑧, 𝑡𝑡) = 𝑉𝑉 𝑧𝑧, 𝑡𝑡 𝐼𝐼 𝑧𝑧, 𝑡𝑡 =
𝑉𝑉0+ 2

𝑍𝑍0
𝑒𝑒−2𝛼𝛼𝛼𝛼 cos2 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + ∠𝑉𝑉0+

𝑃𝑃𝑎𝑎𝑎𝑎(𝑧𝑧) =
𝑉𝑉0+ 2

2𝑍𝑍0
𝑒𝑒−2𝛼𝛼𝛼𝛼 =

1
2

Re{𝑉𝑉(𝑧𝑧)𝐼𝐼(𝑧𝑧)∗}

This term takes on the 
same value for 𝑡𝑡 = 0
and 𝑡𝑡 = 𝑇𝑇.



More on Impedance

• Characteristic Impedance is a property of the 
frequency and the transmission line

• In general, the characteristic impedance is a function of 
frequency

• However, this will not be the case for lossless TLs.

• Impedance (looking toward the load) is given by:
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𝑍𝑍 𝑧𝑧 =
𝑉𝑉 𝑧𝑧
𝐼𝐼 𝑧𝑧

= 𝑍𝑍0
𝑉𝑉0+𝑒𝑒−𝛾𝛾𝛾𝛾 + 𝑉𝑉0−𝑒𝑒+𝛾𝛾𝛾𝛾

𝑉𝑉0+𝑒𝑒−𝛾𝛾𝛾𝛾 − 𝑉𝑉0−𝑒𝑒+𝛾𝛾𝛾𝛾

26

Characteristic Impedence: 𝑍𝑍0 =
𝑉𝑉0+

𝐼𝐼0+
=

𝑅𝑅′ + 𝑗𝑗𝑗𝑗𝐿𝐿′

𝐺𝐺′ + 𝑗𝑗𝑗𝑗C′



Lossless TLs
• Condition: 𝑅𝑅𝑅 = 0,𝐺𝐺𝐺 = 0 (reasonable approximation for 

many TLs)
• Consequences:
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𝛾𝛾 = 𝑗𝑗𝑗𝑗𝐿𝐿′ 𝑗𝑗𝑗𝑗𝐶𝐶′ = 𝑗𝑗𝑗𝑗 𝐿𝐿′𝐶𝐶𝐶

⇒ 𝛼𝛼 = 0 ; 𝛽𝛽 = 𝜔𝜔 𝐿𝐿′𝐶𝐶𝐶

𝑍𝑍0 =
𝑗𝑗𝑗𝑗𝐿𝐿′

𝑗𝑗𝑗𝑗𝐶𝐶′ =
𝐿𝐿′

𝐶𝐶′

𝑣𝑣𝑝𝑝 =
𝜔𝜔
𝛽𝛽 =

1
𝐿𝐿′𝐶𝐶′

27



Lowloss TLs
• Condition: 𝑅𝑅𝑅 ≪ 𝜔𝜔𝐿𝐿′,𝐺𝐺𝐺 ≪ 𝜔𝜔𝐶𝐶′

• Consequences: (you will derive this in a future assignment)
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𝛾𝛾 = 𝑗𝑗𝑗𝑗 𝐿𝐿′𝐶𝐶′ +
1
2

𝑅𝑅′

𝑍𝑍0
+ 𝐺𝐺′𝑍𝑍0

⇒ 𝛼𝛼 =
1
2

𝑅𝑅′

𝑍𝑍0
+ 𝐺𝐺′𝑍𝑍0 ; 𝛽𝛽 = 𝜔𝜔 𝐿𝐿′𝐶𝐶𝐶

𝑍𝑍0 =
𝐿𝐿′

𝐶𝐶′

𝑣𝑣𝑝𝑝 =
𝜔𝜔
𝛽𝛽 =

1
𝐿𝐿′𝐶𝐶′

28



Example 1: Wire or TL?
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Example 2: Air Line
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(Please try for yourselves!)
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Example 3: Distortionless Line

31



Summary

• In this class, we
• Introduced the transmission line model
• Derived the Telegrapher’s Equations and the waves 

equations
• Introduced some basic TL Relationships
• Introduced the lossless TL
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