EE2108

Lecture 5:
Part-1: System of Linear Equations

Part-2: Eigenvalues and Eigenvectors
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Solving Systems of Linear Equations

What if matrix A is not diagonal, upper triangular or lower triangular?

We can find the solutions via the direct or indirect methods.
1. Direct methods: They transform the problem to an easy-to-solve problem!
e @Gaussian elimination

e LU factorization

2. Indirect methods

e Gauss-Seidel iteration
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LU Decomposition Approach

[t was introduced by Polish mathematician Tadeusz Banachiewicz in 1938.

Tadeusz Banachiewicz




g = [ A1l A Aqp Xy
LU Decomposition ., 4. . 4, ||«
Suppose that matrix A can be written as | Am Anz Ann | L Xn
l )
A=LU \
L is lower triangular Ax=D
U is upper triangular. - =
PP : 1 0 0 Uir Uz Us
L=|IL,, 1 0 U=1| 0 Ux Us
Ly Ly 1 L0 0 U

All the diagonal entries of L are 1.

This is called the LU decomposition of A.




LU Decomposition Approach

Let’s write our equation as LUx=b

Let’s use Y=Ux to rewrite our equation one more time. LUXx = b ) LY p— b
.

Y=Ux

We get a new equation with Y as unknown. We can find Y by forward LY — b
substitution. Why?

Remember, Ux=Y. We can find x by backward substitution. Why? Ux=Y
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LU Decomposition Approach

Step 1: Find the LU decomposition of A. Thatis, A=LU.
Step 2: Find Y by solving LY=Db using forward substitution.

Step 3: Find x by solving Ux=Y using backward substitution.




LU Decomposition

How to find the LU decomposition of A? (Step 1)

Assume, A=LU

1 0 0] Uy Uz Us
L=|Ly 1 O U=| 0 Uy Us

B L31 L32 1 | u 0 0 l]33 B

Lower triangular. Upper triangular

Diagonal entries equal to 1.




LU Decomposition

- A=LU ) i )
1 0O O U1 Uy Us
L=|Ln 1 0 U=| 0 U2 Us;s
B L31 L32 1 _ | 0 0 l]33 B
Lower triangular. Upper triangular

Diagonal entries equal to 1.

e [f we multiply L by U, we have

Al A Agz - Up Uiz Us
Axy Az Axs |= | Unilor ULy + U Uiz Loy + Uss
A3 Az Ass ULz UiaLsy + ULy UisLsy + Usg L3 + Uss |




LU Decomposition|z,, 1 of 0 U» Us
0 0 Uss

e Remember, matrix A is known. | La L 1L
* We can find L and U from the following equation.
(A A A | Un Uiz Uz |
Az1 Agy Ags |= | Unly ULy + U Uiz Loy + Uss
A3 A Asz | | UniLsi UipLs)y + UxpLsy UisLsy + UazLsy + Uss
A21 7- L = @
1- U= A11 4-Ly1 = U T Uy
11
Agy—UqoL
2- U12 — A12 5- U22 = AZZ — U12L21 8- L32 == UZZZ =

3-Uy3 = Aq3 6- Uyz = Ayz — Uy3la, 9-Usz3 = A3z — Uy3L31 — Uyzls,




Example

Solve the system of equations Ax=Db using LU decomposition.

1 4 1
A=|1 6 -1
2 -1 2




Example

First, we find the LU decomposition of A. 1 o4 1] T AL A A
A=|1 6 —-1| A=| Ay Axp A
12 -1 2 A3z1 Az Asg

All —_ 1,A12 —_ 4,1413 — 1,A21 — 1,A22 —_ 6,1423 —_ —1,A31 —_ 2,1432 —_ —1,1433 —_ 2

Uj1=44, =1 Uypy =Azy; —Upplyy =6 —-4X1=2 Uss = A3z — UisLsy — Upsls,
—2-1x2—(=2)(—45) = —9

Uiz = A13 = L31=@=
Az _1 /11]11 UL 1—4x2
L. = = _ Azpy —Upplzy  —1—=4X2a




Example

First, we find the LU decomposition of A.

L,y =1
U12 =4 U23 = —2 21
L3 =
U13 =1 U33 = —9
‘U, U, Us| [1 4 1 1 0 O 1
U= 0 Uy U |=|0 2 -2 L=| Ly 1 Of=1]1
0 0 Us| [0 0 -9 Lsr L 1] |2

0
1
—4.5




Example cont.

1 4 1 7 1 0 0 14 1]
A=|1 6 -1 b=]13 L=|1 1 0 U=|0 2 -2
2 -1 2 | 9 2 45 1 0 0 -9|

Then, we solve LY=Db using forward substitution.

1 0 o] 7
[L\b]:l 1 0]13

_2 —4.5 1 5_ Forward substitution

y1 =7 Nn=>1 /

y1+y2=13 y2:13—y1:13—7:6

Form the augmented matrix using L and b

2y, — 4.5y, + y3 = 5 V3 =5—2y +4.5) =5—2(7) +4.5(6) = 18




Example cont.

(1 4 1] 7 1 0 0] 1 4 1] 7
A=|1 6 -1 b= 13 L=|1 1 0 U=|0 2 -2 y=16
2 -1 2 5 2 45 1| 0 0 9| | 8

Finally, we solve Ux=y using backward substitution.

1 4 1| 7

[U ‘ y] —lo 2 —21| 6 « Form the augmented matrix using U and y
00 =918 | Backward substitution

18
—9x; = 18 Xz = —g =2
2x, — 2X%3 = 6 x2:6—|—2x3:6—|—2(—2):1
2 2
X1 +4x; +x3 =7 X =7—4X% —x3=7—4(1) - (=2) =5
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LU Decomposition

- A=LU ) i )
1 0O O U1 Uy Us
L=|Ln 1 0 U=| 0 U2 Us;s
B L31 L32 1 _ | 0 0 l]33 B
Lower triangular. Upper triangular

Diagonal entries equal to 1.

e [f we multiply L by U, we have

Al A Agz - Up Uiz Us
Axy Az Axs |= | Unilor ULy + U Uiz Loy + Uss
A3 Az Ass ULz UiaLsy + ULy UisLsy + Usg L3 + Uss |




LU Decomposition

A1l A A Uy U2 Uis
Axy Az Apz |= | Unilyr ULy + U Uiz Loy + Uss
A3 A Asz | | UniLsi UipLs)y + UxpLsy UisLsy + UazLsy + Uss
U.. = A Uyz + Uyjslyy = Ays = Uz = Ayz — Uyslag
11 = A11
ULow = Auy = L. =31
Uy, = Ay, 11L31 31 ST
A3y —UjpLlsg
Uy = Ars UypLzp + Uiplsy = Asy = Ly = U,
Uss + Uyslsq + Upslsy = Az = Usz = Azz — Uizl — Upsls,
B R
Uj1loy = Ay = Ly =
11

Uyp + UjpLlyy = Ay = Upy = Ayy — Upplpg




LU Decomposition

Azq 7-Lgy =222
1- U= A1q 4-Lyy = U.. 1y
U = 4 1 Q... — Azz—UjizL34
12 = A1 5- Uy, = Ayy — Uyplyy 32 7 U2

3—U13 — A13 6- U23 — A23 o U13L21 9- U33 — A33 — U13L31 o U23L32




Solving Systems of Linear Equations

What if matrix A is not diagonal, upper triangular or lower triangular?

We can find the solutions via the direct or indirect methods.
1. Direct methods: They transform the problem to an easy-to-solve problem!
e @Gaussian elimination

e LU factorization

2. Indirect methods

e Gauss-Seidel iteration
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Gauss-Seidel Method

e A German mathematician.

* Seidel worked on different areas of mathematics and physics.

* He applied probability to astronomy.
Philipp Ludwig von Seidel

| Focallength |

* He identified parameters describing the aberration of a lens.

* They are now called Seidel sums. —




Gauss-Seidel Method

. Select an arbitrary vector X;. (n-dimensional)
. k=1.

Find the matrix 4 and vector b. Ay A

Compute X according to X = b — AX,_.
Compute dy according to dy, = | X, — Xj—1].
If all the elements of dy are less than ¢, stop.

Otherwise, k < k + 1 and go to 4.

The last (generated) X is the solution.




Gauss-Seidel Method

_ - Aiqg Ais Ain -
Divide the firstrowby A;; — Alg A13 ce . Aln 1 Aqq A1 « o Al
Agq Aos Az
Divide the second row by A,,— A21 A23 SR A2n Aso 1 Aso "t 292
As1 Asz Asn
A= A1 As @ oo Asp ‘ A3z Aszs 1 "t Ass
. A, A, A,
Divide the lastrow by Ay, —— | A1 Ao Ansz ... @ _An?::, Ani An’i - 1 ]
-0 Aig Ais Aqp T
Al Al T Al
Aoy 0 Aos n
Ao Aog 22
Matrix A o —ﬁg; —ﬁg; 0 . —ﬁzz Set the diagonal elements to zero.
A Ano Ans 0
_Ann Ann Ann T -
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Gauss-Seidel Method

Compute the vector b @ A

Divide by A4 , bl All
Divide by A,, — b2

[

I

I
© N
N

Divide by A,,, b
n




Gauss-Seidel Method

. Select an arbitrary vector X;. (n-dimensional)
. k=1.

Find the matrix 4 and vector b. Ay A

Compute X according to X = b — AX,_.
Compute dy according to dy, = | X, — Xj—1].
If all the elements of dy are less than ¢, stop.

Otherwise, k < k + 1 and go to 4.

The last (generated) X is the solution.




Gauss-Seidel Method cont.

* (Gauss-Seidel method is an iterative way to solve linear equations.

» [terative: a set of computations are repeated over and over!
= b — AX,

e Start with an arbitrary vector X, = [x?, ..., x2].

X, =b-Ax, W) X,=b-Ax, —> X;=bh—AX, M) Xs=b—AX;muu:
J \ ] \ J \ J

v i ! '
Compute X4 Compute X, using X1  Compute X5 using X, Compute X4 using X5

\

k=1 k=2 k=3 k=4
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Gauss-Seidel Method cont.

* Each iteration generates a new vector. X1, X5, X3, ), (R Xy

[ R T

lteration 1 Iteration 2 Iteration 3  Iteration 4 Ilteration k

 Compute the absolute difference between consecutive vectors.

di = |Xo = X1l,dz = [X1 = X3|, d3 = [X3 = X5, ... ...

N/

Difference vectors

e Stop at the first time that all elements of the difference vector are less than €.

* The lastly generated X, is the solution.




Example

Solve the following system of linear equations using the Gauss-Seidel method
with e = 1075,

Ax =Db A =

4 -2 1 1
-2 4 —1],19:[2]

1 -1 3 3




Example

4

" =l

Step 1: Form the matrix 4

1
0
1
3

—0.5

—0.5

1
1

0.25 7

—0.25
1

Step 2: Form the vector b

)

~[0.25
b=|05

1

WO O

[ 1

—0.5
0

—1

0.25 7

—0.25

3 | 13]




Example

* Initial vector: Xy=1[0,0,0].

» The vector generated in iteration k: X, = [x}, x7, x3.].

Gauss-Seidel iterations

X, X, X5 X, Xe X X, Xg Xq X10

k (Iteration) 1 2 ! 4 : ; 7 g g 10
X 0.2500 0.2500 04167 0.3958 0.4653 04427 04734 0.4582 04728 0.4640
xE 0.5000 0.8750 0.8958 1.0104 0.9878 10339 10149 1,0360 1.0242 1.0346
i 1 1.0833 1,2083 1,1597 1,2049 1,1742 11970 1,1805 1,1926 1,1838
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Example

* The algorithm converges when the element of X;, do not change much between
iterations.

X11 X12 X13 X14 )il5 X16 X17 X1s

k (Iteration) 1 12 13 14 15 16 17 18
Xk 04713 0.4664 0.4702 0.4676 0.469 0.4681 0.4692 04684
X 1.0279 10332 1.0296 1.0323 1.0304 1.0218 1.0208 1.0216
Xj; 1.1902 11855 1.1889 1,165 11883 1.1369 1.1879 11872

X, =b—AX, M) X,=b—Ax, W) X;=bh —Ax, M) Xs=b-AX;muu:

ity University of Hong Kong




Example

» The difference vector in iteration k: d;, = [d3,d%, d3].

dq d, ds dy ds de d; dg dg dio
k{Iteration) 2 3 4 5 ; 7 8 9 10
dy, 0.2500 0 0.1667 0.0208 0.0694 0.0226 0.0307 0.0152 0.0147 0.0089
dz 0.5000 0.3750 0.0208 0.1146 0.0226 0.0460 0.0190 0.0211 0.0117 0.0104
d; 1 0.0833 0.1250 0.0486 0.0451 0.0307 0.0229 0.0165 0.0121 0.0088
C dq1 di2 dq3 dig dqs die di7 dig
teration
( : ) 11 12 13 14 15 16 17 18 X18
dj 0.0074 0.0049 0.0038 0.0027 0.0020 0.0014 0.0011]  7.6188- l
di 0.0066 0.0053 0.0036 0.0028 0.0020 0.0015 0.0010)  7.6760- =
d3 0.0064 0.0047 0.0034 0.0025 0.0018 0.0013  9.6008e-04] 6.9962-
0.4
1,031
At iteration 18, all the components of the difference vector are below e = 103! 1,187
Solution
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Gauss-Seidel Method An  Ar

When does it work? Asy A

* When matrix A is diagonally dominant (sufficient condition). ' '

Anl AnZ

* Thatis, in each row, the absolute value of the diagonal element is more than
the sum of absolute values of other elements in that row.

> |Ar2]| +[A1z [+ + [A1n] i1
Apz| > |Az1| +H|A23 | + -+ |4z

>

|

|

|

i

i

Azq1| +|Azy | + |Azs] + -+ |Azp|

[Apn| > [Apg | H|App [+ -+ |App_q|

n
|Aji| > Z‘Aij‘ i=1,2,...




A is diagonally dominant if

All

AZZ

>

>

A1z

Az

3-by-3 case

_|_

_|_

Agz |

Azs |

|As3| > |A31] +]A32 |




Example

Are the following matrices diagonally dominant?

—2 4 -1 4
1 -1 3 —2
4 -2 1 1




Not diagonally dominant

—2 4 -1
1 -1 3
4 -2 1

Example

—1

Diagonally dominant




Comparison of Different Methods

Limitations:
* (Gaussian elimination and LU decomposition can solve any system of linear equations.

* (Gauss-Seidel method does not work for all systems.

Accuracy:
e (Gauss-Seidel method is more accurate than Gaussian elimination.

* (Gaussian-elimination can produce large round-off errors.
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Comparison of Different Methods

Efficiency:
* Inthe LU decomposition, you don’t need to recompute L and U if A does not change.

e Gauss-Seidel method approximately requires 2n?operations per iteration.

: L : . 2n3 .
* (Gaussian elimination method approximately requires —, operations.

 (Gauss-Seidel is more efficient than the Gaussian elimination when the number of
iterations is less than or equal to %
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Eigenvalues and Eigenvectors




Eigenvalues and Eigenvectors

Matrix multiplication often changes the direction of a vector.

Example:

A= [2 1] Y:AX

1 2 /

_1] ,
X = /

L0 )

// ’X
Multiplication by matrix A changes the direction of x.
y=ax=[]]
1
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Eigenvectors

* Aneigenvector is a vector!

* However, its direction is not changed by multiplication.

2 1
= =Av=3
A=|T y=Av=3v
o -0.707]
0.707 /V

Multiplication does not change the direction of

y = ﬁ %] [0.707 =3 [8;8; v. It only stretches v.

0.707

* visan eigenvector of matrix A. 3 is the eigenvalue associated with v.
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Motivation: PageRank Algorithm

* [twas developed by Google's founders, Larry Page and Sergey Brin.
* [tisused in most of search engines to rank the webpages.
* [tworth billions of dollars.

* Torank webpages, it computes the eigenvector of a
certain matrix.

Page and Brin




Motivation: PageRank Algorithm

* Rank of a webpage indicates its importance.
* Google’s search engine displays the search results according to their ranks.

* More important result are displayed on the top of the list.

Google L Q

Al G Images @ Maps [ News [*] Videos i More Seftings  Tools




Google

cityu

oAl Elmages % Maps

B Mews

About 1,900,000 resulis (0.41 seconds)

Ad - v cityu edu hkl =

PageRank Algorithm

v Q

] Wideos | Mo Settings Tools

City University of Hong Kong | Ranked 52th in the world
CityU is a l=ading global wniversity pursuing problem-driven research to bensfit society.
Innowation and creativity are the bedrocks of its academic strategy. View Frogrammes.

“rofessional Education.

The mOSt Im pOI’ta n:t‘h:e-s & Degartments - Research Degres Programs - Undergraduate Frograms

wawncityu.edu.hk

City University of Hong Kong: Home
&5 3 lzading global university, Cityl) embraces new ideas and continually seeks new ways to
mprove the workd. Cityl is now 52nd among wniversitiss ..

Results from cityu.edu.hk

CityU Email

My.cityu.edu.hk - Account

Management - Staff {@otyw.edu hk

Portal

Cityl Portal, City University of

qQ,

Programme and Course
Programme and Course Catalogus
Cur curricula are ...

Academic Units
Academic Units.

Results from cityu.edu.hk Q

CityU Email
My.cityu.edu hk - Account
Management - 5taff @cityu.edu hk

Portal
Cityl) Portal, City University of
Hang Kong.

Worldwide Search for Talent
Worldwide Search for Talent. City
University of Hong Kongis a ...

Programme and Course
Programme and Course Catalogue
Owr curricula are ...

Academic Units
Academic Units.

Taught Postgraduate
Apply Now - \View programmes -
Entrance Reguirements - ...

=N
City University of Hong Kong

en.wikipedia.ong » wiki » City_University_of Hong_Kong =

City University of Hong Kong - Wikipedia

City University of Hong Kong (CityU or Cityl/HK) is a public research university in Kowloon,
Hong Keng. It was founded in 1884 as City Polytechnic of Hong ...

Academic staff: 545 Location: Tat Chee Avenue, Kowloon

Campus: Urban, 156 hectares (0.158 km?)  Motto: rmeEss (Traditienal Chinese); Officium .

wwwi.timeshighereducation .com » world-university-rankings » city-un... =

City University of Hong Kong | World University Rankings | THE

Since CityU's establishment as 3 university in 1984, a rich range of factors has contributed to
our suceess as one of the world's most dynamic young universities ...

www.facebook.com » Places : Kowloon, Hong Kong

City University of Hong Kong - Home | Facebook

Citw University of Hono Kona. Kowloon. Hono Kono. 27715 likes - 125 talking about this - 41859



PageRank Algorithm: Example

<
* Suppose you would like to rank webpages A, B, C, D. ':‘ " B
* Rank of a webpage will a number between zero and one.
* Ty,7Tg, T, Tp are the ranks of A, B, C, D, respectively. = < =
C —1 D

* 14 measures the importance of A. Large values of 4 indicate that A is important.

e Sum of all ranks should be one (a simple normalization).

Ty+1rg+ 10+ 15 = 1.




PageRank Algorithm: Example

* Rank of a website depends on the rank of the websites that link to it.

* [f an important website refers to A, it improves the rank of A. (Think of a social

network)
S
A >
1 1 ¥
1
Th = —T
B 3 A
1 A4 -
Tc =§’rA + 1p C —>)

I U D
3’ A7 'B T 5°C




PageRank Algorithm: Example

1 1 <
Ty =-Tg+-TC o A >
2 2 TA
1 f
T'B =§’I‘A — TB
1 _ TC
Tr ==7T4+7
’ '{)A 1 ’ 1 D
_ v
p _ETA+ETB +EI"C <
C —

* Writing these equation in the matrix form, we have

0

1
05 3
r=1Lr 1o 0 0
L=|3
1
30 01
* Multiplication by matrix L does not change the direction of the rank 11 1
vector. 32 2 Y

* Rank vector is an eigenvector of the matrix L (Link matrix). Link matrix




Page Rank Algorithm: Example

e Solution: A ”
r, = 0.23 1
rg = 0.09 r = Lr
TC = 037
TD — 031 A4 -
C —

 Cisthe mostimportant website!

1,
0= = 0

* Bistheleast important onel 1 2 2
-0 0 0

L=|3

* Google ranks the websites by computing the eigenvector of L. 30 01
111

* In 2002, the size of link matrix was 2.7 billion by 2.7 billion! 32 2
Link matrix
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Eigenvalues and Eigenvectors

* Ann X n matrix has n eigenvalues. App A - Ajg

* Eigenvalues and eigenvectors form pairs.

* Each eigenvalue has a corresponding eigenvector.

A1 Ag, ey Ay
Avl- = Aivi [ = 1, e,

V1, Vo, ..., Up Av; = A;v;

* A; determines how much v; scales. /7(%'
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Eigenvalues and Eigenvectors

In this lecture, you will learn how to compute the eigenvalues and eigenvectors!




* Stepl: Form the matrix A — Al (1 is a variable!)

* [is an n-by-n diagonal matrix with all entries equal to one.

* [ is called an identity matrix.

_AU — A

Aig
Agg — A
Asg

AnZ

Ais
Ags
Asz — A\

An3

Eigenvalues

How to compute eigenvalues of A?

A A Alp
Az A Aoy

A= :
_Anl An2 Ann

- P

Diagonal matrix with all
diagonal elements equal to A




Eigenvalues

» Step?2: Find the characteristic polynomial of A

|

Determinant of A — Al Characteristic polynomial of A

(A — A Ap Az
Aoy Agg — A Aas

Anl An2 AnB

A31 A32 A33 . U




Eigenvalues Ay Ay - Asy

3. Find the roots of the characteristic polynomial.

ag + a1 A + Clz)nz + - 4+a,M"=0 This equation has n solutions:
Ao A

Eigenvalues are the roots of the characteristic polynomial.




Example

Find the eigenvalues of matrix A. A = [51) ;




Example

Stepl Form A — Al

A—AI=[31/1 23/1]

Step 2 Find the characteristic polynomial

det(A—Al) = det([3 IA 2 E /1])

ab =(B-D2-1) -2
A:[C d} =12-51+4

det(A)= ad-bc

A =

3 2
1 2
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Example

Step 3 Find the roots of the characteristic polynomial A=[3 2
1 2
A2 —=51+4=
Al =1
Ay =4

oy ] 7
ar +bxr+c=10(

—b £ vb? — dac

o

2a




Find the eigenvalues of matrix A.

Example




Example

Stepl Form A — Al




Example

Step 2 Find the characteristic polynomial

3—4 2 2
det(A — AI) = det 2 2—A 0
2 0 4 — A
=213—-91% + 181

a b c d f 4
det| d e f —a-det[ © f}b-det[ | }+c-det[
. ‘ g i

)




Example

Step 3 Find the roots of the characteristic polynomial

A3 —92%2 +181 =0
A2 —91 +18) =0

}{1:0
12:3
Azz6

oy ] 7
ar* +br+e=1(0

—b £ /5% — 4dac

o

2a




END

See you next week ©!




