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MA1200 CALCULUS AND BASIC LINEAR ALGEBRA

LECTURE: CG1

REVIEW EXAMPLES ON CHAPTER 6 TO 8
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Semester A, 2020-21 MA1200 Calculusy and Basic Linear Algebra I

Example 1 (Exam 1617B)

Evaluate the following limits:

() lim 1— 002(3x)
x—0 X
1-x?
b) lim
( x—o ]+ x?

: 1 3
(c) lim [— B 5 )
x—=0T\X 3x+2x
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i~
Solutions fo  Review EXamﬂes on Ch.6-8

EXClmple [ :
(@) Method I:
Jimy 1 =cas (3x)
X0 Cﬁlsx i‘_‘)“o < S‘"‘ (‘ﬂ) ) USing Half- angle ormala -
SIN'e = 3(I~cos26) where 9= 3%
— 2 (23X 2;
R )
= 2. {*. %
= o
Z
Method 2:
g{i{(\) = cos(sx) (_g_ 'Form)

= Jlim _2S0B) : b'{j |'H8ptals Rule (% (Eofm‘)

X0 2X.



= Jn 33l by  LHopitals rule

X=>0 2,
.
= 5B Cos0
= 4

2,

(> Method 4:

bin 1=X* _ fn ==L o0-1
X>00 | +X X0 ==+ @ O+
Method 2.
= [=x* -
:/(Q:m I +x2 (0330 %""D
_ —2X I 1A
= X500 ox bU L’HGpital's fule
= Jim 1)



©)

I

Il

Il

Qi (_L & ___3__>
x=g" x I+ 2X*
Jm  BX32%%)-33%

x>0 I(Sx-t- oyt

. 2)(::.
x-)o"' X2(5+21)
Jim 2
X+p" St

2

3+ 0
2
s

Gawes B

it



Semester A, 2020-21 MA1200 Calculsy and Basic Linear Algebro I Review Examples
Example 2 (Exam 1314B)

3
x -8 .
Tet f(X): 2 if x¢2.
s if x=2

Find the value of ¢ for which /(%) iscontinuousat x=2. Give your reason.
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3-—- 2
{ X2 % x42

C ¥ x=2

e o (8m)

— Jm O (x2+2x+4)
X=>2, X2

= Ain (x*+2x + 4)

x>

2%+ 2 (2) +4
12

[

(l

’F x> g contiououg gt y— - ’
X 2 rFF ‘i‘_;g‘ ﬁX) = ‘FLZ)

c

>

g, = |9



Semester A, 2020-21 MA1200 Calculusy and Basic Linear Algebra I

Review Exounples
Example 3 (Exam 1213A)
7 . 1 .
— 1f x#0
Let g(x)= x Smx e . Determine whether g(x) is differentiable at
0 if x=0

x =0, if so, find the value of the first derivative there.
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Example 3

800 =

8(7@)

> snlk)  x#o

O

ﬂ},w\ CIO() QQD)
X0 X -0

Sane

iml

~l £ Sinls)

~Ix| £

x\)

T x=0

ig diFerentioble ot x=0 i

Jin 4 -90)

X0 ~e3

exsts.

5 B S <
= M Xshz) -0 Jin > sin(&)
<1 focall xF0 | we hawe
X Sl £ Ix) o ol x# 0.
Jim (x|
X0

By the Sonduwch Theorem ,gf;“g

Jim

X0

goo s differentiable at x=o

qo0 ~9(0)
K‘_.

oxists

P.5



Semester A, 2020-21 MA1200 Calculuy and Basic Linear Algebrov I Review Ewnpl%/
Example4 (Exam 1617B)

d
(a) Prove from first principles that d_ (x3 )= 3x2.
X

(b) Let F(x)=|cosx

, for x e R. Determine whether F(x) is differentiable at
x = 0. Give your reason.

(Hint: You may use cos28 =1-2sin’6.)
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Eg(ample 4
(O  let f0=x>.
From the First Principle |
, - +h) —
Py~ £ e R e
~ Mm _Oceh)® - x3
h=o h

= Lm (34 3xh +h3xh’+ 5 s 2

h>0

— O _h(3xZ+3xh+h?)
h=0 h

= b @ ayha b

h=o

= O+ 33X (o) + O

= Ry

L& () =



- P
| S Y=cosx |
T \ COsSX & cosx >0 '\
— S =
L ) i‘(i) \CD X —COS X i_F CosX <O \ i - )
~'g:o .'I;.. T '
= s x § “F<x<T
Din _E0O - F(o - lm _cosy — lcoso|
x>0 X=0 X0 X
= lim cosx - |
=0 X
_ & -2 3‘;2" e3) CAS 20 = |- 2 siyg
= Cos 20 =1 =& 9 I ©
) =X
= Jim -]in(%) . Qin(F) (Put o =)
=0 = X
= 1
= = sy - AL
== 3
- %i‘/t\) 'ELX-% ex'ls{‘s

Foo & dierentiable af L=,



Semester A, 2020-21 MA1200 Calculus and Basic Linear Algebra I

Example 5

dy
Find ,_ for each of the following:

(a) y= tan_l[S cosh(x3 + 2)]

2
1 X
(b) y‘["“;)

(c) w2 +e™ =1

(d) ¥= cos’ (4x)- ]n[sinh(Zx)]

_ (2x+3)°
(@ 77 (211 e™
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E)(Ou‘ﬂp\@_ )
@ Y= toi'[5 oz )]

_ | . | 33 2Y - »
% | + [5coth(ea)]? = By s

g 152 Sinhi)_ﬁii_i&__
I+ 25 cogh?(x2+ 2)

by 4= al
By <\DZ + —)'C—)
Take Un on okl Sdes -

b= blms 7] = 2 dnicte s
Dif¥erentiato both sides ek, 3 .
—(b]'—da— = B ]

o
SH3 XE 4 x7! ("2_'{ I‘JCQ> + 2x ‘,Qn()ci‘.‘.

")
T & @y

Ji)fi“. (ELE‘ _ -117) + 2>L12n(\]'i+Ji)]

P.&



(& xvy'+e :
Diflerentiote  both ades WL X
= O
LlZ\\ﬂd%—\—\d]—‘rQ (xd% %)

2

- - ye 9_
=4 (21%_xexg)i§€ 4 N

—Xy
= qe “"f
= %)g(:_ 2&3 < e ™Y

A Y= 0sTU) - hlsdneo]

éé = COS3(4y) - - cpshlex) - 2 + L\[&nh(zx)] 3 s (4x) - [Sm(4x>] .

dx Smh(z x)

= 2C008%¢x) - eothlax) — (2, COS* 4x) - =i - InLsiah(2:0]

P9



©)

_~ _(oxa3¥
(\j GC+1) e

Take Ay on both des -
’0“8 - /{n[@x-s-s)é ]

O+ 1) e*x

= 6 M(2x+3) - In(x=+1) = 4
DifXerentate both wdes wrt. ~ :

‘ 1
T TE = ; . . 2., =
<) >C 6 2Xx%3 2 X2+ %

@ —Cdi% o (.2>L+3)6 l: (2, . S

OC+1) 4> 2X+3 X3+

P-lo



Semester A, 2020-21 MA1200 Calcudusy ond Basic Lineoawr Algebra I

Example 6 (Exam 1415A)

A curve has parametric equations
x=2t-log,(2t)
2
y=t—log,(¢*)
where 7 isthe parameterand 7>0.

dy d*y

Find e and dx—2 in terms of .
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Emm?\e 6

5 _ 5_ .1
X= 2t = Ity == ‘3%‘= 2= g = AT

A= — Iy = i}_é: o - 24

N
| &(E) _
Cle™ %{{% -

|l

Il

2
+> = B =+
2": = ‘-zE - 2—|—_1__2
22— i 24 -\
R e
(%52
2k
{Z£-1) 4ty — (242-2) (2)
@t-1)2
s-F

T (442 -4t 4)

(2t~)*

£. 1



Semester A, 2020-21 MA1200 Calculuy and Basic Lineawr Algebrow I Review Examples
Example 7 (Exam 1415A)

N dy J3x

Given that y=e ™ cosx, express ;.  in the form re

cos(x+ @), where

T _ d*y
¥ >0 and 0<¢‘<5, and state the numerical value of r and ¢. Express 2

in similar form. (Hint: cos(A+ B) =cos Acos B—sin Asin B.)
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Example T e

By
= e cosx

d &

eﬁx‘ (E COSYX — 0 )

= r eﬁlcostx-’r @) = FQEK(CD&)L(DN?S'S‘“*S‘““QS)
Syrcosg = B
randg = |

> (rwsg) + (csog) = GYr 1

> (cosP+sarg) = 4

— N =4
> =2 or -2 (redec,{-ed . TFa)

: X
tng = L=k > ¢-w0'® =2

2= 0 P eos(x+ T



o ceove |
B cosx — sox. = 2 Car(x+E) —G@®
Then

Py = 5, | ™ cos(vur-ré)]

s

= 2’ e\E’X E\rg) CDS(K'*'%) — S\(\(x—'r:&)]

2% [ 2 coa(x+E+E) | by ®

I

2 J= =

= 2 € os(x+I)

P13



Sewmester A, 2020-21 MA1200 Calcudusy and Basic Linear Algebvw’[ Review ‘Exa/m,ple/y
Example 8 (Exam 1415B)

Tx+17
(a) Express (x =4 (2x+1) in partial fractions.

(b) If ¥y= (ODCJMB)_], where @ and / are non-zero constants, find the general
formula for the nth derivative of V with respectto X.
(c) Using the result in parts (a) and (b), or otherwise, find the sixth derivative of

jx+1]
(x—4)(2x +1) Withrespectto X.You need not simplify your answer.
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EXC(MP\Q, g

Q Ix+ 17 - A -
( ) (x-4-)(91+1) X~-4 ¥ 2x+|

= Ix+1T7= A2X+)) + B(x-4)

Put x=4 : 45= 9ao > A=5

. ~

——

2

Ix+ 7 _ 5 =

(-4)(2x+1) ~— X% 2% + |

P14



b Y= (s py”

— Lot B)” . @i = — (o +py?

o
Il

¢
[

2 = T (- > o
s (=2) (c+@)>. op = =1, ol o2 (aL>c+ py®

D
w

5

= --|2, [ iy 2 .
N 20 & (-3) (ozx+p,)+-o¢ = 1) 3 3 (odx+rs)-4

)}
By conjecture %ﬁ; aak VAR L (o gy ™ £ (o

2

e A A P N : ¢
© dx‘“((x—df;L(;iﬂ) = 5 %17[(1-4"J -3 Falaxay] , Fron @)

5.6 (-4~ 3. 61 - 2° (ox+1y

RS

Y -
5061 45 (45T = 3. (b g) - o (2x+5" B (b)



Semester A, 2020-21 MA1200 Calcudus and Basic Linear Algebro I

Example 9 (Exam 1617B)

Find the seventh derivative of (x2 — X+ 3)6_2x with respectto X.
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EXGMP\Q q : o6
B&j the Llelonitz. tule |

L[ (eoxes) &)

- éo (l) (xz__x—_\_g)u‘) (8“21')(1“") all the rema{mna
terms are O

I

1 C-x+3)- -2) E?,—lx + 1 (2x=1) '(—2)6 e 4 Do) pal g

2,
5 n
{ - ﬁ*;,a(e‘“) = a g™ :l

¥ (o [400-x+3) —2(D2x-1) + 42]

[l

e—le (-2 -(4x*-32x + (R)



Semester A, 2020-21 MA1200 Calcuduy and Basic Linear Algebra I

Example 10 (Exam 1314B)
P[2, 2413

J is a point on the curve X~ +4y° —6x-8y+9=0

(a) Find the slope of the tangent to the curve at P.

(b) Find the equation of the normal to the curve at P.
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ExGmPlp O

@ 3C2+431—~61—85 +9=0
Diferentiate both sdes wrt. x
2X+ &y Sy —( —gdd =0

= @y -8) % = G-2x
= Q4 _ _g-ox

- o
A UE T 4y-4
= l
At PCa, 2t ) g)%c-': 4_(3;_;5}_4_ = B

the Jtangent to the curve at p.

Which ‘& the 3lope of

P



(b) Eq,UQ’é\on o5 the norma)l to the cuwve ok P w Pl&

- 258
o
Sl 5]

7 Y= 2B (e + 248

= =2 x % |4+ 9B
2,



Semester A, 2020-21 MA1200 Calculus and Basic Linear Algebra I Review Exaunples

Example 11

4 g — oA

11m
Evaluate |~ ) x _in(1+x) -

Dr. Emily Chaw Page 12



Example 1

M f—l—)(_eSin:c

X200 X - Ia(1+2) (—g—- ‘Ebﬁrn)

|+ » ba J——’HOP't\'Q\'s rule

= Jm (= Cosx - e’S'\nx
X0 ~ I
= _/t‘:”“ —_— S‘lﬁx
- COSX -
X0

|

I

- A - eano

EX

+ S0 - eS'hO

I
@-H:))’“

el B2 0

Il
I

1

(S Bren)

ba L’HOFH' (1\',5 roule

P19



Semester A, 2020-21 MA1200 Calcuduy and Basic Linear Algebra I Review Examples

Example 12 (Exam 1415B)

(a) Starting from the formula tan(4+B)= JE0F ey , show that
l-tan Atan B
4¢(1— 12 11
tan4t9=1 (61‘2 t)4' where ?=tan@. Deduce that, when €@ =tan l(g),
— 61" +

tan| 460 — 2 =L
4) 239-

~1

2
d
x, prove that (1+x )—+2 & =0. By repeated differentiation

b) If y=
(b) y =tan 3 2

of this result and use the Maclaurin theorem, or otherwise, prove that the first three

X

non-zero terms in the series expansion of tan"' x are X— ? +—+....

5
(c) Using the results in parts (a) and (b), find an approximation to the value of 7,

giving 5 decimal places in your answer.
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Exomp\e #d

(@ — _tanAt+ taa B
Criven that tan (A+R) = = fon P danb ®
Then 20 = tan(e+©) Tﬁn‘% T -+ . Where t=tone.
£
Then tan4o = ton(20+20) = 2 10006 = 2(0es) = =
~ dpo? ~ (2t ¥ -1 - 4¢2
| - +on?(26) |~ (&) (LT- —
= 44+ (-1
| —6t?+ 4+

Where t= tap O.

When © =1an™(3) , t=1ton®=%  Then

fon 40 = 43 [I-@?] _ 2 a0
I~e@rs () T Tam < i

625

and (40-T) = _tan(40) + tan(-%)
tanl4e-3) c,Im-- tanz@?zaﬁ(*ﬂ') b{j @

[26
T )

-2y = TR

Jl

I

P.20



()]

Y= tani'x
s T » =
& = T T (oD

DifSerentiate oth Sides vt X ¢
(H-x’)%%;-l- ox %% = 0

®
DifPerantiote  both sdes @ @ wrt. X -

(""{‘Il) 8(3)_" 7 b o) zj.l/ & 2x 8” e 2 ]3, =0

- ORd 4%e g y" + 2y =0

®

Dig%erentiate ot Sdey 08 @ wet x

|+Iz (C) ‘

( ) (Lj * i 3(5) +  4x \d(B) + 4 lj" i 251/ =0

=  (+x>) 5(‘*)
=0

* B¥ g@) + 65” ©

P-2)



Differentiote both sdes of @ wot X -
(]_,_ 12) 5 4 (4)
Y 23Xy +618(‘*’+63(3>+63(3):O
= (1+xx*) yt
( ) 55)‘}' 813@).\_ |2 ,3(3) - 0O
Putﬁna X=0 into the cbove fesults :
JO©) = tad’o = o

oy = —I__
a / = {

FRoa



i Po3
H&)(O) = ~I2 8(3)(0) =24 fom &)

S
=-2

Mac\aur‘\q 3e(\es 0@ ‘t(lr\-‘x S



P2
(© From (@, when 9= toy'(@E) , tanldo-%) = | )

239
4 1a0(3) - § = ton(557)

> M4 4 tar(3) - tar (S5)]
—4 {4 [3-3+ (5T [ =

=7~ s(m 2 () jusing
(b)

Y

~ 304162 (to 5dp)



Semester A, 2020-21 MA1200 Calcuds and Basic Linear Algebra I Review Exounples

Example 13

x2+px+q
x+1

Let P(0,—2) be aturning point of the curve y =

(a) Find the valuesof p and g¢.
(b) Find all local extrema of the curve.

(c) Find the largest possible domain and largest possible range of the function

x2+px+q
x+1

,Wwhere p and ¢ are the values you found in (a).

J(x)=

Dr. Emily Chaw Page 14



Example (S
_ _XZ+pX+q,
(@ 3 B X+
N CSHICET T - OO+ px 1) <
J DR preg) = X *2x+p-gq

QI—{-[)’-
P(0,-2) & o tuning pont of the cuve.
Yyor=-2 & Y =0

1-C. ‘-2,.—_- M ; CL:—Z

O+ |

& Oz_P;;ﬂ’" =,

P=q = -2

s



P.2G

(b) (\j - X2-2x-2

X4\
3/ = XT+2x X (x+2)
CEH 1 (x+1)*

&tgfzo =25 %}zo = X(+)=0 = x=0 or x=-2

X<Lm2 ) X=-2 | -2<4 XL~ [ x=~]| |- «<x<0|x=0| x>0
S\gn of x i - . >< - @) +
80 of k)| — o +  close 4 + | 4
wnef g T | © - > - Jo]| +
a8 \J

B& the Ticst dervative test, the curve has

& local moaxinum at AE=Q Yy=-6

, Y=-2.

& a local minimum  at X =0



> _ 9N~ ; hen XA\ FO D x # -l
(Q5 J;.’OQ.:-_ Ixi)\L 2 2 defined  when

. Dom®) = RN1-13

L@t 3: 12_21—2- Th@ﬂ

e (_I.""DU:X-}_Q’I*Z

= Kty yx~ Y=

=  x = =2y | C2-yd* — 4 () (=2-Y)
201

Which has real Slutiong when
C2Y*~ 4020 > 3P+ By +12 >0

= Yre)(y+2)so

== Y<$=6 or Y- "‘“\ ég

L

4

Ran (£) = (mo0, -6JU [-2, 00)

P2



Semester A, 2020-21 MA1200 Calcudus ond Basic Lineow Algebra I Review Examples

Example 14
- e - ar_, 1
Let y=sinh " x. Use implicit differentiation to show that =~ o
+x

Hence, or otherwise show that
(1+ xz)y(z) + xy(l) =0
and that, for n=>0,
1+ x3)y" 2 + 2n+ Dy 4+ n2y™ =0

7

wnere enotes dx’

5 5 ; . -1 . ’
Hence, or otherwise, find the expansion of sinh " x in ascending powers of x as

far as the term in x° .
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Examp\e 14
H= Sinh*e = o= Sinhd
Differentiote both sdes w.rt. x :
1= cogh Y _f:jéc—
> oy _ i |

A L
Cash J e Sinh}t’

|+

=
U+x3)> y o

D &erentiote both Sides wnt. X -

2 = /) -4
gLyl 5’ ¥ z’(\*-x‘):- 2% \3’ = O

M\L\ﬂp\d\na both sides by (4xH*

(43 y” + xy = o

®

' C)S)Sh:‘a - a‘m\nﬂd =]

& Cosh8= S(ed+«e3) > |
e o&lﬂe R .

228



u8i08 leiboitz” rule and d\@?ereh{\cﬁ\(\% hoth sides o8 D n times wet. x - P29
> ) Q+x2y™ (y” “‘“"J 2\ L0 O | A
2 &) (+x3) 4" +[§=o(¥«)x (\5') ]—o
— [i (4 x2) t10‘&-1-2) + n(2x) 5(r\+1) + ﬂ(g-l)_ z_g(n):‘
4 [l'J(,‘ ‘g[wl)*'rn'l'jm] -

=X

(H-xz-) H(nu) + (2n+1) x. Umﬂ) + n2 B(n) = B

®
for nz2,.

F we Jdfferentiote hoth sides o2 @ wrt. X we have

(H’X,l) 3(3) o 51 .j” " 3, - 0 @
Compaxina O ad @ wth @ |
[JF%™ ld(nﬂ) + (2040 X - %(f\-ﬂ) - 3“‘) = @

(2 true for nzo.



To find te expansion. of Sinhtx in Qgcend'mq powesrs o i
J

™ Maclaurin ecies
Pu’c‘un\cl x=0 into ® , we have

Iy + n2 éj(m(o) = O

(n+
™ ’y 2)(0) = =¥ 5(‘“(0) —— &% : for NZO.
We hawe Yo = silh'o = o ( soho= £(e”-e°) = o)
o) = —L _ _
= g =
n
d © = o , uSina &EH with n=p
g(?})(o) — e} B , ) .
| Yoy = —| u&ma@ wth =1\
&)
H (O) e 22_ H”(O) =0

. ua\f\a GO wWth n=2

(5) . )
d o) = -3 Yy = -9(-1) =9 using @) With N=3

P.20



S'lﬂ\'\"X: \B(O) ¥ -Hl(!i)-)L—\- H”é?) ¥4, *\JG;&X.}""

= 0 + - x+-% 1+%1—X.+4.x+

Il
~
|
(N
v
w
+
]ou
=
()]
+

o E

P3)



