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MA2170 Exercise on Chapter 3 Vectors 

 

1. It is given that a
r

, b
s

are vectors in R
3
 with 0

rr
≠a , 0

rs
≠b . 

 Determine whether each of the following is True of False. 

(a) a b a b+ ≤ +
r r r r

    (b) 0
3

>a
r

 

(c) ba

r
rproj  is parallel to b

s
   (d) 0>⋅ba

rr
 

(e) 0>× ba
rr

     (f) ( ) ( ) 22 2 bbaababa
rrrrrrrr

++=+⋅+  

(g) ( ) ( )
22

22 bbaabbbaaababa
rrrrrrrrrrrrrr

+⋅+=⋅+⋅+⋅=+⋅+  

(h) ( ) ( ) babbbaaababa
rrrrrrrrrrrr

×=×+×+×=+×+ 22  

(i) The vectors 














−

4

2

1

, 
















1

0

3

 and 



















−

−

2

1
1

5

 are linearly dependent. 

(j) If 
















=

3

2

1

v

v

v

v
r

 is a given non-zero vector and vyvx
rrrr

⋅=⋅ , where x
r

, y
r

 are vectors in R
3
, then 

 x
r

= y
r

. 

 

2. Let ( )4,3,2 −A , ( )12,7,1−B , ( )6,2,0C  and ( )10,2,3 −−D  are four points in R
3
. 

(a) Find AB  and DC .   (b) Show that ABCD is a parallelogram. 

 

3. Given the points P1(3, 4, –2), P2(0, 3, –1) and P3(2, 0, –4). 

(a) Find 21PP  and 31PP .  (b) Find the unit vector in the same direction as 21PP . 

(c) Find 3121 PPPP ⋅ .  (d) Find the angle between 21PP  and 31PP . 

 

4. Given kjia
rrrr

52 −+−= . Find the direction cosines of a
r

. 

 

5. Given the vectors kjia
rrrr

2−+=  and kjb
rrr

53 += . Find 

 (a) the projection vector of a
r

 on b
r

,  (b) the projection vector of b
r

 on a
r

. 
 

6. Given the vectors kjib
rrrr

52 −+=  and kjic
rrrr

−+−= 2 . 

 (a) Find cb
rr

× .  

 (b) Find the area of parallelogram with b
r

 and c
r

 as the adjacent sides. 

 (c) Find the area of triangle with b
r

 and c
r

 as the adjacent sides. 
 
7. Given the points A(4, 5, 1), B(4, 2, 1) and C(3, 4, 0). 

 (a) Find the area of parallelogram with AB and AC as the adjacent sides. 

 (b) Find the area of triangle ABC. 
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8. Given the vectors kjia
rrrr

−−= 23 , kjib
rrrr

52 −+−=  and kjic
rrrr

−+−= 2 . 

 Find the volume of parallelepiped with a
r

, b
r

 and c
r

 as edges. 

 

9. Find the volume of parallelepiped with AB, AC and AD as edges, where A(2, –1, –4),  

 B(–1, 0, 4), C(3, –2, 0) and D(2, –1, –2). 

 

10. Find the volume of tetrahedron with kjia
rrrr

+−= 3 , kjib
rrrr

23 −+=  and kic
rrr

−−= as edges. 

 

11. Determine whether each of the following sets of vectors are coplanar. 

(a) kjia
rrrr

−−= 23 , kjb
rrr

53 +=  and kjic
rrrr

−+−= 2  

(b) kjia
rrrr

+−= 32 , kjib
rrrr

52 −+−=  and kjic
rrrr

343 −−=  

 

12. Determine whether kjia
rrrr

2−+= , kjb
rrr

53 +=  and kic
rrr

−−= are linearly independent. 

 

13. Given that A(2, 3, –1), B(2, 0, –1) and C(1, 2, –2) are three points on a plane.  

(a) Find n
r

, one unit vector which is perpendicular to the plane. 

(b) Using the n
r

 obtained in (a), find the distance between the point D(0, 1, 0) and the plane. 

 

 

Answers 

1. (a) T (b) T (c) F (d) F (e) F 

 (f) F (g) T (h) F (i) T (j) F 

2(a)(b) AB  =  















−

16

4

3

 = DC   

3.(a) 21PP  = 11 , 31PP  = 21  (b) kji
rrr

11

1

11

1

11

3
+−−    (c) 5 (d) 70.8° 

4. 
30

2
− , 

30

1
 and 

30

5
− .  5. (a) kj

rr

34

35

34

21
−−   (b) kji

rrr

3

7

6

7

6

7
+−−  

6. (a) kji
rrr

579 ++   (b) 155  square units  (c) 
2

155
 square units 

7. (a) 23  square units (b) 
2

23
 square units 

8. 16 cubic units   9. 4 cubic units  10. 1.5 cubic units 

11. (a) cba
rrr

×⋅ =  –32 ≠ 0  ∴ a
r

, b
r

 and c
r

 are not coplanar. 

 (b) cba
rrr

×⋅ = 0   ∴ a
r

, b
r

 and c
r

 are coplanar. 

12. a
r

, b
r

 and c
r

 are linearly independent. 

13.  (a) ki
rr

2

1

2

1
−  or 








−− ki

rr

2

1

2

1
  (b) 

2

23
 units 
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First Exercises on Chapter 4  Matrix Algebra 
 

Part A 

1. Compute each of the following determinants. 

 (a) 

502

023

431

−−

−

 (b) 

1

1

1

ab

ac

bc

−

−

−

 (c) 

5000

2513

7320

2400

−−

−

 

 

2. It is given that 
















−

−

−

=

354

132

112

A  and 
















−−=

310

112

131

B . 

 (a) Evaluate BA +  and AB . 

 (b) Show that  

(i) ( ) ( )AAT detdet = ; 

(ii) ( ) ( ) ( )BAAB detdetdet = ; 

(iii) ( ) ( ) ( )BABA detdetdet +≠+ . 

 

3. Given 
















=

121

431

032

A  and 
















−

=

100

040

002

D . 

(a) Compute A
2
 and A

3
. 

(b) Compute D
2
 and D

3
. 

(c) What can you observe from the results of (a) and (b)? 

 

4. If the determinant of the matrix 
















−

−

−

=

λ

λ

λ

5    00

1   21

1   12

B is 0, find the values of λ . 

 

5. Without expanding the determinant, find the determinant for the matrix  

 
















−−−

++=

cabaa

cabaa

cba

A

2323

22  . 
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Part B 

1. Determine whether each of the following matrices are in row echelon form 

(a) 

















− 8310

2400

2001

 (b) 

















 −

00000

40000

21300

30120

 (c) 

















 −

000

100

231

312

 (d) 















−

5000

4310

0921

 

(e) 

















0000

6000

3210

 (f) 

















1000

0210

0601

 (g) 















 −

000

000

521

 

 

2. For each of the following augmented matrices given, solve the corresponding system of linear equations. 

(a)  

















−

−

8

2

6

400

310

012

  (b) 

















−

0

0

0

500

420

734

  (c)

















−

−

−

8

2

6

000

510

742

  

(d)  















 −

0

5

6

000

410

201

  (e) 

















−

−

0

6

7

000

600

321

  (f) 















 −−

0

0

3

000

000

521

 

(g) 















 −−

0

3

1

000

000

421

  (h) 

















−

−

0

6

5

000

300

120

 

 

3. Determine the solutions of the corresponding system of linear equations and express them in vector form. 

(a)  

















−

−

−

10

8

1

200

110

012

  (b) 















 −

0

9

5

000

410

102

  c) 

















−

−

0

5

7

000

210

123

 

(d) 

















−

−−

0

6

3

000

200

521

  (e) 

















−

−

0

9

3

000

300

220

  (f) 















 −−

0

0

6

000

000

311

 

(g) 















 −

0

0

3

000

000

510

  (h) 















 −−

0

0

3

000

000

021

  (i) 

















−

−

−

4

8

1

2000

3110

3201

 

(j) 















 −−

0

5

6

0000

3100

3112

  (k) 















 −

0

9

5

0000

3000

1201

 (l) 

















−

−

0

2

8

0000

1100

3120

 

(m) 





















−

−−

0

0

2

0

0000

1000

5300

1131

  (n) 















 −

0

0

0

00000

21100

40321
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4. Solve each of the following system by Gaussian Elimination and express the solutions in vector form. 

(a) 








−=−+

=+−−

=−−

52

232

235

321

321

321

xxx

xxx

xxx

 (b) 








=−+

=−+

−=+−−

153153

825

195102

321

321

321

xxx

xxx

xxx

 (c) 








=+

=++

=++

4032

80422

95235

32

321

321

xx

xxx

xxx

 

(d) 








=−−

=+−−

−=−+

572

34

435

21

321

321

xx

xxx

xxx

 (e) 








=++

−=−+−

=+−

023

762

943

321

321

321

xxx

xxx

xxx

 (f) 








=++−

=+−−

=−++−

9223

033

342

4321

4321

4321

xxxx

xxxx

xxxx

 

(g) 
















=

































−−−

0

0

0

033

363

330

3

2

1

x

x

x

 (h) 
















=

































−−−

0

0

0

333

333

333

3

2

1

x

x

x

 

 

5. For what value(s) of k does the system 








−=+−

=−+−

=−−

112

132

1143

kzx

zyx

zyx

 has unique solution? 

 

6. For what value(s) of k does the system 

( )







+=+++

−=−

−=+−

5332

96

43

321

21

321

kxkxx

xx

xxx

 have  

(a) infinitely many solutions? 

(b) unique solution? 

 

7. Determine the rank of each of the following matrices. 

(a) 

















−

−−

−

5102

251

6306

 (b) 

















−−

−−

−−

2132

2315

5211

  (c) 

















−−

−−

4131

7532

9061

 

 

8. Solve each of the following systems by the Cramer’s Rule 

(a)  








=++

=++

=++

26919295

1128122

3925

321

321

321

xxx

xxx

xxx

 (b) 








−=+−

=−+−

=−−

1132

132

1143

zx

zyx

zyx

 

 

9. Find the inverse of each of the following matrices (if exists). 

(a) 

















−

−−

−

8820

3410

112

  (b) 

















−

−

−

432

413

201

  (c) 








−−
=

21

12
P  (d) 

















320

422

235

 

 

10. Let 







=

010

101
C  and 









−−
=

132

201
D . 

 (a) Compute DC 2+ , and show that ( )TTT DCDC +−=+− 22  

 (b) Find T
CD  and CD

T . 
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 (c) Determine whether each of the matrices T
CD  and CD

T  in (b) is invertible and find the inverse  

  if it exists. 

 

11. Find the value(s) of k so that the matrix ( )
















−

−−−

++

=

143

1254

0322

k

kk

kk

M  has no inverse. 

 

12. Let 














 −

=

301

121

200

A . 

 (a) Evaluate IAAA 485 23
−+− . 

 (b) Hence, or otherwise, find 1−A . 

 

13. Consider each of the following systems. 

(a) 









−=+−

=−+−

−=+−

48820

13410

12

zyx

zyx

zyx

 (b) 









=+−

−=++−

−=−

26432

543

12

zyx

zyx

zx

 (c) 




−=−−

−=+

92

32

yx

yx
 (d)









=+

=++

=++

4032

80422

95235

zy

zyx

zyx

  

For each of the systems above, 

(i) write the system into the form bxA
rr

= ; 

(ii) refer to Question 9, solve the system correspondingly. 

 

14. In each of the following questions, one of the forms (system of linear equations, matrix equation, vector 

 equation, augmented matrix) is presented. Express each of them into the remaining three forms.   

 e.g. Matrix equation: 



















=



































−

−

0

0

0

0

1113

212

124

321

3

2

1

x

x

x

  Augmented matrix: 





















−

−

0

0

0

0

1113

212

124

321

 

  Vector equation: 



















=



















+



















−
+



















−

0

0

0

0

11

2

1

3

1

1

2

2

3

2

4

1

321 xxx   System: 













=++

=++−

=+−

=++

0113

022

024

032

321

321

321

321

xxx

xxx

xxx

xxx

 

(a) 
















−

−

1

5

8

302

165

023

  (b) 



















−

=



































−

−

1

1

0

2

629

0512

163

042

3

2

1

x

x

x

  (c) 

















=

















−

+

















+

















− 0

0

0

5

3

0

8

5

2

1

0

2

321 xxx  

(d) 













=−+

=++−

=+−

−=−+

8152

437

0239

132

321

321

321

321

xxx

xxx

xxx

xxx
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15. In each of the following, determine whether the vectors are linearly independent.  

 (a) 















−

3

1

1

, 

















−

2

1

1

, 

















10

0

10

 (b) 

















5

2

1

, 

















9

4

0

, 

















−

−

1

0

3

 (c) 





















1

1

1

3

, 





















1

1

2

1

, 





















2

2

3

4

, 





















1

0

1

1

 (d) 





















−1

1

2

1

, 





















0

1

3

4

, 





















3

1

0

2

 

 

 

Answers:  

Part A 

1. (a) –39  (b) 2221 cba +++  (c) –120 

2. (a) 

















=+

064

020

043

BA  

















−

−−

−

=

10414

284

244

AB  

 (b)(i) –8  (ii) ( ) 144det =AB , ( ) 8det −=A , ( ) 18det −=B   (iii) ( ) 0det =+ BA  

3. (a) 

















=

9115

16209

12157
2

A  

















=

536630

9611954

729041
3

A   (b) 

















=

100

0160

004
2

D  

















−

=

100

0640

008
3

D  

 (c) D is a diagonal matrix and the results of D
n
 is to take the nth power of all the  entries.   

  However, it is not true for other matrices in general. 

4. λ  = 1, 3 or 5. 

5. ca
24  

 

Part B 

1. YES: (b), (d), (e), (f), (g); others are NO 

2. (a) 









−=

=

=

2

8

7

3

2

1

x

x

x

 (b) 









=

=

=

0

0

0

3

2

1

x

x

x

 (c) No solution (d) 









=

−=

−=

sx

sx

sx

3

2

1

45

26

 (s is any real number) 

 (e) 









−=

=

−=

1

24

3

2

1

x

sx

sx

 (s is any real number) (f) 









=

=

−+−=

tx

sx

tsx

3

2

1 523

 (s, t are any real numbers) 

 (g) No solution (h) 









−=

=

=

2

3

3

2

1

x

x

sx

 (s is any real number) 

3. In the following, r, s and t are any real numbers. 

(a)  

















−

=

5

3

2

x
r

  (b) 

















−+

















=

1

4

5.0

0

9

5.2

sx
r

 (c)  















−

+















−

=

1

2

1

0

5

1

sx
r

 

(d)   

















+

















−

=

0

1

2

3

0

12

sx
r

 (e)  

















+

















−

−=

0

0

1

3

5.1

0

sx
r

 (f) 















−

+

















+















−

=

1

0

3

0

1

1

0

0

6

tsx
r

 



 6 

(g) 

















−+

















+

















−=

1

5

0

0

0

1

0

3

0

tsx
r

 (h) 

















+

















+















−

=

1

0

0

0

1

2

0

0

3

tsx
r

 (i) 

















−

+



















−

−

−

=

0

1

1

2

2

0

14

5

sx
r

 

(j) 

















−

+



















−
+



















=

0

0

1

5.0

1

3

0

0

0

5

0

5.5

tsx
r

 (k) 



















+

















−

+



















=

0

0

1

0

0

1

0

2

3

0

0

8

tsx
r

 (l) 



















+



















+



















=

0

0

0

1

1

1

1

0

0

2

3

0

tsx
r

 

(m) 



















+























−

=

0

0

1

3

0
3

2
0
3

2

sx
r

  (n) 























+























−+























−=

0

0

0

1

2

0

1

1

0

3

1

0

2

0

2

tsrx
r

 

 

4. In the following, s and t are any real numbers. 

(a)  

















−=

















3

1

2

3

2

1

x

x

x

 (b) 















−

+

















−

=

















0

1

5

3

0

2

3

2

1

s

x

x

x

 (c)  

















=

















13

5.0

5.13

3

2

1

x

x

x

 (d) 















−

+

















−=

















1

2

7

0

1

1

3

2

1

s

x

x

x

   

(e) 

















−=

















5.0

1

2

3

2

1

x

x

x

 (f)  



















−

−

+



















−
=



















1

3

1

3

0

6

3

3

4

3

2

1

s

x

x

x

x

 (g) 
















−=

















1

1

1

3

2

1

t

x

x

x

  (h) 














−

+















−

=

















1

0

1

0

1

1

3

2

1

ts

x

x

x

  

 

5. k = 3 

6. (a) 2=k   (b) 2≠k    

7. (a)  2  (b) 3  (c) 2 

8. (a) 








=

=

=

6

5

2

3

2

1

x

x

x

 (b) 








−=

=

−=

5

3

2

3

2

1

x

x

x

 

9. (a) 





















−

−

2

1
10

115
4

1
02

 (b) 



















2

1

2

3

2

7
1410

138

 (c) 

















−−
3

2

3

1
3

1

3

2

 (d)  

















−−

−

−

2.05.02.0

8.075.03.0

4.025.01.0

 

10.   (a) 








−−
=+

274

503
2DC  (b) 







 −
=

30

33
T

CD , 

















−

−

=

212

030

121

CD
T  

 (c) Inverse of T
CD  is: 

















3

1
0

3

1

3

1

  CD
T  is not invertable (i.e. inverse of CD

T  does not exists) 

xzhuang
Cross-Out

xzhuang
Text Box
k does not equal to 18/5
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11.  (a) 0=k , 1 or 1−  

12. (a) 

















000

000

000

 (b) 























−

−−=
−

00
2

1
2

1

2

1

2

1

10
2

3

1
A  

13. (a)(i) 

















−

−

=

































−

−−

−

4

1

1

8820

3410

112

z

y

x

 (ii) 









−=

=

=

1

2

1

z

y

x

 (b)(i) 

















−

−

=

































−

−

−

26

5

1

432

413

201

z

y

x

 (ii) 









=

−=

=

2

4

3

z

y

x

 

 (c)(i) 








−

−
=

















−− 9

3

21

12

y

x
 (ii) 





=

−=

7

5

y

x
   (d) (i) 

















=

































40

80

95

320

422

235

z

y

x

  (ii) 









=

=

=

13

5.0

5.13

z

y

x

 

15 (a) Yes  (b) Yes  (c) No  (d) Yes 
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