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Overview

• In this note we explain the motivation and 
demonstrate the application of electromagnetic 
potentials

• We cover the following major aspects
• Defining electromagnetic (EM) potentials
• Wave equations for EM potentials
• Solving for EM fields with EM potentials
• Example: Deriving the Biot-Savart Law from Maxwell’s 

Equations
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Electromagnetic Potential - 
Concept
• Electromagnetic potentials lead to more efficient calculations 

of the effect of sources on electromagnetic fields
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Electromagnetic 
Sources
𝜌𝜌, 𝐉𝐉

Electromagnetic 
Fields

𝐄𝐄,𝐇𝐇,𝐁𝐁,𝐃𝐃
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Electromagnetic 
Potential
𝑉𝑉,𝐀𝐀
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Electromagnetic Potentials – 
Definition
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Recalling the identity 𝛻𝛻 ⋅ 𝛻𝛻 × 𝐀𝐀 = 0, we may define a 
Magnetic Vector Potential 𝐀𝐀 such that

Substitute into the Faraday’s law:

Consider 𝛻𝛻 ⋅ 𝐁𝐁 = 0

𝛻𝛻 × 𝐀𝐀 = 𝐁𝐁

𝛻𝛻 × 𝐄𝐄 = −
𝜕𝜕𝐁𝐁
𝜕𝜕𝜕𝜕

= −
𝜕𝜕 𝛻𝛻 × 𝐀𝐀

𝜕𝜕𝜕𝜕
= −𝛻𝛻 ×

𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

⇒ 𝛻𝛻 × 𝐄𝐄 +
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

= 0
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Now recall the identity 𝛻𝛻 × 𝛻𝛻𝑉𝑉 = 0, we may define a 
scalar potential 𝑉𝑉 such that

Note that, in the static limit, this definition becomes −𝛻𝛻𝑉𝑉 = 𝐄𝐄 , 
which is consistent with the electrostatic case)

Rearranging, we have

−𝛻𝛻𝑉𝑉 = 𝐄𝐄 +
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

𝐄𝐄 = −𝛻𝛻𝑉𝑉 −
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

Now we apply the electromagnetic potentials to Ampere’s Law: 
(next page…)
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1
𝜇𝜇 𝛻𝛻 × 𝐁𝐁 = 𝐉𝐉 + 𝜀𝜀

𝜕𝜕𝐄𝐄
𝜕𝜕𝜕𝜕

𝛻𝛻 × (𝛻𝛻 × 𝐀𝐀) = 𝜇𝜇𝐉𝐉 + 𝜇𝜇𝜀𝜀
𝜕𝜕
𝜕𝜕𝜕𝜕

−𝛻𝛻𝑉𝑉 −
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

𝛻𝛻 𝛻𝛻 ⋅ 𝐀𝐀 − 𝛻𝛻𝟐𝟐𝐀𝐀 = 𝜇𝜇𝐉𝐉 − 𝛻𝛻 𝜇𝜇𝜀𝜀
𝜕𝜕𝑉𝑉
𝜕𝜕𝜕𝜕

− 𝜇𝜇𝜇𝜇
𝜕𝜕2𝐀𝐀
𝜕𝜕𝑡𝑡2

𝛻𝛻𝟐𝟐𝐀𝐀 − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝐀𝐀
𝜕𝜕𝑡𝑡2

= −𝜇𝜇𝐉𝐉 + 𝛻𝛻 𝛻𝛻 ⋅ 𝐀𝐀 + 𝜇𝜇𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

We only defined 𝛻𝛻 × 𝐀𝐀 = 𝐁𝐁. We are at liberty to define 𝛻𝛻 ⋅ 𝐀𝐀 
without affecting the value of the EM fields. We can define 𝜵𝜵 ⋅
𝐀𝐀 in a way that simplifies our problem!

Lorentz Gauge: we define 𝛻𝛻 ⋅ 𝐀𝐀 = −𝜇𝜇𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

The above equation becomes

𝛻𝛻𝟐𝟐𝐀𝐀 − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝐀𝐀
𝜕𝜕𝑡𝑡2 = −𝜇𝜇𝐉𝐉

(Non-homogeneous 
wave equation for 𝐀𝐀 )
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𝛻𝛻 ⋅ 𝐄𝐄 =
𝜌𝜌
𝜀𝜀

−𝛻𝛻 ⋅ 𝛻𝛻𝑉𝑉 +
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

=
𝜌𝜌
𝜀𝜀

𝛻𝛻2𝑉𝑉 +
𝜕𝜕
𝜕𝜕𝜕𝜕

𝛻𝛻 ⋅ 𝐀𝐀 = −
𝜌𝜌
𝜀𝜀

(Non-homogeneous wave equation for 𝑉𝑉)

𝛻𝛻2𝑉𝑉 − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝑉𝑉
𝜕𝜕𝑡𝑡2

= −
𝜌𝜌
𝜀𝜀

Remarks:
1. The two wave equations connect sources (𝜌𝜌, 𝐉𝐉) with potentials (𝑉𝑉,𝐀𝐀)

2. The waves have a speed of 𝑣𝑣𝑝𝑝 = 1/ 𝜇𝜇𝜇𝜇
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Solving the differential equations:

All are non-homogeneous 
wave equations and should 
have the same solution form. 

𝛻𝛻2𝑉𝑉 − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝑉𝑉
𝜕𝜕𝑡𝑡2

= −
𝜌𝜌
𝜀𝜀

8

𝛻𝛻𝟐𝟐𝐀𝐀 − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝐀𝐀
𝜕𝜕𝑡𝑡2

= −𝜇𝜇𝐉𝐉

Phasor forms: 𝑘𝑘 = 𝜔𝜔 𝜇𝜇𝜇𝜇

𝛻𝛻𝟐𝟐𝐀𝐀 + 𝑘𝑘2𝐀𝐀 = −𝜇𝜇𝐉𝐉 𝛻𝛻2𝑉𝑉 + 𝑘𝑘2𝑉𝑉 = −
𝜌𝜌
𝜀𝜀

𝛻𝛻𝟐𝟐𝐴𝐴𝑥𝑥 + 𝑘𝑘2𝐴𝐴𝑥𝑥 = −𝜇𝜇𝐽𝐽𝑥𝑥
𝛻𝛻𝟐𝟐𝐴𝐴𝑦𝑦 + 𝑘𝑘2𝐴𝐴𝑦𝑦 = −𝜇𝜇𝐽𝐽𝑦𝑦
𝛻𝛻𝟐𝟐𝐴𝐴𝑧𝑧 + 𝑘𝑘2𝐴𝐴𝑧𝑧 = −𝜇𝜇𝐽𝐽𝑧𝑧

(Separable)
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Solution to the Spherical Wave Equation:

9

Solutions should be of the form 𝑉𝑉 = 𝐶𝐶 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅
 , where 𝑅𝑅 = 𝐑𝐑 , 

and 𝐶𝐶 is a constant. 

𝛻𝛻2𝑉𝑉 + 𝑘𝑘2𝑉𝑉 = −
𝜌𝜌
𝜀𝜀

Since the equation is “linear and space-invariant”, we apply a 
Green’s function (impulse response) method. First assume the 
source 𝜌𝜌 is a delta function (point charge) at location 𝐫𝐫𝐫 and 
find the answer, then construct the answer for a general 𝜌𝜌(𝐫𝐫) 
as an integral of individual delta-function sources.

𝛻𝛻2𝑉𝑉 + 𝑘𝑘2𝑉𝑉 = −
𝛿𝛿3(𝐑𝐑)
𝜀𝜀

Solution to the Spherical Wave Equation with delta source:

(defined 𝐑𝐑 = 𝐫𝐫 − 𝐫𝐫𝐫)

* You are not 
responsible for 
material with this 
gray tab on the slide
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Verifying the Solution to the Spherical Wave Equation:

1. Calculate 𝛻𝛻2𝑉𝑉 + 𝑘𝑘2𝑉𝑉 for 𝐑𝐑 ≠ 0: 

𝛻𝛻2𝑉𝑉 + 𝑘𝑘2𝑉𝑉 =
1
𝑅𝑅2

𝜕𝜕
𝜕𝜕𝜕𝜕 𝑅𝑅2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑘𝑘2𝑉𝑉

=
1
𝑅𝑅2

𝜕𝜕
𝜕𝜕𝜕𝜕 𝑅𝑅2

𝜕𝜕
𝜕𝜕𝜕𝜕 𝐶𝐶

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅 + 𝑘𝑘2𝐶𝐶
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅

=
𝐶𝐶
𝑅𝑅2

𝜕𝜕
𝜕𝜕𝜕𝜕 𝑅𝑅2 −𝑗𝑗𝑗𝑗

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅 −
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅2 + 𝑘𝑘2𝐶𝐶
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅

= −
𝐶𝐶
𝑅𝑅2

𝜕𝜕
𝜕𝜕𝜕𝜕 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 𝑗𝑗𝑘𝑘𝑅𝑅 + 1 + 𝑘𝑘2𝐶𝐶

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅

= −
𝐶𝐶
𝑅𝑅2 −𝑗𝑗𝑗𝑗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗 + 1 + 𝑗𝑗𝑗𝑗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑘𝑘2𝐶𝐶

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅

= −
𝐶𝐶
𝑅𝑅 𝑘𝑘2𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑘𝑘2𝐶𝐶

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅
= 0

          (As required)
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Verifying the Solution to the Spherical Wave Equation (Cont’d):
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2. We cannot evaluate either side of the function at 𝑅𝑅 = 0, but we can take 
its volumetric integral over a sphere of radius 𝒂𝒂, centered at 𝑹𝑹 = 𝟎𝟎, and 
then take the limit as 𝒂𝒂 → 𝟎𝟎.

Here both terms approach zero as 𝑎𝑎 → 0.

Here we use 𝑣𝑣 (lower case) to represent the volume

�
𝑠𝑠𝑝𝑝𝑝.

𝑘𝑘2𝑉𝑉 𝑑𝑑𝑑𝑑 = �
𝑠𝑠𝑝𝑝𝑝.

𝐶𝐶𝑘𝑘2
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅
𝑑𝑑𝑑𝑑 = 𝐶𝐶𝐶𝐶2 �

0

𝑎𝑎
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅
4𝜋𝜋𝑅𝑅2  𝑑𝑑𝑅𝑅

= 4𝜋𝜋𝐶𝐶𝐶𝐶2 �
0

𝑎𝑎

𝑅𝑅𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 𝑑𝑑𝑅𝑅 = 4𝜋𝜋𝐶𝐶𝑘𝑘2
𝑗𝑗𝑗𝑗
𝑘𝑘
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

0

𝑎𝑎

− �
0

𝑎𝑎
𝑗𝑗
𝑘𝑘
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 𝑑𝑑𝑅𝑅

= 𝑗𝑗4𝜋𝜋𝐶𝐶𝐶𝐶𝑎𝑎𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 + 4𝜋𝜋𝐶𝐶𝑘𝑘2
1
𝑘𝑘2
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

0

a

= 𝑗𝑗4𝜋𝜋𝐶𝐶𝐶𝐶𝐶𝐶𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 + 4𝜋𝜋𝜋𝜋 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 1

(integration 
by parts)

(integration 
along 𝜃𝜃 and 𝜙𝜙 
leads to this)
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Verifying the Solution to the Spherical Wave Equation (Cont’d):
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We define 𝐏𝐏 = −𝛻𝛻𝑉𝑉, which means 𝛻𝛻 ⋅ 𝐏𝐏 = −𝛻𝛻 ⋅ 𝛻𝛻𝑉𝑉 = −𝛻𝛻2𝑉𝑉

Now 𝐏𝐏 = −𝛻𝛻𝑉𝑉 = −𝛻𝛻 𝐶𝐶 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅
= 𝐶𝐶 𝜕𝜕

𝜕𝜕𝜕𝜕
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅
�𝐑𝐑 = 𝐶𝐶 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅
1
𝑅𝑅

+ 𝑗𝑗𝑗𝑗  �𝐑𝐑

�
𝑠𝑠𝑝𝑝𝑝.

𝛻𝛻2𝑉𝑉 𝑑𝑑𝑑𝑑 = − �
𝑠𝑠𝑝𝑝𝑝.

𝛻𝛻 ⋅ 𝐏𝐏 𝑑𝑑𝑑𝑑 = −�
𝑠𝑠𝑢𝑢𝑢𝑢𝑢𝑢

𝐏𝐏 ⋅ 𝑑𝑑𝐬𝐬

Since 𝑉𝑉 is radially symmetric and decays with 𝐑𝐑, 𝐏𝐏 always points in the 
direction of �𝐑𝐑.

… = −�
𝑠𝑠𝑢𝑢𝑢𝑢𝑢𝑢

𝐏𝐏 ⋅ 𝑑𝑑𝐬𝐬 = 4𝜋𝜋𝑎𝑎2 𝐏𝐏 𝑅𝑅 = 𝑎𝑎 = 4𝜋𝜋𝑎𝑎2 𝐶𝐶
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑎𝑎
1
𝑎𝑎

+ 𝑗𝑗𝑗𝑗

= 4𝜋𝜋𝐶𝐶𝐶𝐶𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
1
𝑎𝑎

+ 𝑗𝑗𝑗𝑗 = 4𝜋𝜋𝜋𝜋𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑗𝑗4𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

So lim
𝑎𝑎→0

∫𝑠𝑠𝑝𝑝𝑝.𝛻𝛻
2𝑉𝑉 𝑑𝑑𝑑𝑑 = 4𝜋𝜋𝜋𝜋 due to contribution from the first term.

(Divergence 
theorem)
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Verifying the Solution to the Spherical Wave Equation (Cont’d):

Combining the final results from Slides 10 – 12, we see that on the LHS, 

 ∫𝑠𝑠𝑝𝑝𝑝.𝛻𝛻
2𝑉𝑉 + 𝑘𝑘2𝑉𝑉 𝑑𝑑𝑑𝑑 = 4𝜋𝜋𝜋𝜋

Now for the RHS: ∫𝑠𝑠𝑝𝑝𝑝.
𝛿𝛿3 𝐑𝐑
𝜀𝜀0

 𝑑𝑑𝑑𝑑 = 1/𝜀𝜀0 (property of the delta function).

Equating both sides, we see that 4𝜋𝜋𝜋𝜋 = 1
𝜀𝜀0
⇒ 𝐶𝐶 = 1

4𝜋𝜋𝜋𝜋0
, i.e.

𝛻𝛻2𝑉𝑉 + 𝑘𝑘2𝑉𝑉 = −
𝛿𝛿3 𝐑𝐑
𝜀𝜀0

 ⇒  𝑉𝑉 =
1

4𝜋𝜋𝜀𝜀0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅

Similar mathematics apply for the 𝐴𝐴 equations:

𝛻𝛻2𝐴𝐴𝑛𝑛 + 𝑘𝑘2𝐴𝐴𝑛𝑛 = −𝜇𝜇0𝛿𝛿3 𝐑𝐑 ⇒  𝐴𝐴𝑛𝑛 =
𝜇𝜇0
4𝜋𝜋

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅

Where 𝑛𝑛 = 𝑥𝑥, 𝑦𝑦 or 𝑧𝑧.
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Solution to the Spherical Wave Equation:

3. Now that we have obtained the “Green’s functions” to both differential 
equations, we can write the general answers to the differential equations 
by convolving the Green’s functions with the current/charge profile:

𝛻𝛻2𝑉𝑉 + 𝑘𝑘2𝑉𝑉 =
𝜌𝜌 𝐫𝐫
𝜀𝜀  ⇒  𝑉𝑉(𝐫𝐫) =

1
4𝜋𝜋𝜋𝜋 �

𝑣𝑣′

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅 𝜌𝜌 𝐫𝐫𝐫  𝑑𝑑𝐫𝐫𝐫

𝛻𝛻2𝐀𝐀 + 𝑘𝑘2𝐀𝐀 = −𝜇𝜇𝐉𝐉 𝐫𝐫  ⇒  𝐀𝐀 𝐫𝐫 =
𝜇𝜇
4𝜋𝜋 �

𝑣𝑣′

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑅𝑅
𝐉𝐉 𝐫𝐫′  𝑑𝑑𝐫𝐫𝐫

Where again, 𝑅𝑅 = |𝐫𝐫 − 𝐫𝐫′|, and 𝐫𝐫𝐫 and 𝑣𝑣𝑣 denote the (current/voltage) 
source regions.

A(r) and V(r) are called the retarded magnetic and electric potentials 
respectively.
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Electromagnetic 
Sources
𝜌𝜌, 𝐉𝐉

Electromagnetic 
Fields

𝐄𝐄,𝐇𝐇,𝐁𝐁,𝐃𝐃

Electromagnetic 
Potential
𝑉𝑉,𝐀𝐀

http://pngimg.com/upload
s/audi/audi_PNG1736.png

𝛻𝛻𝟐𝟐𝐀𝐀 − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝐀𝐀
𝜕𝜕𝑡𝑡2

= −𝜇𝜇𝐉𝐉

𝛻𝛻2𝑉𝑉 − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝑉𝑉
𝜕𝜕𝑡𝑡2 = −

𝜌𝜌
𝜀𝜀

𝛻𝛻 × 𝐀𝐀 = 𝐁𝐁

−𝛻𝛻𝑉𝑉 = 𝐄𝐄 +
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

𝛻𝛻 ⋅ 𝑨𝑨 = −𝜇𝜇𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝐄𝐄 = −𝛻𝛻𝑉𝑉 −
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

𝐁𝐁 = 𝛻𝛻 × 𝐀𝐀
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𝛻𝛻𝟐𝟐𝐀𝐀(𝐫𝐫, 𝑡𝑡) − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝐀𝐀(𝐫𝐫, 𝑡𝑡)
𝜕𝜕𝑡𝑡2 = −𝜇𝜇𝐉𝐉(𝐫𝐫)

𝛻𝛻2𝑉𝑉(𝐫𝐫, 𝑡𝑡) − 𝜇𝜇𝜇𝜇
𝜕𝜕2𝑉𝑉(𝐫𝐫, 𝑡𝑡)
𝜕𝜕𝑡𝑡2 = −

𝜌𝜌(𝐫𝐫)
𝜀𝜀

𝛻𝛻𝟐𝟐𝐀𝐀(𝐫𝐫) + 𝑘𝑘2𝐀𝐀(𝐫𝐫) = −𝜇𝜇𝐉𝐉(𝐫𝐫)

𝛻𝛻2𝑉𝑉(𝐫𝐫) + 𝑘𝑘2𝑉𝑉(𝐫𝐫) = −
𝜌𝜌(𝐫𝐫)
𝜀𝜀

𝐀𝐀(𝐫𝐫) =
𝜇𝜇
4𝜋𝜋

�
𝑉𝑉′

𝐉𝐉 𝐫𝐫𝐫 𝑒𝑒−𝑗𝑗𝑗𝑗 𝐫𝐫−𝐫𝐫′

𝐫𝐫 − 𝐫𝐫′
𝑑𝑑𝑑𝑑𝑑

𝑉𝑉(𝐫𝐫) =
1
4𝜋𝜋𝜋𝜋

�
𝑉𝑉′

𝜌𝜌 𝐫𝐫𝐫 𝑒𝑒−𝑗𝑗𝑗𝑗 𝐫𝐫−𝐫𝐫′

𝐫𝐫 − 𝐫𝐫′
𝑑𝑑𝑑𝑑𝑑

𝐄𝐄 = −𝛻𝛻𝑉𝑉 − 𝑗𝑗𝑗𝑗𝐀𝐀

𝐇𝐇 =
1
𝜇𝜇 𝛻𝛻 × 𝐀𝐀

1. Potential Equations in Time Domain

2. Corresponding Phasors

𝑘𝑘 = 𝜔𝜔 𝜇𝜇𝜇𝜇

3. Solutions to Differential Equations

4. Back to Electromagnetic Field (Phasors)



Solution:
First find the current density phasor: 𝐼𝐼 𝐫𝐫 = 𝐼𝐼0
Then, write 𝐉𝐉 𝐫𝐫 : In this question the current density concentrates near the origin, so 
𝐉𝐉 𝐫𝐫 ≅ 𝐶𝐶0𝛿𝛿3 𝐫𝐫  �𝐳𝐳.

⇒ 𝐀𝐀 𝐫𝐫 ≅
𝜇𝜇
4𝜋𝜋

�
𝑉𝑉′

𝐶𝐶0𝛿𝛿3 𝐫𝐫′ 𝑒𝑒−𝑗𝑗𝑗𝑗 𝐫𝐫−𝐫𝐫′

𝐫𝐫 − 𝐫𝐫′
�𝐳𝐳 𝑑𝑑𝑉𝑉′ =

𝜇𝜇𝐶𝐶0
4𝜋𝜋

𝑒𝑒−𝑗𝑗𝑗𝑗 𝐫𝐫

𝐫𝐫
 �𝐳𝐳

But what is the value of 𝐶𝐶0? It represents the value obtained by integrating the 
current density over the (infinitesimally) small volume where it is non-zero (i.e. the 
conducting wire): 𝐶𝐶0 = 𝐽𝐽 × 𝐴𝐴𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 × 𝑙𝑙 = 𝐼𝐼0𝑙𝑙. Substitution into the above gives: 

⇒ 𝐀𝐀 𝐫𝐫 ≅
𝜇𝜇𝐼𝐼0𝑙𝑙
4𝜋𝜋𝑟𝑟 𝑒𝑒

−𝑗𝑗𝑗𝑗⋅𝑟𝑟 �𝐳𝐳

Example 1
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(where 𝑟𝑟 = 𝐫𝐫 )

𝐴𝐴𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

𝑙𝑙

(b) Find the corresponding 𝐁𝐁 field



Solution:
First find the current density phasor: 𝐼𝐼 𝐫𝐫 = 𝐼𝐼0
Then, write 𝐉𝐉 𝐫𝐫 : In this question the current density concentrates near the origin, so 
𝐉𝐉 𝐫𝐫 ≅ 𝐶𝐶0𝛿𝛿3 𝐫𝐫  �𝐳𝐳.

⇒ 𝐀𝐀 𝐫𝐫 ≅
𝜇𝜇
4𝜋𝜋

�
𝑉𝑉′

𝐶𝐶0𝛿𝛿3 𝐫𝐫′ 𝑒𝑒−𝑗𝑗𝑗𝑗 𝐫𝐫−𝐫𝐫′

𝐫𝐫 − 𝐫𝐫′
�𝐳𝐳 𝑑𝑑𝑉𝑉′ =

𝜇𝜇𝐶𝐶0
4𝜋𝜋

𝑒𝑒−𝑗𝑗𝑗𝑗 𝐫𝐫

𝐫𝐫
 �𝐳𝐳

But what is the value of 𝐶𝐶0? It represents the value obtained by integrating the 
current density over the (infinitesimally) small volume where it is non-zero (i.e. the 
conducting wire): 𝐶𝐶0 = 𝐽𝐽 × 𝐴𝐴𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 × 𝑙𝑙 = 𝐼𝐼0𝑙𝑙. Substitution into the above gives: 

𝐁𝐁 𝐫𝐫 = 𝛻𝛻 × 𝐀𝐀 𝐫𝐫 ≅ 𝛻𝛻 ×
𝜇𝜇𝐼𝐼0𝑙𝑙
4𝜋𝜋𝑟𝑟 𝑒𝑒

−𝑗𝑗𝑗𝑗𝑗𝑗 �𝐳𝐳 =
𝜕𝜕
𝜕𝜕𝜕𝜕

𝜇𝜇𝐼𝐼0𝑙𝑙
4𝜋𝜋𝜋𝜋 𝑒𝑒

−𝑗𝑗𝑗𝑗𝑗𝑗 �𝐱𝐱 −
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜇𝜇𝐼𝐼0𝑙𝑙
4𝜋𝜋𝜋𝜋 𝑒𝑒

−𝑗𝑗𝑗𝑗𝑗𝑗 �𝐲𝐲

Notice that 𝐁𝐁 𝐫𝐫  points orthogonal to 𝐀𝐀 𝐫𝐫  and 𝐫𝐫. For a general case:

𝐁𝐁 𝐫𝐫 =
𝜇𝜇
4𝜋𝜋 �

𝐶𝐶′

𝐼𝐼(𝐫𝐫′) 𝑑𝑑𝒍𝒍 × �𝐑𝐑
𝑅𝑅2 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

Example 1 Cont’d
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(Time-varying form of 
Biot-Savart Law)

(b) Find the corresponding 𝐁𝐁 field

Recap of
Previous Page



Summary

• In this note we
• Defined the EM potentials (Lorentz Gauge)
• Derived wave equations for EM potentials
• Found EM fields from known sources using EM 

potentials
• Derived the Biot-Savart Law from Maxwell’s Equations

EE3109 Jan - Apr 2025, L07b - Electromagnetic Potentials 19
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