
 " MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 9: More on Differentiation 

 

MA1200 Calculus and Basic Linear Algebra I 

 

Lecture Note 9 

More on Differentiation 

 

 

 

 

 

 



 # MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 9: More on Differentiation 

 

Topic Covered 

Differentiation Techniques (Finding !"
!#

) 

• Implicit Differentiation 
• Differentiation of inverse function  
• Logarithmic Differentiation 
• Differentiation of Parametric Equation 

High-Order derivatives – Differentiate a given function for $-times %$ & 1( 

• Definition 
• Some useful techniques in finding higher-order derivatives: 

! Leibnitz’ Rule 
! Product-to-sum formula (for trigonometric functions) 
! Method of Partial fractions (for rational function) 

 

} Part I

} Part II



I) Implizit Differentiation

& its Applications
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Implicit Differentiation 

• We would like to compute !"
!#

 where ), + are governed by the following 

equation: 
), - cos ) - +1 2 0, 

Intuitively, one can compute the derivative !"
!#

 by first expressing + in terms of 

) and obtain !"
!#

 using various differentiation techniques (chain rule, product 

rule etc.) 

+ 2 45), 5 cos )
6

⇒
8+

8)
2 ⋯ 2

1

5
%5), 5 cos )(;

<
1%53)> - sin )(. 

• However in some cases, we may not able to write down the explicit expression 
of + (in terms of )). As an example, we consider the following equation: 

),+ - +< 5 sin ) 2 3. 
It is clear that we are not able to express + in terms of ). 

 Question: How do we compute 
!"

!#
 in this case? 

✗
YAI

YAI
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One may try to obtain !"
!#

 by differentiating the equation with respect to ): 

8

8)
%),+ - +< 5 sin )( 2

8

8)
3 

⇒ +
8%),(

8)
- ),

8+

8)
-
8+<

8+

8+

8)
5 cos ) 2 0 

⇒ 3)>+ - %), - 4+,(
8+

8)
5 cos ) 2 0 

⇒
8+

8)
2
cos ) 5 3)>+

), - 4+,
. 

This technique is called implicit differentiation.  

 

 

 

Remark: 

Here, we observe that !"
!#

 is now expressed in terms of ) and + instead of ) alone 

since we are not able to express + in terms of ). 
 

8- ycx)

Uukuowu
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Example 1 

Find !"
!#

 if ) and + are governed by the equation: 

)+> - 3), 2
+

)
. 

☺Solution: 

We differentiate both sides of the equation with respect to ): 

8

8)
%)+> - 3),( 2

8

8)
C
+

)
D ⇒ E+>

8)

8)
- )

8+>

8)
F

GHHHHIHHHHJ
!
!##"

K

-
8

8)
%3),( 2

)
8+
8) 5 +

8)
8)

)>
 

⇒ +> - ) E
8+>

8+

8+

8)
F - 9)> 2

1

)

8+

8)
5
+

)>
 

⇒ +> - 2)+
8+

8)
- 9)> 2

1

)

8+

8)
5
+

)>
⇒
8+

8)
2
5
+
)>
5 +> 5 9)>

2)+ 5
1
)

. 

←
Y -_ylx)

✓
g-YA) Umhnowm
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Example 2 

It is given that the equation of a conic section is )> - 2+> 5 6) - 4+ 5 16 2 0. 

(a) Identify this conic section. 
(b) Find the tangent to the graph of this conic section at %), +( 2 %8,0(. 

☺Solution 

(a) Since there is no )+-term, one can identify the conic section using 
completing square technique: 

)> - 2+> 5 6) - 4+ 5 16 2 0 ⇒ %) 5 3(> - 2%+ - 1(> 2 27 

⇒
%) 5 3(>

Q√27S
> -

%+ - 1(>

ET
27
2 F

> 2 1. 

which is an ellipse with center %3, 52(. 
 
  

SEH, slope
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(b) We need to find the value of !"
!#

 at %), +( 2 %8,0(.  

By differentiating the equation with respect to ), we have 
8

8)
%)> - 2+> 5 6) - 4+ 5 16( 2

8

8)
0 

⇒ 2) - 4+
8+

8)
5 6 - 4

8+

8)
2 0 ⇒

8+

8)
2
6 5 2)

4+ - 4
 

Putting %), +( 2 %8,0(, then the slope of tangent is given by 
8+

8)
|%#,"(V%W,X( 2

6 5 2%8(

4%0( - 4
2 5

5

2
. 

The equation of tangent line at %), +( 2 %8,0( is given by 
+ 5 0

) 5 8
2 5

5

2
⇒ + 2 5

5

2
) - 20. 

 

 

 

← y =ylx)

Unknown
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Remarks about implicit differentiation theorem 

• When we carry out the implicit differentiation, we have assumed that + can be 

expressed as a differentiable function of ) (i.e. + 2 Y%)( and !"
!#

 exists). This 

assumption may not be true in some extreme cases. 
 

• If we take another point %), +( 2 Q3 - 3√3,51Sin Example 2, we find that the 
!"

!#
  does not exist.  

 

 

 

 

 

 

Q3 - 3√3,51S %3, 51( 

)> - 2+> 5 6) - 4+ 5 16 2 0 
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• In advanced level mathematics, a theorem called implicit function theorem is 
developed to address this issue. 
Roughly speaking, the implicit function theorem states that given an equation 
Z%), +( 2 0, if Z%), +( is “nice” enough (i.e. continuous differentiable), then + 

can be expressed as a function of ) and !"
!#

 exists as a number so that one can 

carry out the implicit differentiation to obtain !"
!#

. 

 
• In this course, we only handle the cases when Z%), +( is nice enough and you 

can do the implicit differentiation freely. 

 

 

 



 "A MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 9: More on Differentiation 

 

Differentiation of inverse function ( [
[\
];^%\() 

Recall that a function Y%)( takes a number ) from its domain and assigns it to a  
single value + from its range 

 

 

 

                                            (Domain)                                         (Range) 

The inverse function of Y%)(, denoted by Y;_%)(, is a function which takes a 
number + from the range of Y%)( and “bring back” to ). 

 

 

                              

                                            (Domain)                                            (Range) 

Y 

Y;_

+ 

) 

) 

+ 

Defi

f-
"

(FA)) =
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Recall that the inverse of a function Y%)( exists if and only if Y%)( is one-to-one. 

Some other common inverse functions used in Mathematics 

Y%)( Inverse of Y%)( 
Y_:a → c0,∞(, 
Y_%)( 2 10# 

Y_
;_%)( 2 log_X ) 

Y>:a → c0,∞(, 
Y>%)( 2 g# 

Y>
;_%)( 2 ln ) %2 logh )( 

Y,: c0,∞( → c0,∞( 
Y,%)( 2 )> 

Y,
;_%)( 2 √) 

Y<: i5
j

2
,
j

2
k → c51,1(, 

Y,%)( 2 sin ) 

Y<
;_%)( 2 sin;_ ) %2 arcsin )( 

Y1: c0, jn → c51,1(, 
Y<%)( 2 cos ) 

Y1
;_%)( 2 cos;_ ) %2 arccos )( 

Yo%)( 2 i5
j

2
,
j

2
k → a, 

Y1%)( 2 tan) 

Yo
;_%)( 2 tan;_ ) %2 arctan )( 
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Example 3 (Inverse of trigonometric function) 

What is the derivative of sin;_ ), 51 q ) q 1? (Here, 5r

>
q sin;_ ) q

r

>
) 

☺Solution: 

Let + 2 sin;_ ), then 

+ 2 sin;_ ) ⇒ sin + 2 sin%sin;_ )( ⇒ sin + 2 ). 

Differentiate the equation both sides with respect to ), we have 

8

8)
%sin +( 2

8

8)
) ⇒

8%sin +(

8+

8+

8)
2 1 ⇒ cos+

8+

8)
2 1 ⇒

8+

8)
2

1

cos +
. 

Substitute + 2 sin;_ ) and note that 

sin> + - cos> + 2 1 ⇒ cos+ 2 41 5 sin> + &s

tuvwh	;
y
K
z"V{|}~� #z

y
K
	

0, we finally get 

8

8)
sin;_ ) 2

8+

8)
2

1

41 5 sin> +
2

1

41 5 %sin%sin;_ )((>
2

1

√1 5 )>
. 

• j-f.by definition

ehaiu Rufe
↓

•
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Example 4 

Find the derivative of + 2 sec;_ ) where |)| & 1 and 0 q sec;_ ) q j. 

☺Solution: 

Let + 2 sec;_ ), then 

+ 2 sec;_ ) ⇒ sec + 2 ). 

Differentiate the equation both sides with respect to ), we have 
8

8)
%sec +( 2

8

8)
) ⇒

8%sec +(

8+

8+

8)
2 1 ⇒ sec + tan+

8+

8)
2 1 ⇒

8+

8)
2

1

sec + tan+
. 

⇒s
��}K ��_V{��K �

!"

!#
2

_

{��"C�4{��K ";_D
2

_

�#√#K;_
 

⇒
8+

8)
2

�
�

�
1

-)√)> 5 1
			�Y	) & 1		

1

5)√)> 5 1
		�Y	) q 51

2
1

|)|√)> 5 1
. 

✓
Sed) = Isar,

<
defiuiug equ. of inverse
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Using similar method, one can obtain the derivatives of the inverse of other 
trigonometric functions. We summarize the result in the following table: 

+ 2 Y%)( The derivative Y′%)( 
+ 2 sin;_ ),	 

(51 q ) q 1,  5r

>
q sin;_ ) q

r

>
) 

8+

8)
2

1

√1 5 )>
 

+ 2 cos;_ ) 
(51 q ) q 1,  0 q cos;_ ) q j) 

8+

8)
2

51

√1 5 )>
 

+ 2 tan;_ ) 
(5∞ q ) q ∞,  5r

>
q tan;_ ) q

r

>
) 

8+

8)
2

1

1 - )>
 

+ 2 cot;_ ) 
(5∞ q ) q ∞,  0 q cot;_ ) q j) 

8+

8)
2 5

1

1 - )>
 

+ 2 sec;_ ) 
(|)| & 1,  0 q sec;_ ) q j) 

8+

8)
2

1

|)|√)> 5 1
 

+ 2 csc;_ ) 		%��		���g�;_)( 
(|)| & 1,  5r

>
q csc;_ ) q

r

>
) 

8+

8)
2

51

|)|√)> 5 1
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Example 5 (Inverse of exponential function) 

The natural logarithm, denoted by ln ), is defined as the inverse of g# (i.e. 

g�}# 2 ), ln%g#( 2 )). What is the derivative of  ln ), ) & 0? (i.e. !
!#
ln ))  

☺Solution: 

We let + 2 ln ), using similar method (take Y%)( 2 g#, Y;_%)( 2 ln )), we get 

+ 2 ln ) ⇒ g" 2 g�}# ⇒ g" 2 ). 

We differentiate the equation both sides with respect to ), we have 

8

8)
g" 2

8

8)
) ⇒

8g"

8+

8+

8)
2 1 ⇒ g"

8+

8)
2 1 ⇒

8+

8)
2
1

g"
. 

Substitute + 2 ln ), we finally get  

8

8)
ln ) 2

8+

8)
2

1

g�}#
2
1

)
. 
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Example 6 

We consider the function Y:a → a given by Y%)( 2 g#
�;,#K��#. 

(a) Is the function increasing or decreasing? Explain your answer. 
(b) Show that its inverse function Y;_ exists. 

(c) Find !
!#
Y;_%)(. 

☺Solution: 

(a) One can check its monotonicity by considering its derivative 

8

8)
Y%)( 2

8Qg#
�;,#K��#S

8)
2

8g#
�;,#K��#

8%), 5 3)> - 9)(
8%), 5 3)> - 9)(

8)
 

2 g#
�;,#K��#%3)> 5 6) - 9( 2 3�

�X

%)> 5 2) - 3(GHHHIHHHJ
V%#;_(K�>

�>�X

g#
�;,#K��#GHHIHHJ
�X

. 

One can observe that !
!#
Y%)( & 0, this implies that Y%)( is strictly 

increasing. 

Chain
Rule
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(b) Since the function is strictly increasing, then for any )_ � )>, we must have 
Y%)_( � Y%)>(. This implies that Y%)( is one-to-one and its inverse exists. 

(c)  
 
 

Let + 2 Y;_%)(, then Y%+( 2 ) ⇒ g"
�;,"K��" 2 ) 

Differentiate the equation both sides with respect to ), we get 

8Qg"
�;,"K��"(S

8)
2
8

8)
) ⇒

8Qg"
�;,"K��"S

8%+, 5 3+> - 9+(
8%+, 5 3+> - 9+(

8+

8+

8)
2 1 

⇒ g"
�;,"K��"%3+> 5 6+ - 9(

8+

8)
2 1 

⇒
8+

8)
2

1

%3+> 5 6+ - 9(g"�;,"K��"
. 

Here, we cannot express !"
!#

  in terms of ) since the explicit formula for 

+ 2 Y;_%)( is not known. 

IDEA: Let + 2 g#
�;,#K��#, it appears that it is difficult for us to express ) 

in terms of + so that the expression Y;_ is not available. 

Different
from above !



Theorem :

%÷ /
g.*

= ¥+1 ,
Provider f- ' exists and ÄH # 0

.

Proof :

By definition of f-
'

: f-
'

(ÄÄ = ×

impl.

Eli I. (f- '(f) = 1 = > %g . das
Tdi

= 1

F-%ff.GE ( by Chain Rule FFH
f- f-H)

⇒ %)
"

¥+1
aua
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Logarithmic Differentiation 

Sometimes, we may need to calculate the derivatives of the following function: 
8

8)
	Y%)(�%#( 

To compute these derivatives, one can compute the derivatives by first letting 

+ 2 Y%)(�%#( (so we need to find !"
!#

). Then we take the (natural) logarithm on 

both sides, then the expression becomes 

ln + 2 ln Y%)(�%#( 2 �%)( ln Y%)(GHHHIHHHJ
���!�w�	��	��vw�u�vt

. 

Then we differentiate both sides with respect to ) and get 
8

8)
ln + 2

8

8)
	�%)( ln Y%)( ⇒

8%ln +(

8+

8+

8)
2
8

8)
	�%)( ln Y%)( 

⇒
1

+

8+

8)
2
8

8)
	�%)( ln Y%)( ⇒

8+

8)
2 +	

8

8)
	�%)( ln Y%)(.				 

8

8)
ln ) 2

1

)
¡ 

The derivative !
!#
�%)( ln Y%)( can be computed easily. 

ii :"
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Example 7 

Compute the derivative 

8

8)
)# 

☺Solution: 

Let + 2 )#, we then take natural logarithm on both sides: 

ln + 2 ln )# 2 ) ln ). 

We differentiate both sides of the equation with respect to ), we have 

8

8+
ln + 2

8

8)
) ln ) ⇒

8 ln +

8+

8+

8)
2 ln )

8

8)
) - )

8

8)
ln ) 

⇒
1

+

8+

8)
2 ln ) %1( - )  

1

)
¡ ⇒

8+

8)
2 )#%ln ) - 1(. 

 

„

"""Ee-am

•- I I
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Example 8 

Compute the derivative 

8

8)
%)> 5 2) - 3(�¢{#. 

☺Solution 

We let + 2 %)> 5 2) - 3(�¢{# and apply natural logarithm on both sides, we have 

ln + 2 ln%)> 5 2) - 3(�¢{# ⇒ ln + 2 cos ) ln%)> 5 2) - 3(. 

We differentiate both sides with respect to ), we get 

8

8)
ln + 2

8

8)
cos ) ln%)> 5 2) - 3( 

⇒
1

+

8+

8)
2 ln%)> 5 2) - 3(

8

8)
cos ) - cos )

8

8)
ln%)> 5 2) - 3( 
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⇒
1

+

8+

8)
2 ln%)> 5 2) - 3(	%5 sin )( - cos )

8cln%)> 5 2) - 3(n

8%)> 5 2) - 3(

8%)> 5 2) - 3(

8)
 

⇒
1

+

8+

8)
2 5sin ) ln%)> 5 2) - 3( - cos ) 	 

1

)> 5 2) - 3
¡	%2) 5 2( 

⇒
8+

8)
2 + £

2) 5 2

)> 5 2) - 3
cos ) 5 sin ) ln%)> 5 2) - 3(¤ 

 

Substitute + 2 %)> 5 2) - 3(�¢{ #,we finally get 

8+

8)
2 %)> 5 2) - 3(�¢{# £

2) 5 2

)> 5 2) - 3
cos ) 5 sin ) ln%)> 5 2) - 3(¤ 
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Example 9 

Compute 

8

8)
%¥#(, ¥ & 0 

☺Solution: 

Let + 2 ¥#, we apply the natural logarithm on both sides: 

ln + 2 ln%¥#( ⇒ ln + 2 ) ln ¥. 

We differentiate both sides with respect to ), we have 

8

8)
ln + 2

8

8)
) ln ¥ ⇒

8%ln +(

8+

8+

8)
2 ln ¥

8)

8)
⇒
1

+

8+

8)
2 ln ¥ ⇒

8+

8)
2 + ln ¥ 

Putting + 2 ¥#, we finally get !
!#
¥# 2

!"

!#
2 ¥# ln ¥. 

Again, !
!#
¥# 2 ¥# ln ¥ � ¥# in general. We only have !

!#
g# 2 g#!! 

„
a
"
= GenialF- eencaix
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Example 10 

Compute 

8

8)
¦

%) - 1(>

%) 5 2(,%3) - 4(1
§. 

☺Solution: 

Let + 2 %#�_(K

%#;>(�%,#�<(6
, we take natural logarithm on both sides: 

ln + 2 ln
%) - 1(>

%) 5 2(,%3) - 4(1
2 ln%) - 1(> 5 ln%) 5 2(, 5 ln%3) - 4(1 

⇒ ln+ 2 2 ln%) - 1( 5 3 ln%) 5 2( 5 5 ln%3) - 4( 

Next, we differentiate the equation with respect to ), 

8

8)
ln + 2 2

8

8)
ln%) - 1( 5 3

8

8)
ln%) 5 2( 5 5

8

8)
ln%3) - 4( 

ln )¨ 2 ¥ ln ) 
ln )+ 2 ln ) - ln + 

ln
)

+
2 ln ) 5 ln + 

☺Note: 

I I
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⇒
1

+

8+

8)

©

!%�}"(
!"

!"
!#

2 2	  
1

) - 1
¡

ª«¬«­

! �}%#�_(
!%#�_(

!%#�_(
!#

5 3  
1

) 5 2
¡

ª«¬«­

! �}%#;>(
!%#;>(

!%#;>(
!#

5 5  
3

3) - 4
¡

ª««¬««­

! �}%,#�<(
!%,#�<(

!%,#�<(
!#

. 

⇒
8+

8)
2

%) - 1(>

%) 5 2(,%3) - 4(1
 

2

) - 1
5

3

) 5 2
5

15

3) - 4
¡. 

Remark: 
Of course, one can find the derivative of this function using quotient rule 
and product rule, i.e. 

8

8)
¦

%) - 1(>

%) 5 2(,%3) - 4(1
§

2
%) 5 2(,%3) - 4(1

8
8) %) - 1(

> 5 %) - 1(>
8
8) %) 5 2(

,%3) - 4(1

c%) 5 2(,%3) - 4(1n>
. 

The calculation is very tedious. 
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Example 11 

Compute the derivative 

8

8)
®
%¥ - )(%¯ - )(

%¥ 5 )(%¯ 5 )(

�

 

☺Solution: 

Again, we can let + 2 T
%¨�#(%°�#(

%¨;#(%°;#(

�  and take the natural logarithm on both sides: 

ln + 2 ln ®
%¥ - )(%¯ - )(

%¥ 5 )(%¯ 5 )(

�

⇒ ln + 2 ln ¦
%¥ - )(%¯ - )(

%¥ 5 )(%¯ 5 )(
§

_
,

 

⇒ ln+ 2
1

3
ln ¦

%¥ - )(%¯ 5 )(

%¥ 5 )(%¯ 5 )(
§ 

⇒ ln+ 2
1

3
ln%¥ - )( -

1

3
ln%¯ - )( 5

1

3
ln%¥ 5 )( 5

1

3
ln%¯ 5 )(. 

I I
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Next, one can differentiate both sides of the equation with respect to ) and we get 

1

+

8+

8)

©

!%�}"(
!"

!"
!#

2
1

3
 

1

¥ - )
¡

ª«¬«­

! �}%¨�#(
!%¨�#(

!%¨�#(
!#

-
1

3
 

1

¯ - )
¡

ª«¬«­

! �}%°�#(
!%°�#(

!%°�#(
!#

-
1

3
 

1

¥ 5 )
¡

ª«¬«­

! �}%¨;#(
!%¨;#(

!%¨;#(
!#

-
1

3
 

1

¯ 5 )
¡

ª«¬«­

! �}%°;#(
!%°;#(

!%°;#(
!#

. 

⇒
8+

8)
2
1

3
®
%¥ - )(%¯ - )(

%¥ 5 )(%¯ 5 )(

�

	 
1

¥ - )
-

1

¯ - )
-

1

¥ 5 )
-

1

¯ 5 )
¡. 
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Parametric Equations 

In Physics, we usually describe the motion of a moving particle by the following 
pair of equations: 

±
) 2 Y%²(
+ 2 �%²(

,			² ∈ c¥, ¯n 

where ² is a parameter (which may be interpreted as time) and Y%²(, �%²( are 
some functions of ².  This pair of equation is called parametric equations. 

 

 

 

 

 

 

%), +( 2 %Y%²(, �%²((	 

%Y%¥(, �%¥((	 

%Y%¯(, �%¯((

F-
.
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Some Examples of Parametric Equation 

1. (Straight Line: + 2 )) 

±
)%²( 2 ²
+%²( 2 ²

,				² ∈ c0,∞( 

 
 

2. (Parabola: + 2 )>) 

±
)%²( 2 ²
+%²( 2 ²>

,				² ∈ %5∞,∞( 

 
 

3. (Circle: )> - +> 2 1)  

±
)%²( 2 cos ²
+%²( 2 sin ²

,				² ∈ c0,∞( 

 

 

+ 

) 

+ 

) 

+ 

)  
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One may be interested in knowing the direction of the trace of the curve. To 

investigate this, we need to find its derivative !"
!#

. 

The following theorem demonstrates how we obtain this derivative.  

 

 

 

 

 

 

 

 

8+

8)
2

8+
8²
8)
8²

2
�′%²(

Y′%²(
. 

Theorem 
We let ) 2 Y%²( and + 2 �%²( where Y%²( and �%²( are two 

differentiable functions on some interval. Provided that Y´%²( 2 !#

!�
� 0, 

then + is a differentiable function of ) and  

↑
:3

=p 977¥
= :-#

Chain Rule :)



Example.jo.

* |:÷:;{
✗ = -9A)

y
-

_ glt)

in

>
×
^

;

a.E.EE?..:.......E:E-E.;:&H
ÄH



 .A MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 9: More on Differentiation 

 

Example 12 

Find !"
!#

 for each of the following parametric equation 

(a) ±
)%²( 2 ²< - 3

+%²( 2 2²1 - 4² 5 2
			Y��	² µ 0.  

(b) ¶
)%²( 2 g� 5 ²>

+%²( 2 √² - g�
K  

☺Solution: 

%¥(		
8+

8)
2

8+
8²
8)
8²

2s

!
!##

·V¨#·~�
10²< - 4

3²,
2
10

3
² -

4

3²,
. 

%¯(			
8+

8)
2

8+
8²
8)
8²

2

1
2 ²

;
_
> - 2²g�Kª¬­

!h¸
K

!�K
!�K

!�

g� 5 2²
 

Don't Worry
about

finding YAI !

4 4 4

TEE



II) Higher Orden Derivatives
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Higher order derivatives 

Given a differentiable function Y%)(, we can obtain its derivative Y′%)(. 

Suppose that the function Y′%)( is also differentiable function, then one can 
differentiate this function and obtain another derivative of Y′%)(. This derivative is 
called second-order derivative of Y%)( since it is obtained by differentiating the 
function Y%)( twice.  

 

 

 

In general, when a function is being differentiated for $ times (provided that it is 
feasible), the function obtained is called $�¹-order derivative of Y%)(. 

 

 

Y%)( 2 ), Y´%)( 2 3)> Y´´%)( 2 %Y´%)((′	 2 6) 

8

8)
 

8

8)
 

First derivative Second derivative 
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Remark: 

• We say Y%)( is $-time differentiable if $�¹order derivative Y%v(%)( exists.  
• If Y%v(%)( exists, then the lower order derivatives Y%v;_(, Y%v;>(, … Y%>(, Y′ also 

exist. 
• Here, we take Y%X(%)( 2 Y%)(. 

Y%v(%)( 2
8

8)
»
8

8)
¼
8

8)
… 

8

8)
Y%)(¡½¾

ª««««««««¬««««««««­
v	�u¿ht

 

Definition (Higher order derivatives) 

The  $�¹ order derivative of a function Y%)(, denoted by Y%v(%)( or !
À�

!#À
, is 

defined as the function which is obtained by differentiating Y%)( with respect 
to ) for $ times: 
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Example 13 

Compute !
K

!#K
cos%)> - 1(. 

☺Solution: 

8

8)
cos%)> - 1( 2

8 cos%)> - 1(

8%)> - 1(
8%)> - 1(

8)
2 ⋯ 2 52) sin%)> - 1(, 

8>

8)>
cos%)> - 1( 2

8

8)
%52) sin%)> - 1(( 

2 52 ¦sin%)> - 1(
8)

8)
- )

8csin%)> - 1(n

8)
§ 

2 52 ¦sin%)> - 1( - )
8csin%)> - 1(n

8%)> - 1(

8%)> - 1(

8)
§ 

2 52sin%)> - 1( 5 4)> cos%)> - 1(. 

 

Chain Rule

↓

↑
Product Rule

Chain

Rule
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Example 14 

Compute !
Á

!#Á
%), cos )( 

☺Solution: 

8

8)
), cos ) 2 cos )

8

8)
), - ),

8

8)
cos ) 2 ⋯ 2 3)> cos ) 5 ), sin ). 

8>

8)>
), cos ) 2

8

8)
%3)> cos ) 5 ), sin )(

2 3  cos )
8

8)
)> - )>

8

8)
cos )¡ 5  sin )

8

8)
), - ),

8

8)
sin )¡

2 6) cos ) 5 3)> sin ) 5 3)> sin ) 5 ), cos )
2 6) cos ) 5 6)> sin ) 5 ), cos ) 
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8,

8),
), cos ) 2

8

8)
%6) cos ) 5 6)> sin ) 5 ), cos )(

2 6  cos )
8)

8)
- )

8

8)
cos )¡ 5 6  sin )

8

8)
)> - )>

8

8)
sin )¡ 		

5  cos )
8

8)
), - ),

8

8)
cos )¡

2 6 cos ) 5 6) sin ) 5 12) sin ) 5 6)> cos ) 5 3)> cos ) - ), sin )
2 6 cos ) 5 18) sin ) 5 9)> cos ) 	- ), sin ). 

8<

8)<
)< cos ) 2

8

8)
%6 cos ) 5 18) sin ) 5 9)> cos ) 	- ), sin )( 

2 ⋯ 2 524 sin ) 5 36) cos ) - 12)> sin ) - ), cos ). 
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Example 15 

(a) Let Y%)( 2 g¨#, find !�
!#

, !
K�

!#K
, !

��

!#�
. 

(b) Using (a), try to guess the general form of !
À�

!#À
, where $ is non-negative 

integer. 

☺Solution: 
(a) Using Chain Rule, we have 

8Y

8)
2
8%g¨#(

8)
2
8%g¨#(

8%¥)(
8%¥)(

8)
2s

!
!"h

ÂVhÂ

g¨#%¥( 2 ¥g¨#. 

8>Y

8)>
2
8

8)
 
8Y

8)
¡ 2

8

8)
%¥g¨#( 2 ¥

8

8)
g¨# 2 ¥%¥g¨#( 2 ¥>g¨#. 

8,Y

8),
2
8

8)
E
8>Y

8)>
F 2

8

8)
¥>g¨# 2 ¥>

8

8)
g¨# 2 ¥>%¥g¨#( 2 ¥,g¨#.	 

(b) By observing the pattern in (a), we guess that !
À�

!#À
2 ¥vg¨#. 
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Example 16 

Let Y%)( 2 ln ), find !�
!#
,
!K�

!#K
,
!��

!#�
,
!Á�

!#Á
 

Hence, guess the general form of !
À�

!#À
, where $ µ 1. 

☺Solution: 

8Y

8)
2
8

8)
ln ) 2

1

)
,						

8>Y

8)>
2
8

8)
 
8Y

8)
¡ 2

8

8)
 
1

)
¡ 2

8

8)
%);_( 2s

!
!##

·V¨#·~�

5 );>. 

8,Y

8),
2
8

8)
E
8>Y

8)>
F 2 5

8

8)
%);>( 2 5%52();, 2 2);,. 

8<Y

8)<
2
8

8)
E
8,Y

8),
F 2

8

8)
%2);,( 2 2%53();< 2 5%2(%3();< 2 56);<. 

By observing the pattern above, we guess that !
À

!#À
ln ) 2 %51(v;_%$ 5 1(! );v. 

ü



 .? MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 9: More on Differentiation 

 

Example 17 

Find !
À

!#À
cos%¥) - ¯(  where ¥, ¯ are constants. 

☺Solution: 

Note that 

8

8)
cos%¥) - ¯( 2

8%cos%¥) - ¯((

8%¥) - ¯(

8%¥) - ¯(

8)
2s

!
!" �¢{"V;{|}"

5 sin%¥) - ¯( %¥(

2 5¥ sin%¥) - ¯( 2 ¥ cos C
j

2
- ¥) - ¯D. 

8>

8)>
cos%¥) - ¯( 2

8

8)
 
8

8)
cos%¥) - ¯(¡ 2

8

8)
%5¥ sin%¥) - ¯((

2 5¥
8%sin%¥) - ¯((

8%¥) - ¯(
8%¥) - ¯(

8)
2 5¥ cos%¥) - ¯( %¥(

2 5¥> cos%¥) - ¯( 2 ¥> cos%j - ¥) - ¯(. 
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8,

8),
cos%¥) - ¯( 2

8

8)
E
8>

8)>
cos%¥) - ¯(F 2

8

8)
%5¥> cos%¥) - ¯((

2 5¥>
8%cos%¥) - ¯((

8%¥) - ¯(
8%¥) - ¯(

8)
2 ¥> sin%¥) - ¯( %¥(

2 ¥, sin%¥) - ¯( 2 ¥, cos  
3j

2
- ¥) - ¯¡. 

8<

8)<
cos%¥) - ¯( 2

8

8)
E
8,

8),
cos%¥) - ¯(F 2

8

8)
%¥, sin%¥) - ¯((

2 ¥,
8%sin%¥) - ¯((

8%¥) - ¯(
8%¥) - ¯(

8)
2 ¥, cos%¥) - ¯( %¥( 2 ¥< cos%¥) - ¯(

2 ¥< cos%2j - ¥) - ¯(. 

By observing the above pattern, we guess that 

8v

8)v
cos%¥) - ¯( 2 ¥v cos C

$j

2
- ¥) - ¯D 
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Example 18 (A harder example) 

(a) Show that 
8v

8)v
 

1

¥) - ¯
¡ 2

%51(v$! ¥v

%¥) - ¯(v�_
 

(b) Hence, compute 
8v

8)v
)> - 9) - 10

%) - 1(%) 5 1(%2) - 3(
. 

(Hint: Using method partial fraction). 

☺Solution 

(a) Note that 
8

8)
 

1

¥) - ¯
¡ 2

8

8)
%¥) - ¯(;_ 2

8%¥) - ¯(;_

8%¥) - ¯(

8%¥) - ¯(

8)
2 5%¥) - ¯(;>%¥( 2 5¥%¥) - ¯(;> 

"¥+7.
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8>

8)>
 

1

¥) - ¯
¡ 2

8

8)
¼
8

8)
 

1

¥) - ¯
¡½ 2

8

8)
%5¥%¥) - ¯(;>(

2 5¥
8%¥) - ¯(;>

8%¥) - ¯(
8%¥) - ¯(

8)
2 5¥%52(%¥) - ¯(;,%¥(

2 2¥>%¥) - ¯(;,. 
8,

8),
 

1

¥) - ¯
¡ 2

8

8)
¼
8>

8)>
 

1

¥) - ¯
¡½ 2

8

8)
c2¥>%¥) - ¯(;,n

2 2¥>
8%¥) - ¯(;,

8%¥) - ¯(
8%¥) - ¯(

8)
2 2¥>%53(%¥) - ¯(;<%¥(

2 5%3(2¥,%¥) - ¯(;<. 
By observing the pattern, we conclude that 

8v

8)v
 

1

¥) - ¯
¡ 2 %51(v%$ Ä %$ 5 1( Ä …Ä 2 Ä 1(¥v%¥) - ¯(;%v�_(

2
%51(v$! ¥v

%¥) - ¯(v�_
. 
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(b) According to the hint, one can rewrite the expression as 
)> - 9) - 10

%) - 1(%) 5 1(%2) - 3(
2

Å

) - 1
-

Æ

) 5 1
-

Ç

2) - 3
 

⇒ Å%) 5 1(%2) - 3( - Æ%) - 1(%2) - 3( - Ç%) - 1(%) 5 1(

2 )> - 9) - 10. 
To obtain the unknowns Å,Æ and Ç, we use substitution method 

• Put ) 2 1 (so that ) 5 1 2 0), then  
Å%0(%3( - Æ%2(%5( - Ç%2(%0( 2 20 ⇒ Æ 2 2. 

• Put ) 2 51 (so that ) - 1 2 0), then 
Å%52(%1( - Æ%0(%1( - Ç%0(%52( 2 2 ⇒ Å 2 51. 

• Put ) 2 5
,

>
 (so that 2) - 3 2 0), then 

Å  5
5

2
¡ %0( - Æ  5

1

2
¡ %0( - Ç  5

1

2
¡  5

5

2
¡ 2 5

5

4
⇒ Ç 2 51 

⇒
)> - 9) - 10

%) - 1(%) 5 1(%2) - 3(
2 5

1

) - 1
-

2

) 5 1
5

1

2) - 3
. 
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Using the result of (a), we finally get 
8v

8)v
¦

)> - 9) - 10
%) - 1(%) 5 1(%2) - 3(

§ 

2 5
8v

8)v
 

1

) - 1
¡ - 2

8v

8)v
 

1

) 5 1
¡ 5

8v

8)v
 

1

2) - 3
¡ 

2 5
%51(v$!
%) - 1(v�_

- 2
%51(v$!
%) - 2(v�_

5
%51(v$! 2v

%2) - 3(v�_
. 

 

Here, we use the method of partial fraction (see Chapter 4 for details) to 
decompose a rational fraction (involving quotient of polynomial into the sum with 
simpler denominator which can be differentiated easily. 

 
 
 
 

☒

¥) :
, by part tat
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Example 19 (Use of sum-to –product formula) 

Compute 

8v

8)v
sin> 3) cos 5). 

☺Solution 

Using product-to-sum formula, one can rewrite the function as 

sin> 3) cos 5) 2 %sin 3) sin 3)( cos 5) 

2 5
1

2
ccos%3) - 3)( 5 cos%3) 5 3)(n cos 5) 

2 5
1

2
cos 6) cos 5) -

1

2
cos 5) 

2 5
1

4
ccos%6) - 5)( - cos%6) 5 5)(n -

1

2
cos 5) 

2 5
1

4
cos 11) 5

1

4
cos ) -

1

2
cos 5) 

?⃝ Ios =?

No more products !
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 Note that 

8v

8)v
cos%¥) - ¯( 2 ¥v cos C

$j

2
- ¥) - ¯D, 

we then have 

8v

8)v
sin> 3) cos 5) 2 5

1

4

8v

8)v
cos 11) 5

1

4

8v

8)v
cos ) -

1

2

8v

8)v
cos 5) 

2 5
11v

4
cos C

$j

2
- 11)D 5

1

4
cos C

$j

2
- )D -

5v

2
cos C

$j

2
- 5)D. 

 

 

 

 

 

Remark of this Example: 

Although one can obtain the derivative using product rule, the derivation is 
tedious, the product-to-sum formula allows us to separate the product of 
trigonometric functions into the sum of trigonometric functions so that we can 
avoid to use product rule. In differentiation, “doing sum” is always better than 
“doing product”. 
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Higher-order derivative of parametric equation 

Suppose that ! and " are given by the following parametric equation: 

#! $ %&'(
" $ )&'(. 

One can find the first derivative using the formula 

+"
+! $

+"/+'
+!/+' $

)′&'(
%′&'( 	.		/01'	2 $ 3&'( $

)4&'(
%4&'(5 

To obtain higher-order derivate 6
78

697
, 6

;8
69;

, we can repeat the above process: 

+<"
+!< $

+
+! =

+"
+!> $

+
+! 2 $

+2
+! $?

@AB&C(
9A9&C( +2/+'

+!/+' $

+
+' =

)4&'(
%4&'(>

%′&'( $ D&'(. 

+E"
+!E $

+
+! /

+<"
+!<5 $

+
+!D

&'( $
+D/+'
+!/+' . 
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Example 20 

It is given that !&'( $ 2' G '< and "&'( $ 'E. Find 68
69
, 6

78
697

, 6
;8

69;
. 

☺Solution 

+"
+! $

+"/+'
+!/+' $

+
+' '

E

+
+' &2' G '

<(
$

3'<

2 G 2' 

+<"
+!< $

+
+! =

+"
+!> $

+
+! /

3'<

2 G 2'5 $?

@A EC7
<I<C

9A9&C( ++' =
3'<
2 G 2'>

+!/+' $

12' G 6'<
&2 G 2'(<
2 G 2' $

12' G 6'<

&2 G 2'(E  

+E"
+!E $

+
+! /

+<"
+!<5 $

+
+! /

12' G 6'<

&2 G 2'(E5 $?

@AL<CIMC
7

&<I<C(;
9A9&C(

+
+' =

12' G 6'<
&2 G 2'(E>

+!/+' $ ⋯ $
6&4 P 4' G 2'<(

&2 G 2'(Q  

 

= GH)

= WAI
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Leibnitz’ Rule -- A shortcut for calculating the higher order derivative 

• In Example 19, we calculate the higher order derivative of the form 
6R

69R
%&!()&!(. Although we can easily calculate the derivatives by using 

product rule repeatedly, the calculation is lengthy. 
• One would like to ask whether there is any shortcut of doing this. Luckily, 

there is a theorem which provides a general formula of the 6
R

69R
%&!()&!(. This 

is called Leibnitz’ Rule. 

 

 

 

 

 

+S

+!S
T%&!()&!(U $ VWXS

+X

+!X %
&!(YZZ[ZZ\

6]^^_X_SC]`C_
X	C]a_b

+SIX

+!SIX )
&!(YZZ[ZZ\

6]^^_X_SC]`C_
&SIX(C]a_b

S

XAc

$VWXS%&X(&!()&SIX(&!(
S

XAc

 

Leibnitz’ Rule 

Let %&!( and )&!( be two d-times differentiable functions. Then the dCB 
derivative of the product %&!()&!( is given by 

✓¥ :÷→ :Analogons to

Biuomial Theorem !
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Example 21 

Compute 

+e

+!e
&1 G !<(1<9 

☺Solution: 

 

We let %&!( $ 1 G !< and )&!( $ 1<9. From Leibnitz’s rule, we have 

+e

+!e
&1 G !<(1<9 $

+e

+!e %
&!()&!( $?

SAe
VWXe%&X()&eIX(
e

XAc
$ Wce%&c()&e( P WLe%&L()&E( P W<e%&<()&<( P WEe%&E()&L( P Wee%&e()&c(. 

 

 

Step 1: Write down the “general” formula using Leibnitz’s rule 

←
c : = :-(⇔

I I

I : : ↑ :
4
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By direct calculation, we get 

f 0 1 2 3 4 
WXe Wce $ 1 WLe $ 4 W<e $ 6 WEe $ 4 Wee $ 1 

%&X(&!( 1 G !< G2! G2 0 0 
)&X(&!( 1<9 21<9 2&21<9(

$ 41<9 
4&21<9(
$ 81<9 

8&21<9(
$ 161<9 

 

+e

+!e
&1 G !<(1<9 

$ Wce%&c()&e( P WLe%&L()&E( P W<e%&<()&<( P WEe%&E()&L( P Wee%&e()&c( 

$ &1 G !<(&161<9( P 4&G2!(&81<9( P 6&G2(&41<9( P 4&0(&21<9( P 1&0(&1<9( 

$ &G16!< G 64! G 32(1<9. 

 

Step 2: Compute all numbers required in the formula 

Step 3: Substitute everything into the formula 
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Example 22 

Compute 

+E

+!E cos ! ln ! 

☺Solution: 

 

We let %&!( $ cos ! and )&!( $ ln !. From Leibnitz’s rule, we have 

+E

+!E cos ! ln ! $
+E

+!E %
&!()&!( $?

SAE
VWXE%&X()&EIX(
E

XAc
$ WcE%&c()&E( P WLE%&L()&<( P W<E%&<()&L( P WEE%&E()&c(. 

 

 

Step 1: Write down the “general” formula using Leibnitz’s rule 
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By direct calculation, we get 

f 0 1 2 3 
WXE WcE $ 1 WLE $ 3 W<E $ 3 WEE $ 1 

%&X(&!( cos ! Gsin ! Gcos ! sin ! 
)&X(&!( ln ! 1

! $ !IL G!I< G&G2!IE(
$ 2!IE 

 

+E

+!E cos ! ln ! $ WcE%&c()&E( P WLE%&L()&<( P W<E%&<()&L( P WEE%&E()&c( 

$ cos ! &2!IE( P 3&G sin !(&G!I<( P 3&G cos !(&!IL( P sin ! &ln !( 

$ &2!IE G 3!IL( cos ! P &ln ! G 3!I<( sin !. 

 

 

Step 2: Compute all numbers required in the formula 

Step 3: Substitute everything into the formula 

= :*.is:
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Example 23 

For any positive integer d, compute 

+S

+!S !
< cos 3! 

☺Solution: 

 

We let %&!( $ !< and )&!( $ cos 3!. From Leibnitz’s rule, we have 

+S

+!S !
< cos 3! $

+S

+!S %
&!()&!( $VWXS%&X()&SIX(

S

XAc
$ WcS%&c()&S( P WLS%&L()&SIL( P W<S%&<()&SI<( P WES%&E()&SIE(

P WeS%&e()&SIe( P ⋯P WSS%&S()&c(. 

 

 

Step 1: Write down the “general” formula using Leibnitz’s rule 
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Note that for any positive integer o, we have 

)&p(&!( $
+p

+!p cos 3! $ 3p cos =
oq
2 P 3!>. 

f 0 1 2 3 … & 
'()*(+* +, 2+ 2 0 … 0 

 

 

./

.+/ +, cos 3+ 

3 45/'(5*6(/* 7 48/'(8*6(/98* 7 4,/'(,*6(/9,*

7 4:
/'(:*6(/9:* 7 4;

/'(;*6(/9;* 7 ⋯ 7 4//'(/*6(5*=>>>>>>>>>>>>>>?>>>>>>>>>>>>>>@
A5 BC/DE  F(G*(H*A5  FI) JK:

 

Step 2: Compute all numbers required in the formula 

Step 3: Substitute everything into the formula 
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$ WcS!<3S cos r
dq
2 P 3!s P WLS&2!( t3SIL cos /

&d G 1(q
2 P 3!5u

P W<S&2( t3SI< cos /
&d G 2(q

2 P 3!5u 

Recall that WXS $
S!

X!&SIX(!
, so we have 

WcS $ 1, WLS $ d, W<S $
d&d G 1(

2 . 

+S

+!S !
< cos 3! 

$ !<3S cos r
dq
2 P 3!s P d&2!( t3SIL cos /

&d G 1(q
2 P 3!5u 

				Pd&d G 1( t3SI< cos /
&d G 2(q

2 P 3!5u 
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Example 24 (Harder Example) 

Let %&!( $ tanIL ! 

(a) Show that &1 P !<(%44&!( P 2!%4&!( $ 0. 
(b) Let d be a positive integer 

(i) Using Leibnitz’s rule, show that  
&1 P !<(%&Sy<(&!( P 2&d P 1(!%&SyL(&!( P d&d P 1(%&S(&!( $ 0. 

(ii) Hence, find %&E(&!(, %&e(&!(, %&Q(&!(. 

☺Solution 

(a) Using direct differentiation, we get 

%′&!( $
1

1 P !< , %′′&!( $
+
+! =

1
1 P !<> $ G

2!
&1 P !<(< 

Then 

&1 P !<(%44&!( P 2!%4&!( $ &1 P !<( =G
2!

&1 P !<(<> P 2! =
1

1 P !<> $ 0. 
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(b) To obtain the equation (i), one has to differentiate the equation in (a) with 
respect to ! for d times: 

+S

+!S
&1 P !<(%44&!( P

+S

+!S
T2!%4&!(U $

+S

+!S 0 $ 0……&∗( 

We proceed to compute the two derivatives on L.H.S. 
Using Leibnitz’s Rule, we get 

+S

+!S
&1 P !<(%44&!( $VWXS

+X

+!X &1 P !
<(

+SIX

+!SIX %′′&!(
S

XAc

 

$ WcS
+c

+!c
&1 P !<(

|}}}~}}}�
Ly97

+S

+!S %
44&!(

|}}~}}�
^&R�7(&9(

P WLS
+L

+!L
&1 P !<(

|}}}~}}}�
<9

+SIL

+!SIL %
44&!(

|}}}~}}}�
^&R��(&9(

P W<S
+<

+!<
&1 P !<(

|}}}~}}}�
<

+SI<

+!SI< %
44&!(

|}}}~}}}�
^&R(&9(

P WES
+E

+!E
&1 P !<(

|}}}~}}}�
c

+SIE

+!SIE %
44&!(

|}}}~}}}�
^&R��(&9(

P ⋯

P WSS
+S

+!S
&1 P !<(

|}}}~}}}�
Ac

+c

+!c %
44&!(

|}}~}}�
^&7(&9(

 



 G= MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 9: More on Differentiation 

 

$ &1 P !<(%&Sy<(&!( P d&2!(%&SyL(&!( P
d&d G 1(

2 2	%&S(&!( 

$ &1 P !<(%&Sy<(&!( P 2d!%&SyL(&!( P d&d G 1(%&S(&!(. 
 
Similarly, one can find that 
+S

+!S
T2!%4&!(U $ 2!%&SyL(&!( P 2d	%&S(&!(. 

 
Substitute the formula obtained into the equation &∗(, we get 
&1 P !<(%&Sy<(&!( P 2d!%&SyL(&!( P d&d G 1(%&S(&!( P 2!%&SyL(&!(

P 2d	%&S(&!( $ 0. 
⇒ &1 P !<(%&Sy<(&!( P &2d P 2(!%&SyL(&!( P &d< P d(%&S(&!( $ 0. 
 
 
 
 
⇒ f-

"+2)
µ ) = nun
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(b)(ii)  

To obtain the derivatives %&E(&!(, %&e(&!(, %&Q(&!(, one can use the equation 
derived in (b)(i).  

We first put d $ 1 into the equation, we get 

&1 P !<(%&E(&!( P 4! %&<(&!(|}~}�
A I<9
&Ly97(7

P 2%&L(&!(|}~}�
A L
&Ly97(

$ 0 ⇒ %&E(&!( $
6!< G 2
&1 P !<(E 

Put d $ 2 into the equation, we get 

&1 P !<(%&e(&!( P 6! %&E(&!(|}~}�
A M97I<
&Ly97(;

P 6 %&<(&!(|}~}�
A I<9
&Ly97(7

$ 0 ⇒ %&e(&!( $
24! G 24!E

&1 P !<(e  

Finally, we put d $ 3 into the equation, we get 

&1 P !<(%&Q(&!( P 8! %&e(&!(|}~}�
A<e9I<e9

;

&Ly97(�

P 12 %&E(&!(|}~}�
A M97I<
&Ly97(;

$ 0 ⇒ %&Q(&!( $
120!e G 240!< P 24

&1 P !<(Q  
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In general, to find the higher-order derivatives of a complicated function, say 
%&!( $ sin&ln&! P 1((, one can do this by following procedure: 

 

 

 

 

 

 

 

 

 

 

&1 P !(<%44&!( P &1 P !(%4&!( P %&!( $ 0 

Step 1: Compute the first derivative and second derivative 6^
69

 and 6
7^

697
 and use 

them to derive a differential equation 

+S

+!S
T&1 P !(<%44&!( P &1 P !(%4&!( P %&!(U $

+S

+!S 0 

⇒ &1 P !(<%&Sy<(&!( P &2d P 1(&1 P !(%&SyL(&!( P &d< P 1(%&S(&!( $ 0 

Step 2: We obtain the general equation by differentiating the equation in Step 1 
with respect to ! for d-times (by Leibnitz’s Rule), i.e. 

Step 3: Find %&E(&!(, %&e(&!(, %&Q(&!(,… by putting d $ 1,2,3, …. Into the general 
equation. 
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Remark about using Leibnitz’s Rule 

• Although the Leibnitz’s rule provide a useful formula in finding the higher 
order derivative, it is only efficient in the case when the function is a product 
of some elementary functions and the general formula of dCB derivative of 
these elementary functions are available, e.g. 

%&!( $ 19 sin ! ,			)&!( $ !< sin !. 
 

• In some cases, method of partial fractions or product-to-sum formula may be 
more useful than Leibnitz’s rule when finding the derivatives such as 

+
+! sin 3! cos 4! ,

+
+!

2
&! G 1(&! P 3(&2! G 1(. 


