MA1200 Calculus and Basic Linear Algebra |

Lecture Note 9

More on Differentiation

MA21200 Calculus and Basic Linear Algebra |
Lecture Note 9: More on Differentiation



Topic Covered
Differentiation Techniques (Finding Z—z)

¢ Implicit Differentiation

e Differentiation of inverse function Prrz( [
e |ogarithmic Differentiation

¢ Differentiation of Parametric Equation

High-Order derivatives — Differentiate a given function for n-times (n > 1)

e Definition
e Some useful techniques in finding higher-order derivatives:
» Leibnitz’ Rul
eibnitz’ Rule | | | ;74#'2( ]]\
» Product-to-sum formula (for trigonometric functions) <
» Method of Partial fractions (for rational function)
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Implicit Differentiation

e We would like to compute Z—z where x, y are governed by the following
equation: y[r)
“ 3 -
x> +cosx +y> =0,

.. ... d : : .
Intuitively, one can compute the derivative ﬁ by first expressing y in terms of

x and obtain Z—z using various differentiation technigues (chain rule, product
rule etc.)
d 1 _4
y = +/—x3 — cosx = % = . = g(_x3 — cosx) 5(—3x? + sin x).

® However in some cases, we may not able to write down the explicit expression
of y (in terms of x). As an example, we consider the following equation:
x3y + y* —sinx = 3. yie)
It is clear that we are not able to express y in terms of x.

. dy . .
Question: How do we compute d—z in this case?
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One may try to obtam — by differentiating the equation with respect to x:

d d

3
— - =—3
x(x y + y* — sinx) o

d(x®) ,dy dy*dy
- =0
=% T + X dx+dy Ix COS X

d
:3x2y+(x3+4y3)—y—cosx=0
dy cosx—3xy‘/—g 5(0()

~d 34+4
oAy UnlZuown

This technique is called implicit differentiation.

Remark:
dy . : :
Here, we observe that ﬁ is now expressed in terms of x and y instead of x alone

since we are not able to express y in terms of x.

4 MA21200 Calculus and Basic Linear Algebra |
Lecture Note 9: More on Differentiation



Example 1

Fmd |f x and y are governed by the equation: L/ = g&)

+ 3 :
xy? g "
©Solution:
We differentiate both sides of the equation with respect to x:
d d de  dy?\ d Y _ 0
Aoy E (%, & 4 o Yax Vax
—— (xy? +3x%) dx(x)=> y? dx+xdx o (3x%) =
aw
dy? dy 1dy vy
= 12 _Z 1. Ox2 = —— — —_ = é“) én w
Y +x(dy dx>+ YT xdx 12 (//% g7 UnBonom
Y 2 2
d 1dy vy dy —22-Y —9%
= Y2+ 2xy—+9x? = —— — X
yo xydx+ YT ydx x?2  dx 1
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Example 2
It is given that the equation of a conic section is x* + 2y? — 6x + 4y — 16 = 0.

(a) Identify this conic section.
(b) Find the tangent to the graph of this conic section at (x,y) = (8,0).

©Solution L [/s 4/0/76

(a) Since there is no xy-term, one can identify the conic section using
completing square technique:
x24+2y?—6x+4y—-16=0= (x—3)*+2(y + 1)? = 27
x — 3)? + 1)?
GRS

(27)’ ( z)z

2

which is an ellipse with center (3, —2).
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(b) We need to find the value on—z at (x,y) = (8,0).

By differentiating the equation with respect to x, we have

d d
—(x +2y*—6x+4y —16) = —0

dx
dy dy dy 6—2x
S 2x+4y—=—6+4—==0>—=
XAy dx * dx dx 4y +4
Putting (x, y) = (8,0), then the slope of tangent is given by ~— Y=9&)
dy 6-2(8) 5 Un Bnowe

@ [en=60 =gy 14~ T2
The equation of tangent line at (x,y) = (8,0) is given by
y—20 5

5
=—=—>>y=—= 20.
x_g_ Zz7Y¥TT3xt
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Remarks about implicit differentiation theorem

e When we carry out the implicit differentiation, we have assumed that y can be
expressed as a differentiable function of x (i.e. y = f(x) and Z—z exists). This

assumption may not be true in some extreme cases.

e If we take another point (x,y) = (3 + 34/3, —1)in Example 2, we find that the

d .
atd does not exist.
dx

x?+2y*—6x+4y—16=0

3 +3V3,-1)
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¢ |n advanced level mathematics, a theorem called implicit function theorem is
developed to address this issue.
Roughly speaking, the implicit function theorem states that given an equation
F(x,y) =0, if F(x,y) is “nice” enough (i.e. continuous differentiable), then y

. dy .
can be expressed as a function of x and ﬁ exists as a number so that one can

T L. . d
carry out the implicit differentiation to obtain d—z.

® |n this course, we only handle the cases when F(x, y) is nice enough and you
can do the implicit differentiation freely.
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Differentiation of inverse function (% 1)

Recall that a function f(x) takes a number x from its domain and assigns it to a
single value y from its range

x X

|

w /

(Domain) (Range)

The inverse function of f(x), denoted by f ~1(x), is a function which takes a
number y from the range of f(x) and “bring back” to x.

f—l

(Domain) (Range)

= X
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Recall that the inverse of a function f (x) exists if and only if f (x) is one-to-one.

Some other common inverse functions used in Mathematics

f(x) Inverse of f(x)
fl: R - [O' OO), fl_l(x) — lOg10 X
fi(x) = 10*
fo: R = [0, 00), f (@) = Inx (= log, x)
fo(x) = e*
f5:10, ) = [0, ) 7100 = Vx
fa(x) = x*
f _%%] - [-11), fi'(x) = sin™! x (= arcsin x)

fz(x) = sinx

fs:10,m] = [—1,1),
fa(x) = cosx

fot(x) = cos™! x (= arccos x)

fe(x) = —%,%] - R,

fz(x) = tanx

fil(x) = tan 1 x (= arctanx)
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Example 3 (Inverse of trigonometric function)

What is the derivative of sin™! x, —1 < x < 1? (Here, —% <sin"lx < g)

©Solution:

Let y = sin"! x, then =, (7\/ aé#&:')é’am
N

y =sin"!x = siny = sin(sin"'x) = siny = x.

Differentiate the e atloém ?oth sides with respect to x, we have

d( ) d ;d(smy)dy {5 dy 1:dy 1
dx Siny T dx dy dx OV ax T dx cosy

Substitute y = sin~! x and note that

. T .- T
since —><y=sin 1x<5

sin“y 4+ cos?y =1 = cosy = \/1 — sin? y S 0, we finally get
d dy 1 1
—sin"lx = = = — _
dx dx /1—sin2y /1—(sin(sin"1x))2 V1 —x?
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Z

seelX)=  cosex)

Example 4

Find the derivative of y = sec™! x where |[x| > 1and 0 < sec™'x < m.

©Solution:

Lety = sec™ 1 X, then 0/3742" e . 0 L:u/&r;e
- g g of

_ e
y =sec lx = secy = x.

Differentiate the equation both sides with respect to x, we have

d d d(secy)dy dy dy 1
— =——X= =1= t —=1=—= :
dx (secy) dxx dy dx SeLy anydx dx secytany
tan? 6+1=sec? 0 s
S dy _ 1 _ 1 M
dx secy(i sec? y—1) +xVx2-1 |
1 ,—,-,Af'_;“
( if x>1 ,,
4 dy L +xVx? —1 _ 1
dx 1 ifX < —1 |x|Vx2 —1 10
\—xVx2 — 1
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Using similar method, one can obtain the derivatives of the inverse of other
trigonometric functions. We summarize the result in the following table:

y = f(x) The derivative f'(x)
y = sin"1x, dy 1
(-1<x<1, —><sin"'x <-) dx 1 —x2
y =cos 1x dy -1
(-1<x<1 0<cos™tx<mn) dx:m
y =tan 1x dy 1
(—oo<x<00,—§<tan_1x<§) dx 1+ x?
y =cot™1x dy 1
(—o < x < o0, 0<cot™lx<m) dx 1+ x2
y =sec lx dy 1
(Jx] > 1, 0 <sec™lx <m) dx Ix|VxZ — 1
y =csc tx (or cosec™lx) dy -1
(|x] > 1, —§<csc‘1x<§) dx Ix|VxZ — 1
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Example 5 (Inverse of exponential function)

The natural logarithm, denoted by In x, is defined as the inverse of e* (i.e.

el"* = x In(e¥) = x). What is the derivative of Inx, x > 0? (i.e. %ln x)
©Solution:

We let y = In x, using similar method (take f(x) = e*, f~1(x) = Inx), we get
y=Inx>eY =e"* = e =y,

We differentiate the equation both sides with respect to x, we have

d y_d :deydy_1: ydy_lzdy_l
dx " T dx” dy dx “dx dx eV’
Substitute y = In x, we finally get
d1 ~ady 11
dx T dx  elx  x
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Example 6

We consider the function f: R — R given by f(x) = e* =3%°+9%

(a) Is the function increasing or decreasing? Explain your answer.
(b) Show that its inverse function f 1 exists.

(c) Find %f‘l(x).
©Solution:

(a) One can checkits monotonicﬂj;cy by considering its derivative
d(ex3—3x2+9x) éjfem dex3—3x2+9x d(x3 — 3x2 + 9x)

d
Ef(x) B dx — d(x3 — 3x2 + 9x) dx
= X X+ (332 _ 6x + 9) = 3 (x2 — 2x + 3) ¥ "I A

>0  =(x—1)2+2 >0
>2>0

One can observe that %f(x) > 0, this implies that f(x) is strictly

increasing.
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(b) Since the function is strictly increasing, then for any x; # x,, we must have
f(xy) # f(x;). This implies that f(x) is one-to-one and its inverse exists.

(c)

IDEA: Let y = eX’—3X%+ox appears that it is difficult for us to express x
in terms of y so that the expression f ~1 is not available.

ety = f1(x), then f(y) = x = ¥ 73V°+% =
/7
V/ﬁfem% Differentiate the equation both sides with respect to x, we get
Froee dbore! d(ey3—3y2+9y)) d d(ey3—3y2+9y) d(y® —3y?+9y)dy .

=
dx dx d(y3 —3y? +9y) dy dx
d
= ey3_3y2+9y(3y2 — 6y + 9)d—y =1
X

dy 1
= - 2 3-3y2+9y’

dx (3y? — 6y +9)ey ~3y"+9y

dy

Here, we cannot express — in terms of x since the explicit formula for

y = f~1(x) is not known.
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L%arithmic Differentiation

Sometimes, we may need to calculate the derivatives of the following function:

i f(x)9™

dx
To compute these derivatives, one can compute the derivatives by first letting
y = f(x)9™ (so we need to find Z—z). Then we take the (natural) logarithm on

both sides, then the expression becomes

Iny = ln@f (x)9 (x)) =  g)Inf(x)

product o f functions

Then we differentiate both sides with respect to x and get

‘ ((x) lnf(x)) 2Qny) & = d ((x) lnf(x}

—
dx 7 T dx dy dx
1dy 1

d dy d
:;E dxé(x)lnf(x)>:—x—yd— (x)lnf(x% (alnx—;)

The derivative Eg(x) In f(x) can be computed easily.
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Example 7 L (x) X‘-N
(=) = e

Compute the derivative /

©Solution:
Let y = x*, we then take natural logarithm on both sides:
Iny = ln(xx)z x In x.

We differentiate both sides of the equation with respect to x, we have

d d dinydy d d
—lny=d xInx\= =lnx—x+x—Inx

dx- dy dx dx dx
1d 1 d

e A Inx (1) +x (—) . x*(Inx + 1).
ydx X dx
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Example 8

Compute the derivative

d
— (x? — 2x + 3)¢os¥*,
dx

©Solution
We let y = (x? — 2x + 3)°S* and apply natural logarithm on both sides, we have
Iny =In(x? — 2x + 3)°°S* = Iny = cos x In(x? — 2x + 3).

We differentiate both sides with respect to x, we get

dl _ 4 In(x? — 2x + 3)
- Iny =——cosxIn(x X

1d d
:;d—z:ln(xz—2x+3)acosx+cosxaln(x2—2x+3)
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1dy d[In(x? — 2x + 3)] d(x? — 2x + 3)

= —— = In(x? — 2x + 3) (—si

S dx n(x x+ 3) (—sinx) + cosx A2 = 2% 1 3) 7
1d
:;%= —sinxIn(x? — 2x + 3) + cosx (xz —2x+3) (2x — 2)

d 2x — 2
:d_zzy xz_2x+3cosx—sinxln(x2—2x+3)]

Substitute y = (x2 — 2x + 3)°°5%¥,we finally get

2x — 2
x2 —2x+3

d
e (x? — 2x + 3)cosx [
dx

cos x — sinx In(x? — 2x + 3)
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Example 9 qx'-: (e &,L('a))x; ﬁzf%/a) Vel
Compute /
% (a®), a>0
©Solution:
Let y = a*, we apply the natural logarithm on both sides:
Iny =In(a*) = Iny =xIna.

We differentiate both sides with respect to x, we have

dl _d | :d(lny)dy_l dx:1dy_l :dy_ |
dx ny—dxx na dy dx rladx ydx na dx—yna
Putting y = a”*, we finally get:—xax = Z—z =a*lna

. d . d
Again, Eax = a*Ina # a* in general. We only have Eex = e*ll
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Example 10

Compute

d (x +1)?

dx|(x —2)3(3x + 4)>|
©Solution:

2
Lety = (x—z(;c3+(2c+4)5' we take natural logarithm on both sides:
x + 1)°

Iny = ln/ ( )

l(x —2)3(3x + 4)5>= In(x + 1)2 — In(x — 2)3 — In(3x + 4)5
= Iny=2In(x +1) —3In(x —2) — 5In(3x + 4) — ©Note:

, _ , _ Inx* =alnx
Next, we differentiate the equation with respect to x,

ilny = Ziln(x +1) — Biln(x -2) — Siln(Bx + 4) In> = Inx—1Iny
dx dx dx dx Y

Inxy=Inx+1Iny
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d(Iny)dy dIn(x+1)d(x+1) dIn(x-2)d(x—2) dIn(3x+4)d(3x+4)

dy dx d(x+1) dx d(x-2) dx d(3x+4) dx
- 12 () s () s G

ydx x+1 X — 2 3x +4
:dy_ (x + 1)? ( 2 3 15 )

dx (x—2)3Bx+4)5\x+1 x—-2 3x+4/)

Remark:
Of course, one can find the derivative of this function using quotient rule

and product rule, i.e.
[ (x + 1) ]
dx |(x —2)3(3x + 4)°
(x —2)3(3x + 4)5 ~ (x + 1)% — (x + 1)2 ~ (x — 2)3(3x + 4)°
[(x —2)3(3x + 4)°]? '

The calculation is very tedious.
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Example 11

Compute the derivative

d 3|(a+x)(b+x)
dx |(a—x)(b—x)

©Solution:

(a+x)(b+x)
(a—x)(b—x)

Again, we can let y = 3\/ and take the natural logarithm on both sides:

v =] 3|(a+ x)(b + x) Iy — (a+x)(b+x)%
ny=m (a—x)(b—x):ny_n[(a—x)(b—x)

(a+x)(b—x)
(a—x)(b—x)

1
= Iny =§ln

1 1 1 1
= Iny = §ln(a + x) +§ln(b + x) —§ln(a —X) —§ln(b — X).

MA21200 Calculus and Basic Linear Algebra |
Lecture Note 9: More on Differentiation

25




Next, one can differentiate both sides of the equation with respect to x and we get

d(Iny)dy dIn(a+x)d(a+x) dIn(b+x)d(b+x) dIn(a—x)d(a—x)
dy dx d(a+x) dx d(b+x) dx d(a—x) dx

ldy 1 (1) L2 (1) L2 (1)
ydx 3 a-+x 3 b+ x 3 a—x

dIn(b—x)d(b—x)

d(b—x) dx
=
3 b—x
d 1 + x)(b + 1 1 1 1
LW _Lsjlat ) x)( + + + )
dx 3 [(a—x)(b—x)\a+x b+x a—x b-—x
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Parametric Equations

In Physics, we usually describe the motion of a moving particle by the following
pair of equations:

t € |a,b]

(=70
y=g(t)’

where t is a parameter (which may be interpreted as time) and f(t), g(t) are
some functions of t. This pair of equation is called parametric equations.

A
(x,y) = (f(®),g9(t)

g(a))

GOYIO
~—
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Some Examples of Parametric Equation

y
1. (Straight Line: y = x) A
x(t) =t
, t€e |0,
{y(t) =t [0, @)
2. (Parabola: y = x?) y

{;((tt)): o L€ (o) \_/

3.(Circle: x%2 + y? = 1) Y\
(t) = t
{;C’(t) = Z(i)r?t’ t €10, ) C) > X
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One may be interested in knowing the direction of the trace of the curve. To

: : : L. ... d
investigate this, we need to find its derivative d—z.

The following theorem demonstrates how we obtain this derivative.

Theorem

We letx = f(t) andy = g(t) where f(t) and g(t) are two
differentiable functions on some interval. Provided that f'(t) = &+ 0,

dt
then y is a differentiable function of x and

dy ,
dy _dt 9 (@)
Adx o f(t)

)
>

[

AC" I T o
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Ewam/gg :

9 di . g6
Pt

X = f(t] N s
y =3 L




Example 12

.. d : : :
Find é for each of the following parametric equation

( ){ x(t) = t4 + 3 Fs0 D@‘* L/ Wﬂ/‘/’/ d’éﬂt&?z
| y(t) = 2t° + 4t — 2 fort=0.

(ng/fug yle) /
(b) { x(t) = et — t?

y(t) =Vt + et

©Solution:
dv 4 a__.a-1
dy G T 10tt+4 10 4
D& T W CFE
dt
det®dt?
dt?2 dt
d 1 1 —_—

—+ 2 t2
b) ﬂ: at =2t 2+ 2te
dx et — 2t

ax
dt
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Higher order derivatives

Given a differentiable function f(x), we can obtain its derivative f'(x).

Suppose that the function f'(x) is also differentiable function, then one can
differentiate this function and obtain another derivative of f'(x). This derivative is
called second-order derivative of f (x) since it is obtained by differentiating the

function f(x) twice.

d a
dx / dx 144 4 /
f=x3 9% . frx)=3x% . f'x)=(f'(x) =6x
First derivative Second derivative

In general, when a function is being differentiated for n times (provided that it is
feasible), the function obtained is called nt"*-order derivative of f(x).
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Remark:

e We say f(x) is n-time differentiable if nt"order derivative f ™ (x) exists.

e If f(™(x) exists, then the lower order derivatives f(*~D, f(n=2) " £(2) £’ 3is0
exist.

e Here, we take f©(x) = f(x).
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Example 13
Compute d—zcos(xz + 1)
pute —— .

©Solution:  Claj. R, le

d 2 1 4 \_deos(x2+1) d(x*+1)
dx cos(x ) = d(x?+1) dx B

2

d
Ecos(x2 +1) = a(—Zx sin(x? + 1))

o = =2x sin(x? + 1),

' dx
= —2|sin(x? +1)— +x
_ dx
|7m un[ IZ\MEC

= —2[sin(x? +1) + x

d[sin(x? + 1)]
dx ]

d[sin(x? + 1)] d(x? + 1)
d(x? + 1) dx ]

(fain = —2sin(x? + 1) — 4x? cos(x? + 1).
Aule
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Example 14

d4
Compute — (x3 cos x

©Solution:
d d d
—x3cosx =cosx—x3+x3—cosx = --- = 3x%cosx — x3sinx.
dx dx dx
d? d
3 _ 2 3 .
——x3cosx =— (3x%cosx —x3sinx
dx? dx( )
3( dz_l_zd )( d3_|_3d-)
=3(cosx—x%+x%2—cosx|—[sinx—x3 + x3—sinx
dx dx dx dx

= 6xcosx — 3x%sinx — 3x%sinx — x3 cosx
= 6x Ccosx — 6x2sinx — x3 cosx
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3

4 x3 cosx = 4 (6x cosx — 6x% sinx — x3 cos x)
- —

dx dx

dx d . d d
= 6(cosx—+x—cosx) — 6(smx—x2 +x2—smx)
dx dx

dx dx
d . .d
—cosx—x3 4+ x3—cosx
dx dx
= 6Ccosx — 6xsinx — 12xsinx — 6x2cosx — 3x2cosx + x3sinx
= 6cosx — 18xsinx — 9x?% cosx + x3sinx.
d* d

—x*cosx = —(6cosx — 18x sinx — 9x? cosx + x3sinx)
dx* dx

.« = —24sinx — 36x cosx + 12x? sinx + x3 cos x.
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Example 15

2 3
(a) Letf(x) = e, find & 47 a7

dx’ dx2’ dx3’
: dn , :
(b) Using (a), try to guess the general form of o where n is non-negative

integer.

©Solution:
(a) Using Chain Rule, we have

Y=gV

d
df  d(e™)  d(e®)d(ax)®" (@) = ot
dx  dx  d(ax) dx ¢ WTae

d*f d /df d » d N o
dxz—dx(dx)_a(ae )—aae = a(ae™) = q%e?*.
d’f d (d? d d

dx]; = dx (dx];> — Eazeax = azaeax — aZ(aeax) — a3e“x_

n
(b) By observing the pattern in (a), we guess that Z? = ate?*,
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Example 16

Let f(x) = Inx, find

af d?f d3f d*f
dx’ dx?’dx3’ dx*

n

Hence, guess the general form ofo wheren > 1.

©Solution:

df d Iy —
dx  dx nx = X
d3f d dzf
dx3 dx?
d4f d

dx* dx dx3

d a_
‘/ &2f d dfy d q @

)

x—‘1

dx?  dx (dx) N E(ch) T dx (™)
——(x‘z) = —(=2)x73 = 2x"3.

= £ (2x%) = 2=t =~ @)x " =

—6x~ %,

n
By observing the pattern above, we guess that jx—nlnx =(=D"I(n-DIx™

37
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Example 17

d‘l’l

Find mcos(ax + b) where a, b are constants.
©Solution:
Note that
dicosy=— siny
d e _d(cos(ax +b))d(ax +b)™ n(ax + b) (@)
T cos(ax + b) = d(ax+b) T = sin(ax a
T
= —asin(ax + b) = a cos (— + ax + b).
2
& +b—d(d +b)—d( in(ax + b))
T2 cos(ax + b) = 72\ T cos(ax + b) | = T a sin(ax
d(sin(ax + b)) d(ax + b)
= —a A(ax 1 D) 7 = —acos(ax + b) (a)

= —a? cos(ax + b) = a® cos(m + ax + b).
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d3 d [ d* d
——cos(ax + b) = —|=—-cos(ax + b) = (—a? cos(ax + b))

dx3 dx \ dx?
d(cos(ax + b)) d(ax + b)
2 _ 2 o
= —a d(ax £ D) 7 a“sin(ax + b) (a)

31
= a3sin(ax + b) = a° cos (7 + ax + b).

4 +b d (& +b d(3'( + b))
—— cos(ax )_dx ——cos(ax + b) | = T a’ sin(ax

dx dx3
d(sin(ax + b)) d(ax + b)
a A(ax  b) o a’ cos(ax + b) (a) = a* cos(ax + b)

= a*cos(2m + ax + b).

By observing the above pattern, we guess that

n

nm
dxncos(ax+b) =a cos( > +ax+b)
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Example 18 (A harder example)

(a) Show that

d™ ( 1 )_ (—=1)™*n!a™
dx"\ax + b/ (ax + b)"*1
(b) Hence, compute

dn x? +9x + 10
dx™ (x + 1) (x —1)(2x + 3)
(Hint: Using method partial fraction).

©Solution

(a) Note that

d 1\ d _, _d(ax+b) " d(ax +b)
dx(ax+b)_a(ax+b) = d(ax + b) dx
= —(ax + b)7%(a) = —a(ax + b)~*
=71 a
(@ e #b)*
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dz( 1 )_d d( 1 )_d( (ax + )2)
dx2\ax +b) dx\dx\ax+b/)] dx arax

d(ax + b)"?d(ax + b) ~
T e —a(=2)(ax + b)*(a)

= 2a’(ax + b) 3.

d3( 1 )_d dz( 1 )_d[zz( £ 5)7]
dx3\ax + b/ dx\dx2\ax+b/] dx a-lax

d(ax + b) 3 d(ax + b) ~
= 2a? A(ax 1 b) = 2a%(=3)(ax + b)~*(a)
= —(3)2a3(ax + b)~*.

By observing the pattern, we conclude that

- 1 —(n+1
dxm (Clx n b) = (—1)n(n X (Tl — 1) X ..X2X 1)an(ax + b) (n+1)
_ (=D"nla™
- (ax + b)n+1'

41
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(b) According to the hint, one can rewrite the expression as
x%+9x + 10 A B C
(x+1)(x—1)(2x+3):x+1+x—1+2x+3
=>Ax—-—1)2x+3)+Bx+1)2x+3)+C(x+1)(x—1)
= x? + 9x + 10.

To obtain the unknowns A4,B and C, we use substitution method

® Putx =1 (sothatx —1 = 0), then
A(0)(3)+B2)(5)+C(2)(0) =20=B = 2.
e Putx = —1 (sothatx + 1 = 0), then
A2)(D)+BO)(D)+Cc(0)(-2)=2=>A4=-1.

® Putx = —% (so that 2x + 3 = 0), then

(Hosa(-Pore(-P(-5--3-c--

. x%+9x + 10 B 1 ) 2 1
x+Dx-1D2x+3) x+1 x—-1 2x+3
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Using the result of (a), we finally get
ar x? +9x + 10
dx"|(x+1)(x—1)(2x + 3)

_ d"(l)_l_zd"(l) d"(l)
odxn\x +1 dx™"\x — 1 dx™ \2x + 3
K (=D"n! o (—D™n!  (=D)"n!2"
(DML T (e +2)n (2x 4+ 3)nHY

Here, we use the method of partial fraction (see Chapter 4 for details) to
decompose a rational fraction (involving quotient of polynomial into the sum with
simpler denominator which can be differentiated easily.

: d™ 1 (—1)™n!a™
@4 © o dxm (ax + b) N (ax + b)n*1 ; }y Fﬂlﬂ( /4)
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Example 19 (Use of sum-to —product formula)

Compute

dn
—sin? 3x cos 5x.
dxn

©Solution

Using product-to-sum formula, one can rewrite the function as

sin? 3x cos 5x = (sin 3x sin 3x) cos 5x

1
b [cos(3x + 3x) — cos(3x — 3x)] cos 5x

> codD)=7

—Ecos 6x cos 5x + Ecos 5x

N

1 1
~3 [cos(6x + 5x) + cos(6x — 5x)] + 5 cos 5x
1 1 1
=—Zcosllx—1cosx+§c055x /Vﬁ Wmore

ovodicts !
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Note that

n

nm
— -_ n —
e cos(ax + b) = a™ cos ( > + ax + b),

we then have

d" oo Ldt o 1d Ll
danII’l X COS OX = 4dxnCOS X 4dxnCOSX 2dxnCOS X

= —%cos (%+ 11x) —%cos (?+x) +52—ncos (%+ Sx).

Remark of this Example:

Although one can obtain the derivative using product rule, the derivation is
tedious, the product-to-sum formula allows us to separate the product of
trigonometric functions into the sum of trigonometric functions so that we can
avoid to use product rule. In differentiation, “doing sum” is always better than

“doing product”.
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Higher-order derivative of parametric equation

Suppose that x and y are given by the following parametric equation:

{x = f(t)
y =g(t)

One can find the first derivative using the formula

dy dy/dt g'(t) (letz — h(D) = g’(t)>

dx dx/dt f'(t)’ £t
. ) d?y d3y
To obtain higher-order derivate —x2’ go3 Wecan repeat the above process:
z=h(t) d (g'(t)
d’y d (dy) d dz"Wdz/dt dt (f’(t)) e
2 de\ax) “dx’Tdx  dxjai . F W

a3y d (d?y d dw/dt
= =—w(t) = .
dx3 dx\dx? dx dx/dt
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Example 20

. p—— .3 44y d%y d3y
It is given that x(t) = 2t — t“ and y(t) = t°. Find T

©Solution

d 3
dy dy/dt gt o 3t? ﬁ/
dx _ dx/dt %(Zt iy 2-2t T .

-3t
"=zt g 3t2 12t — 6t2
d’y d (dy) d ( 3t2 )"—,,_’f,“) di\z=2t) ([@—-202 12t—6t?

dxzzdx dx B 2 — 2t

dx
_12t—6t?
T@20T g (12t — 6t2
d*y d (d?y\ d (12t—6t?\ *XO gt ((2 — 2t)3) _6(4 + 4t — 2t7)
dx3  dx\dx?) dx\(2-2t)3 B dx/dt  (2-=2t)"

dx/dt 22t (2—203 Zlia
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Leibnitz’ Rule -- A shortcut for calculating the higher order derivative

* In Example 19, we calculate the higher order derivative of the form
n
dd?f(x)g(x)- Although we can easily calculate the derivatives by using

product rule repeatedly, the calculation is lengthy.

® One would like to ask whether there is any shortcut of doing this. Luckily,

there is a theorem which provides a general formula of the :—;lf(x)g(x). This

is called Leibnitz’ Rule.

~ ) / (
48 4wmf0610u/6 {0 CK = n

Bivowmial Theorcur |




Example 21

Compute
d4
— (1 —x%)e?*
©Solution:

Step 1: Write down the “general” formula using Leibnitz’s rule

We let f(x) = 1 — x? and g(x) = e?*. From Leibnitz’s rulle we have
¢ W

n=4 o Cr” m
_4((1 — x2 Zx) — - 4f(x)g(x) z C4f(r)g(4 )
= Cif@ g 4 ciFg® 4 cgf@)g(z) + CH® gD 4 @ (O

/ / 7 b
4/\ q4 6 L(/— 7
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Step 2: Compute all numbers required in the formula

By direct calculation, we get

r 0 1 2 3 4
ct Ci=1 | ct=4 | cf=6 | ci=4 | ct=1

£ () 1—x? —2x —2 0 0
g™ (x) e2x 2e%% 2(2e%%) 4(2e%¥) 8(2e%%)
= 4e%% = 8e?* = 16e%*

Step 3: Substitute everything into the formula

d4

— (1 —x%)e?*

dx?

= CAFO g 4 ca () 4 caF@ @) 4 4B o) 4 2 FA) (0)

= (1 —x2%)(16e%*) + 4(—2x)(8e?*) + 6(—2)(4e?*) + 4(0)(2e**) + 1(0)(e*¥)

= (—16x% — 64x — 32)e?~.
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Example 22

Compute

d3
——cosxInx
dx3

©Solution:
Step 1: Write down the “genera

IH

formula using Leibnitz’s rule
We let f(x) = cosx and g(x) = In x. From Leibnitz’s rule, we have

d3 d3 n=3 3
ﬁcosxlnx = ﬁf(x)g(x) = z C3f (M gB-7)
r=0

= 3O g3 4 c3FWg@ 4 c3F@ gD 4 37(3)gO),
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Step 2: Compute all numbers required in the formula

By direct calculation, we get

r 0 1 2 3
Cl=gmm C5=1 c3 =3 C3 =3 c3=1
£ (x) COS X —sinx — COSX sin x
g™ (x) Inx L —x~? —(—2x73)
X = 2Xx
Step 3: Substitute everything into the formula

d3

= cosx (2x73) + 3(=sinx)(—x~2) + 3(—=cosx)(x~ 1) + sinx (Inx)

= (2x3=3x"YHcosx+ (Inx — 3x~ %) sinx.

52 MA21200 Calculus and Basic Linear Algebra |
Lecture Note 9: More on Differentiation



Example 23

For any positive integer n, compute

dn
Wx cos 3x

©Solution:
Step 1: Write down the “general” formula using Leibnitz’s rule

We let f(x) = x? and g(x) = cos 3x. From Leibnitz’s rule, we have

dTl
——x%cos3x = —f(x)g(x) = Z crfm gn-m)

dx™
_ cnf©@gm 4 Clnfmg(n D4 CrF@ gm-2) 4 cnF®) gn=3)
_|_ Cllf(zl‘)g(n_él‘) _I_ coe _I_ C’;l/lf(n)g(())'
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Step 2: Compute all numbers required in the formula

Note that for any positive integer k, we have

dr km
g®(x) = ok €08 3x = 3% cos (7 + 3x).
T 0 1 2 3 n
£ (x) x? 2x 2 0 0

Step 3: Substitute everything into the formula

dn
——x2cos 3x
dxm

= CRf©@ g 4 cnp() gn=1) 4 np@) g(n-2)
=0 since f®(x)=0 for k=3
+ CRf@gn=3) 4 chF@® gn=4) 4 ... 4 1 F0) g(0)
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nm n—1)n
= C{x?3™ cos (7 + Bx) + C1'(2x) [3”‘1 cos <( ) + 3x>]

2
+ CIH(2) [3"‘2 oS <(n —2)m + 3x)]

2
Recall that CJ' = ——, so we have
ri(n—-r)!
nn-—1
cy =1, Ci* =n, = ( ).
2
dTl
sz cos 3x

= x%3" cos (n; + 3x) + n(2x) lB"‘l COS ((n —Dm + Bx)]

2
+n(n — 1) [3"‘2 COS ((n —2)m + Bx)]

2
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Example 24 (Harder Example)
Let f(x) =tan"1x

(a) Show that (1 + x2)f"(x) + 2xf'(x) = 0.
(b) Letn be a positive integer
(i) Using Leibnitz’s rule, show that

A+ x)f™D(x) +2(n+ Dxf™* V() + n(n+ DfF™(x) = 0.
(i)  Hence, find f®)(x), f® (x), FO) (x).

©Solution

(a) Using direct differentiation, we get

, 1 ) d/ 1 2x
fx) = f (x)zdx( )=_(1+x2)2

14 x2’ 14 x?
Then
2 1
(1 4+ xDf" () + 2xf'(0) = (1 + 2 (- q +’;2)2) +2x () =0
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(b) To obtain the equation (i), one has to differentiate the equation in (a) with

respect to x for n times:
n n n

T L+ + 22 ()] = 0= 0. ()

We proceed to compute the two derivatives on L.H.S.
Using Leibnitz’s Rule, we get

dn n d?‘ dTL—T
—— (1 + x? "x=ZC" 14 x>)—F"(x
r=
1+x2 £ () 2x FH ()
0 dn ) dl A B dn—1 A B
= (3 5 (L4 x2) o [ (@) + O 5 (L4 x%) g ()
2 F(x) 0 FD ()
d2 dn—Z d3 dn—3
+ C;W(l + xz) dx"—2 f”(X) + Célﬁ(l + Xz) dx"—3 f”(X) + .-

—0 @)

n

dO
n 2 1
+ C e (1+x _dxof (x)
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= L+ xF ™D () + n@0)f ) + B p

= (1 4+ x)fD(x) + 2nxf ™D (x) + n(n — 1) F ™ (x).

Similarly, one can find that
n

—— [22f' ()] = 2xf "V (x) + 20 f O (x).

Substitute the formula obtained into the equation (*), we get

(14 x2)f D (x) + 2nxf ™D (x) + n(n — D F™(x) + 2xf D (x)
+2n f™(x) = 0.

> (1 +x)f™D(x) + 2n+ Dxf ™V (x) + (n? + n) M (x) = 0.

~ (
0 ]@ +ﬂ7&) e
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(b)(ii)

To obtain the derivatives £ ) (x), f* (x), f ) (x), one can use the equation
derived in (b)(i).

We first put n = 1 into the equation, we get

. —2x _ 1
T (1+x2)? T (1+x3?)
(1 + 2O +4x TOR) + 270 = 02 fO () = o2 2
x)f ) (x x 4 (x [ (x) = f x—(1+x2)3
Put n = 2 into the equation, we get
_ 6x%-2 . —2x
T (14x2)3 T (14x2)2 24 2423
2 £ (4 _ 4 _
A+ D) +6x fOG) +6 fP00) =0= fO@ ==
Finally, we put n = 3 into the equation, we get
_24x-24x3 _ 6x%-2
T (1+x2)4 T (1+4x2)3

120x* — 240x? + 24
(1+x2%)°

1+x)fE@)+8x fW(x) +12f®(x) =0= fO(x) =

59 MA21200 Calculus and Basic Linear Algebra |
Lecture Note 9: More on Differentiation



In general, to find the higher-order derivatives of a complicated function, say
f(x) = sin(In(x + 1)), one can do this by following procedure:

: L ... d d?
Step 1: Compute the first derivative and second derivative é and d—x]; and use

them to derive a differential equation

(1+x)%f"(x) + A+ 20f" () + f(x) =0

Step 2: We obtain the general equation by differentiating the equation in Step 1
with respect to x for n-times (by Leibnitz’s Rule), i.e.

n

dr . , _ 4
W[(l + )" () + A +20)f ' (x) + f(x)] = dx™ 0

> 1 +x)?fM2D)+ Cn+ DA +x)f™ V() + (% + 1Df™(x) =0

Step 3: Find f®) (x), f® (x), f & (x),... by putting n = 1,2,3, .... Into the general
equation.
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Remark about using Leibnitz’s Rule

e Although the Leibnitz’s rule provide a useful formula in finding the higher
order derivative, it is only efficient in the case when the function is a product
of some elementary functions and the general formula of nt"* derivative of
these elementary functions are available, e.g.

f(x) =e*sinx, g(x) = x?sinx.
® |In some cases, method of partial fractions or product-to-sum formula may be
more useful than Leibnitz’s rule when finding the derivatives such as

2
— sin3x cos 4 .
dx O G — D+ 3)(2x = 1)
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