
EE3121
Differential Equations for Engineers

Tutorial 8a

Instructor: Prof. Jie Chen

DEPARTMENT OF ELECTRICAL ENGINEERING



Tutorial

Problem 1:

Solve by the eigenvalue-eigenvector method the following differential
equations:

(i) [
ẋ1
ẋ2

]
=

[
1 −1

−5 −3

] [
x1
x2

]
,

[
x1(0)

x2(0)

]
=

[
4

−2

]
.

(ii) [
ẋ1
ẋ2

]
=

[
−6 4

−5 2

] [
x1
x2

]
,

[
x1(0)

x2(0)

]
=

[
−2

1

]
.
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Solution:

(i)Step 1: Find the eigenvalues of state matrix A, det(A− rI) = 0

⇒ det

([
1− r −1

−5 −3− r

])
= 0

we have {
r1 = −4

r2 = 2

Step 2: Find the eigenvectors of A

(A− r1I) ξ1 = 0 ⇒ ξ1 =

[
1

5

]
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(A− r2I) ξ2 = 0 ⇒ ξ2 =

[
1

−1

]
x(t) = c1ξ1e

−4t + c2ξ2e
−2t

then,

⇒ x(t) = c1

[
1

5

]
e−4t + c2

[
1

−1

]
e−2t

From the initial condition
[
x1(0)

x2(0)

]
=

[
4

−2

]
,

⇒
[
x1(0)

x2(0)

]
=

[
c1 + c2
5c1 − c2

]
=

[
4

−2

]
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⇒
{

c1 =
1
3

c2 =
11
3

⇒ x(t) =
1

3

[
1

5

]
e−4t +

11

3

[
1

−1

]
e−2t
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(ii)Step 1: Find eigenvalues of state matrix A =

[
−6 4

−5 2

]
.

det(A− rI) = 0 ⇒ det

([
−6− r 4

−5 2− r

])
= 0

then, we can calculate {
r1 = −2 + j2

r2 = −2− j2

Step 2: Find eigenvectors of A

(A− r1I) ξ1 = 0 ⇒ ξ1 =

[
2

2

]
+

[
0

1

]
j = a+ bj
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The two real-valued fundamental solutions associated with complex
conjugate eigenvalues r1,2 = −λ± jω are{

x1(t) = e−λt (a cosωt− b sinωt)

x2(t) = e−λt (a sinωt+ b cosωt)

therefore,

⇒


x1(t) = e−2t (a cos 2t− b sin 2t) = e−2t

([
2

2

]
cos 2t−

[
0

1

]
sin 2t

)
x2(t) = e−2t (a sin 2t+ b cos 2t) = e−2t

([
2

2

]
sin 2t+

[
0

1

]
cos 2t

)
x(t) = c1x1(t) + c2x2(t)
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From the initial condition
[
x1(0)

x2(0)

]
=

[
−2

1

]

⇒
{

2c1 = −2

2c1 + c2 = 1
⇒

{
c1 = −1

c2 = 3

⇒ x(t) = −e−2t

([
2

2

]
cos 2t−

[
0

1

]
sin 2t

)
+ 3e−2t

([
2

2

]
sin 2t+

[
0

1

]
cos 2t

)
= e−2t

([
−2

1

]
cos 2t+

[
6

7

]
sin 2t

)
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Problem 2:

Solve by the matrix kernel method

[
ẋ1
ẋ2

]
=

[
3 2

7 −2

] [
x1
x2

]
+

[
2

−1

]
,

[
x1(0)

x2(0)

]
=

[
0

0

]
.

Page 8



Tutorial

Solution:

Step 1: Find the eigenvalues of state matrix A, det(A− rI) = 0

det

([
3− r 2

7 −2− r

])
= 0

⇒
{
r1 = −4

r2 = 5

Step 2: Find eigenvectors of A
(A− r1I) ξ1 = 0 ⇒ ξ1 =

[
−2

7

]
(A− r2I) ξ2 = 0 ⇒ ξ2 =

[
1

1

]
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Step 3: Find the fundamental matrix ψ(t)

ψ(t) =
[
er1tξ1 er2tξ2

]
=

[
−2e−4t e5t

7e−4t e5t

]
we can have

ψ(0) =

[
−2 1

7 1

]
, ψ−1(0) = −1

9

[
1 −1

−7 −2

]
=

1

9

[
−1 1

7 2

]
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Step 4: Find the state transition matrix ϕ(t)

ϕ(t) = ψ(t)ψ−1(0) =

[
−2e−4t e5t

7e−4t e

]
1

9

[
−1 1

7 2

]
=

1

9

[
2e−4t + 7e5t −2e−4t + 2e5t

−7e−4t + 7e5t 7e−4t + 2e5t

]
According to theorem,

x(t) = ϕ(t, t0)x(t0) +

∫ t

0

ϕ(t, τ)B(τ)u(τ)dτ

therefore,

x(t) = ϕ(t)x(0) +

∫ t

0

ϕ(τ)

[
2

−1

]
dτ =

∫ t

0

ϕ(τ)

[
2

−1

]
dτ
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