MA1200 Calculus and Basic Linear Algebra |

Chapter 6  Limits, Continuity and Differentiability

1 The concept of limits (p.217 — p.229, p.242 — p.249, p.255 — p.256)
1.1 Limits

Consider the function determined by the formula
x> -1
f(x)=
(X)="=
Note that it is not defined at x =1 since at this point f (x)has the form?, which is meaningless. We
0

can, however, still ask what is happening to f (x)as x approaches 1. More precisely, is f (x) approaching

some specific number as x approaches 1? To answer this question, we do two things: we calculate some
values of f (x)for x near 1 and sketch the graph of y = f (x) as follows.
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From the figure we see that f (x) approaches 3 as x approaches 1. In mathematical symbols, we write

ox¥-1
lim

x>l x =1

=3

In fact,

= Iim(x2 +x+1)=12 +1+1=3
x>l Xx—=1  x-ol X—=1 x—1

(* Note that X—_izl aslongas x=1).

In general, to say that Iimf(x):l means that the difference between f(x) and | can be made

X—a

arbitrarily small by requiring that x be sufficiently close to but different from a.
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Example 1

. X—
lim can be calculated as follows:
x—1 X _1
oXx=1 .. Vx-1)(Vx+1 .
lim :Ilm( )( ):Ilm(\/;+1):\/i+1:2.
X1 &_1 x—1 f—l x>l
0
Example 2
. . .o x"=a"
If n is a positive integer, we have lim =na"".
X—a X — a
It is because, by long division, we have
n n
X 78 i pax™ a4 +a™,
X—a
which tends to na"™ as x tends to a.
0

Example 3
lim,,,[x] does not exist. It is because

[x]={1 if 1<x<?2
2 if 2<x<3
Therefore as x approaches 2 from the left, the values of [x] approach the number 1. However, if x
approaches 2 from the right, the values of [x] approach the number 2. So limit does not exist in this

case.
U

From the example we see that the function [x] tends to different values as x approaches the number 2
from different sides. In fact, given a function f (x), we can write

lim f(x)=1 (resp. lim f(x)=1,).

X—=a~

[read as “the left (resp. right) hand limit of f(x) is 1, (resp. 1,)”], if the values of f(x) tends to |,
(resp. 1,) as x approaches a from the left (resp. right). By using this notation, we can write
lim[x]=1 and Iinz][x]:z.

X—2"

Finally, we will use the symbol
lim f(x)=I

X—>+00

to represent the situation that when x is increasing indefinitely, the values of f (x) tends to the value I,
the limit
fim £ (x)=!

is defined similarly.



Example 4
lim X =1. It is because

x—+0 ] 4+ X
lim —X— = jim —= =11
x—>+0 ] 4+ X xa+eol 1 1
+7
X

(* Note that the values of 1 tends to 0 as x tends to positive infinity).

X

1.2 Theorems on limits

In the previous section, we have introduced the notion of limits. However in practical calculations, it is
difficult to apply the definition directly. In this section, a lot of ‘tools’ will be introduced to help us

calculate the limits. The following theorems are typical examples.

Theorem 1A

(Main Limit Theorem) Let n be a positive integer, k be a constant, and f and g be functions which have

limits at c. Then

1. limk=k;

2. I:iETEx:c;

3. Ixi_r]gkf(x) klxl_r]gf()

4, legg[f(x)+g( )1 _Ixiggf(x)+lxiﬂgg(x);

5. legg[f(x) g(x )_Iimf(x)—lxiggg(x);

6. legg[f(x)g( )1 —Ilmf( )Ixiirgg(x);

7. Hcg((:; :ELEX; provided lim g (x) #0;

6. tm[ 1 (3] =tim 1 (0]

9. Ilmq/f x) = o/lim f (x), provided lim f (x)>0 when n s even.

X—C

Theorem 1B

Let f(x)=a,x"+a, X"
shown. Then we have:
(i) limf (x)=f(a)=a,xa"+a,,xa"" +--+a,xa+a,.

fa)
g(a)

_1+_..+aix+ao and g(X):mem+bm_lxm

(i) If g(a)=0, then @LE:;—

4. +bx+b, be 2 polynomials as



Example 5

2
i . . 2t+4
(i) Find limL 2t t4
-2 142
Solution:
The function whose limit we are to find is the quotient of two polynomials. The denominator t+2 is not

0 when t=2. Therefore, the limit is the value of the quotientat t=2:
Iimt2+2t+4—(2)2+2(2)+4—E—3
o2 t42 2+2 4

I . t*-8

(i) Find Ith]tZ 4

Solution:

The denominator is 0 at t=2 and we cannot calculate the limit by direct substitution. However, if we

factor the numerator and denominator we find that
t*_8 ('[—2)('[2 + 2t+4)
P-4 (t-2)(t+2)
For t#2, ﬁ =1
t—2
Therefore, for all values of t different from 2 (the values that really determine the limitas t— 2),

-8 . tP+2t+4 22+2x2+4 12
lim——=Iim = =—=3
t>2t°—4 52 42 2+2 4
To calculate this limit, we divided the numerator and denominator by a common factor and evaluated the

resultat t=2.

u
Theorem 1C (Sandwich Theorem or Squeeze Theorem)

Suppose that

f(t)<g(t)<h(t)
for all t=c in some interval about c¢ and that f(t) and h(t) approach the same limit | as t
approaches ¢ (that is, lim f (t)=I= Itimh(t)), then

limg(t)=1.

t-c

The following figure illustrates the idea behind the theorem.
f(t)
9(®)

h(®)

' » t-axis

Can you see the sandwich?



Example 6

Show that
lim sin@ 1
6050 @
Solution:
If we can show
. sin@ . sin@
lim —=1=lim —,
00" @ 600" @

then we are done.

For the limit lim % we consider the following diagram (0< 8 < z/2)
60"

LY
T(1. tanf)
Plxy,
0
o Q A(L0) T
We see that
Area AOAP < Areasector OAP< Area AOAT.
This implies

lsin9<g<itan<9.
2 2 2

Further simplification gives
cosé < siné <1.
0

As lim cosé =1, by sandwich theorem, we have
6—0"

lim SN0 .

60t @
This is a right hand limit since we only consider 0<&< /2. For @ =-a where « is positive, we see
that

sin@ _sin(-a) -sina _sina

0 - - a
Hence we have
.. sin@ .. sina
lim——= lim —==1.
60" @ a—0t o
Thus we can conclude that
._sin@
lim——=1.
-0 @



Example 7
sin X
Does lim—— exist?

X—>0 |x|
Solution:
Smx sin x >0
Observe that—— X . To the right of 0 and to the left of 0, the formulas are different so we
|| sinx . _j
—X
have to consider Ilmm, I|mﬂ separately. But I|mL_1 lim 22X~ _jim Smx_—l.
x—0" X x—0" —X X x—=>0 —X x—0" X
We conclude that ImgW does not exist.
X—>! X
d
Example 8
Find the limit lim 23N X C0s X
x—0 X
Solution:
. 2sinxcosx  2sin2x
First, = .
X 2X
Let t=2x. Observe thatt tends to 0 as x tends to 0.
Therefore lim 2sIn XCOs X =lim 23|n2x_2| smt =2.
x—0 X x>0 2% t—>0 t
d
Example 9
. 2
sin3x
Evaluate I|mu
x>0 X2 cOS X
Solution:
_(sin3x)"  (sin3xsin3x 1 . (3sin3x 3sin3x 1
|Im2—=|lm =lim
x>0 X“COSX  x—0 X X  COSX x>0 3X 3X  COSX
. 3sin3x)\(,. 3sin3x\(,. 1 . sin3x . sin3x\/(,. 1
=|lim lim lim—— |=3] lim 3| lim lim
x—0 3x x—0 3x x—>0 COS X 3x—>0 33X 3x—>0  3x x>0 COS X
=3x1x3x1x1=09.
0
Example 10
sin@°

Evaluate Igmg , (8° is the value of an angle measured in degree).
Solution:
N T .
© " = 0x——radians
180

It follows that



70 . 70 . 70
sSin

sin@° sin- oo r Mies 7« 180 T sint  «
lim —lim—2180 _|jm % __ 180 _ 7 |, 180 _ T ;ST _ T
00 @ 00 @ 050180 760 180 0->0 78 %:t180 t>0 180
180 180
[
Example 11
Evaluate "ml—c_osx.
x-0 Xsin X
Solution:
1-cos2X 1-cos? X 4sin? 2 1-[1-sin? X |+sin? 2
. 1-cosx . 2 . 2 2 2 2
lim="— :Ilng—lelng X X =lim X X
COXSINX Y vsin2” 7 2xsintcos. 2xsin > cos -
2 2 2 2
2sin2 X sin X sin X
e R L el [t () (L Fg e
OoxsinNcos X 702X s X 2|0 X o0 X 2000t wocost) 2
2 2 2 2
0

2  Continuity of functions (p.264 — p.272)

In ordinary language, we use the word continuous to describe a process that goes on without abrupt
changes. It is this notion as it pertains to functions that we now want to make precise. Consider the three
graphs shown in the following figure. Only the third graph exhibits continuity at c. Here is the formal

definition.
Ay /P Ay
f
C X C

o
| X c X

Definition (Continuity at a point)
Let f be defined on an open interval containing c. We say that f iscontinuousat c if
lim f (x)= f(c)

By this definition we require three things:
(1) limf(x) exists,

(2) f(c) exists (that is, c is in the domain of f), and
(3) limf(x)=f(c).
If any of these three fails, then f is discontinuous at c.



Example 12
The function

x? —3x-10
f(x)_—X_5
is undefined at x=5. However, if we define

x> —3x-10
Q(X)= X—5
7 ifx=5

ifx=5

then g(x) will be continuous at x=5.

It is because
2 -
limg ()= lim X =310 (X2902) 2y 7 g ().

x—5 X—5 X—5 x—5 X—5 x—5

Thus g(x) becomes continuousat x=5.

Most of the functions that we here encountered are continuous. To name a few, we have
All polynomials are continuous at every real number c.

The absolute function is continuous at every real number c.

sinx and cosx are continuous at every real number c.

A rational function

f(x
g(x
is continuous at every real number ¢ with g(c)=0 if f(x) and g(x) are both continuousatc .

~—

~—"

The following theorem will also help us to identify those continuous functions.

Theorem 2A
If f and g are continuous at c, then so are kf, f+g,f—g, fg, f/g (g(c)¢0)and f", where k is

any real number and n is any positive integer.

Theorem 2B
If limg(x)=1 andif f iscontinuousat I, then

lim £ (g(x)) = f (limg (x)) = (1)
In particular, if g is continuous at ¢ and f is continuous at g(c), then the composite f og is continuous
at c.

So far, we have discussed continuity at a point. We can discuss continuity on an interval. We say f is

continuous on an open interval if it is continuous at each point of that interval. It is continuous on the

closed interval [a,b] if it is continuous on (a,b), right continuous at a (that is, lim f (x)= f (a)), and
X—a

left continuous at b (that is, Iirlq f(x)=f(b)).



Continuous functions have a lot of nice properties. One of them is:

Theorem 2C (Intermediate Value Theorem)
If f is continuous on [a,b] and if | isa number between f(a) and f(b), then there is a number

c between aand b such that f (c)=1I.
This means that a continuous function must assume every value between any two of its values.

3  Differentiability of functions (p.274 — p.279, p.282 — p.290)
Consider the graph of the function y = f (x) as shown below:

The points P and Q have coordinates (c, f (c)) and (c+h, f(c+h)) respectively. The slope of the
secant line PQ is given by
f(c+h)-f(c)
h
As h tends to 0, we have the slope of the tangent at P is given by

f —

fim (c+h)—f(c)
h—0 h

if such a limit exists. This leads to the concept of differentiability. A function f is said to be differentiable

at x=c ifthe limit
f(x)-f(c
IimM (or lim )
X—C X—C h—0
exists. If so, it is called the derivative of f(x)at ¢ andisdenoted by f'(c).Again, we say that f is
differentiable in an open interval | if it is differentiable at each point of I.

slope of PQ =

=tand,

f(c+h)-f(c)

Example 13
i f(x):%,then
11
=g ey O

o L T . S
0| (x+h)x h| mo(x+h)x x?
So the function is differentiable at every real number x exceptat x=0.



Theorem 3A

If f is differentiable at c, then f is continuous at c. The above theorem describes the relationship
between continuity and differentiability of a function. It should be noted that a continuous function may
not be differentiable.

Example 14
Show that f (x)=|x|,xeR is not differentiable at x=0. (Note that f (x)is continuous forall x e R).

Solution:

f (0) - "mw — "mm
h—0 h h—0 h
This limit depends on the sign of h.
lim [h] = lim h =1
h—0" N h—0" h
(h>0)
Iimm: Iim_—h:—l
h-0~ h h—0~ h
(h<0)
Hence,
lim m # lim m .
h—0* h h—»0" h
= The limit I!im% does not exist.
—0
¥ F
Fx)=|
y=-x Fsat
) - X

Therefore, f (x) is not differentiable at x = 0. The geometric interpretation of this can be seen from the
graph of y=f(x)=x]|.
For x>0, the graph is the line y =x with slope 1.

For x <0, the graph is the line y =-x with slope 1.

At point O, where these two sections of the graph meet, the graph has no well-defined slope. That is, the
derivative is not defined at x =0.

O
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Example 15
Let

f(x)— X for x=1
X for x<1.

Show that f (x) is not differentiable at x=1.

Proof:
¥
¥=7(x)
I
I B
o 1 x
lim f(1+ h)— f (1) _im (1+ h)—1:1
h—0" h h—0" h
_ 2 _ 2
T ) TN ) B TN L A e S PSP
h—0~ h h—0~ h h—0~ h—0~
= JITM does not exist.

. T(x) is not differentiable at x =1.
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