Name: Student ID: Seat No:

Venue: Please select (v') [1B5-208 (YEUNG) [ 3508 (LI)

MA2001 Multi-variable Calculus and Linear Algebra
Semester A, 2023-24

Test (CB1)
SOLUTION
Date: Friday, 3 November 2023
Time allowed: 90 minutes (15:10 — 16:40)
Instructions to candidates:
This paper has 10 pages (including this cover page).
This paper has SEVEN questions.
The questions will begin on page 2.
Write your answers in the space provided under each question.
Answer ALL questions. Show ALL steps to get full mark.
Question Max. mark Your mark

Q1 25

Q2 10

Q3 10

Q4 10

Q5 20

Q6 10

Q7 15

Total mark 100
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Question 1  [25 marks]

-4 =5 1
Given the matrix A =( 1 2 -1

0o 0 -3
(@) Find the eigenvalues and the corresponding eigenvectors of A. [17 marks]
-4-)\ -5 |
AL =] 7 2 -y
O O -3-A

:_S,A “'4'/\ '5\
] B

E3-2) (A +2x-2)

11

= —x+3)" (A-1)

Set |A-MIl =0 = A=1, -3 -3

Tor A=1 sove A-I)X=D

.—5 “'5 ‘ O Rl é’Rz \ \ __l
1 I -1 10 T |5 5
o O -4\0 /) xR o o |

O Rl +R3 | ]
_ O
g Rat4Rs 8

O

Rlé—)Rs \ | O (@)
OO O O @)
X, '{'Xz =O
X3 = O

het. X2=S . Then X:=0. X=-%.

.. E\genvectors Cor(egpooo\\ha to \=| ace

= -l
X = S(\) . Sfo.
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(Question 1(a) continued)

2)

For X = -3, solke (A+31)% =0

© Ra+ Ry - -5 |
O N O o©
O O O

’X(‘SXz+X3= O

-l -5
l 5
O O

OO

ORV)

-
o

Le*l: 7(1=S) x3=+\' Theﬂ X, = -85S +4

Eigenvectors Covresponding to \= -3 afe

X = s<',5> + t(é) . gt fo.
o 1

(Question 1(b) is on the next page.)
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1(b) Is A diagonalizable? If yes, express A in the form PDP~', where D is a diagonal matrix.

Clearly state the matrices P, D and P~! in your answer. [8 marks]

Since A has 3 lineacly independentt @igenvectors,

A s diagona\i%c\b\e.

-l -5
et p=<‘ ‘ C‘)) D=l 9o
© o o o
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Question 2 [10 marks]

Determine whether the quadratic form

q = —3x% — 2x3 — 4x% + 4x;x, + 2%, %3

is positive definite, negative definite, positive semidefinite, negative semidefinite or indefinite.

-3 2 \ X, [10 marks]
% = (Xt Xa x_a\) 2 -2 O Xa
\ © -4 Xz

. . -3 2 |
The associoted Symmetric matrix is A:(z -2 o>'
| o -4

LQdeﬁS PriﬂC{PQ\ minors ore

Ist order @ -3 < o
2nd order’t /;5 5) = 674=2 >0
3rd order: ’5 szz (‘3 - \x(_2 ! . -3 2
I o -4 ZO‘“@'*{ ) ’
= 2-4064
- ~b <O

q, s negotive definite.
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Question 3  [10 marks]

Does the limit

I 3xy
im ———————
xy)-(0,0) 2x2 + y2

exist? If yes, find the value of the limit. If no, show that the limit does not exist. [10 marks]

As ty) = (0,0) along the x-axis (y=o) .

II)’V\ ______g___gl = jw Q = 1
U(“ﬁ\—)(o'o) 2Xa+ 31 Y= O 2x9- - ‘)%—‘;Y(\) O = O
As (X, y)-(0,0) along the line y=x,

Jim -__B.ZL:M 3x2

(xa‘j)_-)(0,0) 2)(24'5 > X0 % Xz_ = X0 \ = \

3Xx

gince *2—)2,:%—; has di@eren{ hmi{:s as (x,(j)—e(o,o)

aleng  di@Perent paths, the [t Mm X4
Q(Jj)'?(o’o) 211“'32

does not  exist.
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Question 4 [10 marks]

Suppose that yz® —xy = 2xz defines z as an implicit function of x and y locally at
dz 2
(x,y,z) = (—2,4,—1). Compute the values of — and

P Fye) at (x,y,z) =(-2,4,-1).
‘ [10 marks]
Parjcia“j d¥erentiate both sides YzT-xy =2xz wrt x
2
532 %%—52;’ZZ+21%%—-_@
= 2_ o, —
(3y="-20) 32 = 224y
= DE _ 2z +y
ox JYZ*- 2%
At (2,4 -y 2= _ 260 +4 >
o 1e2,4,0 3D -2(-2) To TR
R Qfﬁaug differenticte.  both sides of ® wrt x
6y= () 4 P )
= 3 21—2)( Dn\z —_ 2
(3y )312—4535%-(932—5(%)
2 o7 2
> Tp- e
3yz2_ 2
At (2,4, ) .g’_zI[ . A & _ 1 4
XTlea,4, - 3(HEN*~-26-2) T g T 1w
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Question 5 |20 marks]

Find all stationary points of the function g(x,y) = 4x® + 3x?y + y® — 3y and determine their nature.
|y y y

o [20 marks]
9x = 122+ by

93 = x2 4 351_5

Qet {gx,_.o N {61(21—:—3):0 N X=0 or Y=-2%

9y =0 ’JCl—f-\(jl:{ xﬁgz__.

= { Xffl or Y=-2x

5> =
> {?:Ci)‘ or {3@ i
A=-2=x
- l
(O) ) (O) DR (‘J‘g—:’ é) / (4—-;- , ~J§) are Stokwenary povats

Iy

I

ox.

A(X‘j) = ‘S)L)L 933 - 5&%

Sttty | Gte)| Gayo,) | Guy )| Aley.) | Condusion
(0,0 | 6<o| 6 | o | 3 o '®&
(0. 1) b »o| b ° 36 >0 | oo e
(z.8) | & r | % "% <o | AL
Ea] & [ # [ & | % of
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Question 6 |10 marks]

Find the directional derivative of f(x,v,z)=x%+ 6y +xy?z3® at (3,—2,1) in the direction of
—2T+ 7+ 2k.

[10 marks]
£x 2%+ yrz?
Vf = £y ] = 6 +2xyz?
£, 3xyz*
VH(3,-2,1) = (("“"4‘) lo
6-12| = [—¢
36 30
Unit  vector

0 the dicection of -07 +7 « 2%

...2/3
—= 74 Tk
2 - VES
/3

D(F QC{:]or\oJ

[N

decivative of £ at (3, -2,1) 10 the diechon
of U &

Duf(3,2,1) = V£(3,-2,1) - &

_ ('O =2/3
- -6 J 1/

3

34) 2/5

= 20-6+T2
3

(1

46
3
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Question 7 [15 marks]

Change the order of integration in

2

6
f fe“‘xz dx |dy
0

y
3

and then evaluate the integral. [15 marks]
(Hint: Sketch the domain of integration first.) N X= %
\
6+
O <YK
D g <o \
T €2 N\
o 2 7 JC
Tor Svery CLaAL2,
O <Y< ax
j’ 2 x* 2 3x
e dx ]dy = f x> Y_
O 3/3 j < e/ dj CS
0

-End -
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