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EE6617: Tutorial 1

For square and non-singular matrices A € R"*" and B € R"*" show that
(Ab)" = bT AT where b € R".

(AB)" = BTAT,

(A7) = (A" (hint: use (AB)” = BTA” and I = AA ™).
(AB)"' =B 'A"! (hint: use I = AA~).
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det (A1) = m (hint: use det(AB) = det(A) det(B)).

t
tr (AB) = tr(BA).
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Find the eigenvalues A1, Ao and eigenvectors vy, vy associated with A, Ay of A = { _? B ; 1 )
Is A is positive definite? What is tr(A) and det(A)? Show that

A = VAVT = [v; vy]diag(Ay, \o)[v1 Vo] = [vy vi] diag(Ag, A1) [va vi] .
Is the eigenvector matrix V unique?

Find the eigenvalues and eigenvectors of the identity matrix I € R™*". Is the eigenvector
matrix V is unique?

Let the basis of a vector space S be {x;}’_,. Any vector x € S can be represented as a
linear combination of the basis vectors. Show that the representation x is unique.

Suppose a set {X1, Xg, X3} with

1 1 0
X1 = 1 , Xo= | 1 |, x3=11
1 1 1

(a) Find the basis of the span S(x1,X2,X3). Are they orthogonal? Are they independent?
(b) Find dim(S(x1, X2,X3)).

Now, suppose a matrix X = [x1XoX3].

(¢) Find rank(X) and dim(R(X)).

(d) Find rank(X7”) and dim(R(XT)).

(e) Find any vectors in N (X).

(f) Find dim(NV(X)) and dim(N (XT)).
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Sol. 1.1 (a) Let theithrow of A bea;. Then, (Ab)T = : = [(a;b)T (azb)T - (a,b)T] =
a,b
T
ag
bTal ... bTal]=bT | : | —bTAT.
aAn
b7 AT b?
() (AB)T = (Alby - bul)" = (Aby - Ab)T = | o[ = | ¢ AT =
bTAT bT
() T=AA'=(AA Y = (A )" AT =T, implying (A~1)" must be (AT)fl, otherwise
(AHTAT £ 1.

(d) I=AB(AB)'= A '=B(AB)"'=B'A"'=(AB)™'

(e) By definition, det (cA) = >  sgn(o) H Cliy, =" Y sgn(o)

ocESH i=1 cES, i

:j:

A, = " det(A).
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(f) For any diagonal matrix A, we have det (A) = > sgn(o) [[ @i, = sgn({1,2,...,n}) [ @i
i=1 i=1
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This is because [] a;,, = 0 for o # {1,2,...,n}, i.e., the product [] a;,, always con-
i=1 i=1

tains at least one a;,, = 0 when o # {1, 2 .,n} for a diagonal matrix. Substituting

A =T yields det(I) = sgn({1,2,...,n}) H 1=1.
(g) The same reasoning as in (e).
(h) Given det(AB) = det(A) det(B), substitute B = A~! and use det(I) = 1.
(i) tr(AB)= Z Z aijbji = Z Z bjiaij = 3_ > bjiai; = tr(BA).

i=1j= i=1j= Jj=1li=1

Sol. 1.2 First equate Av = Av and this is equivalent to (A — AXI) v =0 = det (A — A\I) =0,
i.e., the matrix A — AI should be singular. In general, the det (A — A\I) = 0 yields an nth
order polynomial equation (so-called the characteristic polynomial of A), i.e., in our case,

1

—2-A
det(A—)\I):det({ . 9y

D =24+N)—-1=N+4DA+3=QA+1)A+3)=0

Then, the roots of the above characteristic polynomial are the eigenvalues of A, i.e., A\ =
-1, Ay = —3.

For A; = —1, the eigenvector v; is found from (A — A\ I) vy =0, i.e.,

wome [ 4[] [2] ol



Similarly, for Ay = —3,

. 11 V12 . 0 . 1 1
N (RICIR AR Y
(4)
e We say if xZ Ax > 0 for x # 0, the matrix A is positive definite. For any x = [z, z»]7 €

R**!and A = [vy vo )(\)1 S [vi vo]T, formulating x* Ax = x” [v; vy { )E]l )(\) } [vi vo]Tx
2 2

returns 1 (—(z; + 22)? — 3(z1 — 22)?) < 0. Thus, it is not positive definite.
[ J tI‘(A) = )\1 —+ )\2 = —4 and det(A) = )\1)\2 = 3.
>\1 0 )\2 0
0 )\2 0 /\1
more, it is easy to check if V is the eigenvector matrix of A, then so is —V. Thus, V
is not unique.

2
o A = [v; vy [vi vo]T = S \ivivl = [vy vy] [va v1]T. Further-
i=1

Sol. 1.3 Followed by the same procedure, (I — AI)v = 0 = det (I — AI) = det ((1 — M) =
(1 =XN)"det(I) = 0= (1 —A)" = 0. The roots of the polynomial (1 — \)* = 0 are
Al =Xy =--- =), = 1. Since for any \; = 1, (I — \;I)v; = Ov; = 0, the eigenvector v;
associated with )\; is not unique and can be any unit norm vector such that v!'v; = 0 for
1 # j. Thus, the eigenvalue decomposition of T is

1= VIV?,
with for any V such that VVT = VIV =1.

Sol. 1.4 Since {x;}!_, forms the basis of the subspace S, they are independent. Assume that
there are two representations for a vector x € S,

P P
X = E a;X; = g bix;,
i=1 i=1

then
P p P
Z(IZ‘XZ‘ — Z biXi = Z(a, — b,)XZ = 0
i=1 i=1 i=1
Since the {x;},_, are independent, it follows that a; = b;, i = 1,...,p, meaning the repre-

sentation of x is unique.

Sol. 1.5 (a) Basis= {x1,x3}. It is easy to check x5 = %(xl + x3). The vectors x;, X, are not
orthogonal, but are independent.

(b) dim(S(x1,X2,x3)) = 2.
(c) dim(S(x1,x2,x3)) = rank(X) = 2. dim(S(x1,X2,x3)) = dim(R(X)) = 2.



(d) Form X7,

1
XT =

—_ = =

1
1|.
1

It is easy to see the 2nd and 3rd columns are dependent. Hence rank(X”) = 2 and

thereby dim(R(X™)) = 2.
(e) Choose a=[1 1 —2]7. Then, Xa = 0 and hence a € N'(X).
(f) dim(NV(X)) = 3 — dim(R(X)) = 1 and dim(N(XT)) = 3 — dim(R(XT)) =1
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