EE3109 Applied Electromagnetics

2024/25 Semester B
Week 2 Tutorial Solutions

1. Given E(t) = Ay sin(wt — Bz + ¢) X, find H(t) using phasors.
Solution:

Using Phasor notation,
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Using Faraday’s Law:
VXE=—jouH
Let Ey = Age /P%eJ® st E = E,%, Then:
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Now convert back into time domain:

H(t) = Re{Hej“’t} = Re {G%Aoej(wt_ﬁﬂd’_%)} V= Q%AO sin(wt = fz+ ¢) ¥ [A/m]

NB: (i) Differentiation in phasor corresponds to multiplication by jw;

(i) Integration in phasor corresponds to multiplication by ]iw

2. Given H(t) = Ay cos(wt — kx — ky + ¢) Z, find E(t) using phasors.
Solution:

Using Phasor notation,

H= Aoe_j(kx+ky)ej¢ i = Hoi

Using Ampere’s Law:
VXH = jweE
Let Hy = Age /¥ +k¥) ¢ st H = HyR, Then:
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Now convert back into time domain:

) k . k
E(t) = Re{Ee/®'} = Re {EAOeJ(“’t‘kx‘k”‘p)} J—-%) = EAO cos(wt —kx —ky + ¢) (¥ —X)

3. When observed at large distances from their sources, the electric and magnetic fields by many current and charge
distributions can be approximated as spherically symmetric waves whose amplitudes vary inversely with distance.
Consider the following spherical wave in source-free, free space:

E,
E= —osin(a)t — fr)dg
r

(a) Use Maxwell’s curl-E equation to find the corresponding magnetic field intensity H.

(b) Substitute the H found in (a) into Maxwell’s curl-H equation to find the values of  that allows E to
satisfy Maxwell’s curl equations for large values of » (far-field approximation).

(c) What other component of E must also be present at small values of 7 in order to satisfy Maxwell’s
equations?

Solution:

(a) We were given ;

Ey . A
E= TSln(a)t — fr)dg

Recall that;
Ael® = A(cos 6 + jsin@)
Thus;
E= E7sm(a)t — Br)dg = —e /P2 2a = Epag

Note that E;. = Eg = 0
The Curl of E in spherical coordinate is computed as below;
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Converting from phasor notation gives;
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(b) The procedure is similar to what we did above
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Applying the curl-H equation;
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For large values of 7, Eppy = Egnew® = B2 = w?lgs,
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Note: the fact that cot — oo when 8 — mm means that the £ component is non-negligible (or even
dominant) when 8 is close to mm. A contradiction thus arises since in the original question E, = 0. This
contradiction arises most likely because the electric field in the question does not really exist in a source-
less free-space environment. Nonetheless, in regions where 6 is not close to mm, and particularly for 6



close to 90°, the approximation made above is true and the relationship obtained above is valid. This
relation will manifest itself in the lecture on plane waves.

(¢) For small values of 7, the T component of E must also be present to satisfy Maxwell’s equations.

4. A homogenous diclectric with dielectric constant €, = 8 and conductivity o is placed between the plates of a
parallel-plate capacitor. Determine the value ¢ at which the conduction and displacement currents in the dielectric
are equal at: (a) f = 1kHz, (b) f= 100MHz

Solution:

Givene, =8
The currents in phasor form are written as;
Jeona = 0E
]disp = jweE
For both currents to be equal (in amplitude), it is required that;
”condl = |]disp|
|oE| = |jweE|
0 = we = 2nf€ € (D
Using equation (1);
(a) Atf = 1kHz, 0 = 445X 1077 S/m
(b) At f =100MHz, o = 0.0445S5/m

5. The parallel-plate capacitor shown in Fig. 1 is filled with a lossy dielectric material of relative permittivity &, and
conductivity a. The separation between the plates is d and each plate is of area A. The capacitor is connected to a
time-varying voltage source V (t)

(a) Obtain an expression for I, the conduction current flowing between the plates inside the capacitor, in terms of
the given quantities.

(b) Obtain an expression for I, the displacement current flowing inside the capacitor.

(c) Based on your expressions for parts (a) and (b), give an equivalent circuit representation for the capacitor.

(d) Evaluate the values of the circuit elements for A = 4cm?,d = 0.5 [cm], &, = 4, 0 = 2.5 [S/m] and V(t) =
10 cos(3m x 103t) [V]
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Fig. 1. Parallel-plate capacitor containing a lossy dielectric
Solution:
(a) Recall that R = i. Thus, I, = v_Voa
oA R

(b) Recall that E =% and D = eE. Then, Iy = ;A =22 A = ¢ 224 = 220



(¢) The conduction current is directly proportional to V, as characteristic of a resistor, whereas the
. . v ... . . . o
displacement current varies as P which is characteristic of a capacitor. Hence, this is a parallel RC circuit

. d EA
with R —aandC =

1 1Y

=
IL
]
~

Equivalent Circuit

d _ 05x1072
GA 2.5 x4x10~4

(d) R = =5[Q]: C= 2 =284 pF.

6. If the current density in a conducting medium is given by J(x,y,z; t) = (X2 — §4y? + 22x) cos wt, determine the
corresponding charge distribution p,,(x, y, z; t).

Solution:
Recall that;
dpy
V.]=-
J at
% —<A8+A8+Aa) Rz — §4y? + 22 t
J= Xax yay zaZ (Xz — y4y“ + Z2x) cos w

d
= —4a(y2 cos wt) = —8y cos wt

Substituting this result back into equation (1) and integrating both sides w.r.t. t gives;
8y .
Py = —J-(V-])dt =— j —8y coswt dt = Esmwt + Cy

Where Cj is a constant of integration.



7. The magnetic field in a given dielectric medium is given by H = 6 cos 2zsin(2 X 107t — 0.1x) 9 [A/m], where x
and z are in meters. Determine:

(a) The electric field E,
(b) The displacement current density J4, and
(c) The charge density p,,.

Solution:
(a) Given; _ _ _
H = 96 cos 2z e 10 I™/2 = —§ 6 cos 2z e 101X
- 1 —~
E=—VXH
jwe
X y Z
1 o 0 0
= ]u)_s /ax /ay ' /BZ
0 —j6cos2ze 01X 0
= i{)’i [— 9 (—j6 cos 2z e‘jo'lx)] +2 [i (—j6 cos 2z e‘jo'lx)]}
joe 0z 0x
12 . j0.6 .
=R (— —sin ZZe_lo'lx) +2 <]— cos 2z e"o'l")

wEe We
From the given expression for H, = 2 X 107 (rad/s) and k = 0.1 (rad/m)
Since the material is dielectric, 4 = py = 4w X 107 (H/m)
So,

k? = w?ue > e= K 0.1 =1.989 X 107 (F
s e T @x10M)2(An x 10°7) (F/m)
Using the values for w and €, we have
E = (—%30sin 2z + 2j 1.5c0s 2z) x 103e7191% (V/m)
E = [—%30sin 2z cos(2 X 107t — 0.1x) — Z1.5 cos 2z sin(2 x 107t — 0.1x)] (kV/m)
(b) o ~ _
D = ¢E = £,60E = (—%0.6 sin 2z + Zj 0.03cos 2z) X 10~%e71%1X (C/m?)
dD
Ja = e

Or
J, = jwD = (~&j12 sin 2z — 2j 0.6cos 22)e 101X
Ja = Re{Jqe/°t}
= [-R12sin 2zsin(2 x 107t — 0.1x) — 20.6 cos 2z cos(2 X 107t — 0.1x)] (A/m?)

(c) We can find p,, from

V-D=p,
or from
9py
V-[=—
J ot
Applying Maxwell’s equation,
JE, OE,
Pv =V-D=eV-E=sr£0(g+ az)

Therefore;

d d
Py = &-& {& [-30sin2zcos(2 x 107t — 0.1x)] + % [-1.5 cos 2zsin(2 x 107t — O.lx)]}
= &,8y[—3sin 2z sin(2 X 107t — 0.1x) +3 sin 2z sin(2 x 10t — 0.1x)] = 0.
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