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Major References:
« Chapter 1, Signals and Systems by Alan V. Oppenheim et. al., 2nd edition, Prentice Hall

o« Chapter 1, Schaum’s Outline of Signals and Systems, 2nd Edition, 2010, McGraw-Hill

Introduction

+ Objective: Describe a system (physical, mathematical, or computational) by the way it
transforms an input signal into an output signal.

Input Signal Output Signal

+ System level approach

— Abstraction
« Identify the system input and output signals — characterize the signal types

+ Write input-output relation of the system — Operational transformations (e.g.,
Fourier analysis, Laplace Transformation).

» Characterize the system types by the input-output relation — system types
— Modular design
+ Break down the system into a number of interconnected subsystems (module)
+ Each module performs some specific task.
+ Focus on the flow of signal, abstract everything else away
— Composite system
+ Determine the input-output relationship between each modules
+ Combine the components (module) to composite the overall system

» Component and composite systems have the same form, and are analyzed
with same methods.
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Example 1.1
Let’s consider a typical mobile communication between the transmitter and receiver.
Abstract the system input and output signals, then determine the input-output relationship.

. Receiver
Transmitter

Sol) We first describe each module as a cascade of component systems.

E/M E/M
Input Cell Cell Output
signal ™| Phone _’| Tower _’| Tower m== ;) one ™= signal

x(t) Cable y(®)

Then we combine the modules into a composite system.

Input . N Output

Signal —) Mobile communication system }—D Signal

x(t) y(®)
Example 1.2

Determine the input-output relationship of the following electrical circuit.
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Sol) We first characterize the input and output signals, then perform modular design by
breaking the circuit into several modular circuits
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Then we combine the modules into a composite system
Input ) Output
voltage Electric circuit system voltage
Vin v = f(Vin) v

1.1 Classification of Signal Types

« [Def] Signal x(t) is a function of an independent variable t representing a physical
behavior of the phenomenon.

1. Continuous-Time (CT) and Discrete-Time (DT) Signals

A signal x(t) is a continuous-time signal if  is a continuous variable. If  is a discrete
variable, i.e., x(¢) is defined at discrete times, then x(¢) is a discrete-time signal.
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Fig. 1 (a) Continuous-time and (b) discrete-time signals

DT signal x[n] may be obtained by sampling a CT signal x(t) such as

Xn =X [n] = x (tn)
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Two representations of the DT signals

+ Functional form. For example,

xn=x[n]={(%) » n20

0, n<o

« Sequence form. For instance,

{xa} ={...,0,0,1,2,2,1,0,1,0,2,0,0,...}

2. Analog and Digital Signals

A CT signal x(¢) is an analog signal if x(¢) can take on any value in the continuous
interval (a,b). A DT signal x [n] is a digital signal if x [n] can take on only a finite
number of distinct values.

x(t) x[n] = x(nT)

........... t TT???TTTTT”

o7 27 4T 6T 8I' 10T 0 2 4 6 8 10
CT Signal DT Signal
Analog Signal Digital Signal

q |

3. Periodic and Aperiodic (or nonperiodic) Signals

A signal x(t) (or x[n]) is periodic with period T (or N) if there is a positive non-zero
value of T (or N) for which the following equality holds
x(t+T)=x(t), forCT signal x(t),

. (1.1)
x[n+N] =x[n], forDT signal x[n]

Any signal that is not periodic is called a nonperiodic (or aperiodic) signal.

« Property 1. For a given periodic signal, {T, 2T, 3T, ..., mT,...} are all available
period at all ¢ and any integer m.

« Property 2. Fundamental period Tj is the smallest positive value of the period T
for which (1.1) holds.
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4. Even and Odd Signals

A signal is referred to as an even signal if
x(—t) =x(t) forCTsignal x(t), x[-n]=x[n] for DT signal x[n] (1.2)
A signal is referred to as an odd signal if

x(—t) = —x(t) for CTsignal x(¢), x[-n]=-x[n] forDT signalx[n] (1.3)

x(t) xin)

x(t) xfn]

0 t 4|||1234 n

(© @

« Property 1. Any signal x(¢) or x[n] can be expressed as a sum of two signals

x (t) = x. (t) +x, (t) for CT signal,

, (1.4)
x [n] = x. [n] + x, [n] for DT signal,

where x, (t) (or x, [n]) is the even part, x, (t) (or x, [n]) is the odd part, and these
components are related to the original signal x(¢) (or x[n]) as follows

X (6)= 5 [x (0 +x (-],

2 (1.5)
Xo (1) = > [x (1) —x (-1)].

« Property 2. Product of signals
- Even signal x Even signal = Even signal, Odd x odd = Even signal

- Even signal X odd signal = odd signal
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5. Energy and Power Signals

Energy E of a signal x (t) (or x [n]) is defined as

CO n=—oo

whereas the Power P of a signal is defined as follows

1 [T/
lim — / lx(t)|2dt for CT signal,
T J_1)2

N
Z |x [n] |? for DT signal

I oN+1
N—>oo + N

« Energy signal has finite energy and zero power

0<E<oo, P=0.

+ Power signal has finite power and infinite energy

0<P<oo E=c0.

« Signals that satisfy neither property are neither energy signals

E= / |x(t)|*dt for CT signal, E = Z Ix [n] |* for DT signal, (1.6)

(1.7)

nor power signals.

1.2 Basic Signal Operations

« Time Reversal: Flip the signal around the vertical axis
+ Time Shifts: Shift the signal to left or right
- Right-shift if t, > 0, Left-shift if ¢, < 0.

« Time Scaling: Linearly stretch or compress the signal

— Compression if |c| > 1, Expansion if |c| < 1.

— Step 1. Scale by a. If < 0, reflection across y-axis

— Step 2. Shift by —f/a.
« If @ and f have different signs, right-shift.

« If & and f have same signs, left shift.

« Affine Transformation: x(t) — x (at+ f) =x (a (t + f/a)) for any real o, f§

x(t) = x(=t)

x(t) = x (t — 1)

x(t) — x (ct)




Time Reflection: (1) — (1)

x()+ x(-0) 4
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Time shifts: (1) — =(f — 1)

X(r-ty)4

Time scaling: =(t) — x=(ct)

x(0)4

x(1/2)

J,\
0 t

|

|

|
J\

1 i

|
0 \

=

2ty ¢ 0| 1p/2 i
1.3 Example of Important Signals
1. Unit Step Function (also referred as Heaviside unit function)
« Definition
w={> "' (19)
u(t) = .
0, t<0,
« Properties
wlir)
— Aperiodic signal
— Power signal P = 1/2 I
— Infinite Energy E = oo
0 !
Functions related to the step function u(t)
a) Signum Function
+ Definition
1, >0
sgn (t) = 2u(t) -1 =10, =0
-1, <0
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» Properties
sgn (1)

— Aperiodic & odd signal

— Power signal P = 1

— Infinite Energy E = o

b) Ramp Function

« Definition

t<0’ oo

r(t):{:)’ =20 [tu(f)dTIF(t)

« Properties

— Aperiodic
— Infinite Power P = o

- Infinite Energy E = o

c) Rectangular Pulse

« Definition
rect (t/7) = % , rect (t/7) zu(t+g) —u(t— g) (1.9)

« Properties

rect (t/7)

— Aperiodic & Even signal

— Zero Power P =0

— Energy Signal E =7




1 Signals and Systems

. Unit Impulse Function (also referred as Direc delta function)

« Definition

=0 00

5(t):{2; tio, [mé(t)dtzl (1.10)

» Properties

— Sampling Property
x(1)8 (t —to) = x (to) 6 (¢ — o)

- Sifting Property

b .
/ x(t)6 (t —to) dt = {x(t‘))’ ifa<ty<b

0, otherwise

— Impulse function is the building block of any signal, i.e., arbitrary signal
can be respresented as an infinite sum of impulse function and signal
amplitude.

x (t) ='[Oox(r)5(t—r)df (1.11)

(o)

Relationship between Rectangular Pulse and Impulse Function
&(r)
IE S—)
_e 0 ¢ t 0 !
o S5 (t) = %rect (£) e O(t) = 21_1)1% Se (1)
« 8 (0) = ¢ . 5(0) > o0
e 0 () =0, [t| > 5 «S5(1)=0,t#0
- [T (pdt=1 - [Ta(mdt=1

10
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Additional Properties of Unit impulse function

« Scaling Property: d (at) = ﬁ5 (1)
« Even Function: d(-t)=6(t)

. ' du (1)
« Derivative and Integral: u(t) = 6(r)dr, 6(t) = o

Ramp function (r() = {:) t=0

A t<0
i jj u(t)dr = r(t) i / l"u' """ c-l ;E;)--l

t>0
<0

1,
Unit step function u(t) = {0_

3(0) -
3(1)=0,t#0

Unit impulse function | ()= .
f () de = 1

3. Complex Exponential Function

« Definition
e/ = cos (wyt) + j sin (wot)

» Properties

— Periodic with T = Z”Wf’ where n is an integer
27

— Fundamental period Ty = Tl

— Infinite Energy E = oo

To— o0 0 Ty—00 TO

1 Ty 1 To
— Finite power P = lim F_/ le/"!2dt = lim —/ 1-dt=1
0 0

4. Sinusoidal Function
Acos(wot+6) or Asin(wet+0),
where A is the amplitude, 0 is the phase angle, wy is the radian frequency with

2 1
Fundamental period Ty = il (sec), Fundamental frequency fy = T hertz (Hz)
Wo 0

11
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1.4 Classification of System Types

« [Def] A system is a mathematical model of a physical process that relates the input signal
to the output signal in the form y = Tx.

1. Invertible and Noninvertible System

A system is said to be invertible if distinct inputs lead to distinct outputs. Otherwise,
the system is said to be noninvertible.

[Examples]
Invertible System Noninvertible System
- y(t) = 2x(t) © w(t) = 3y(t) * y[n] =0

- ylnl = Zp_ o x[k] & wln] =y[n] —y[n-1] - y(t) =x*(1)

2. Memory and Memoryless System

A system is said to be memoryless if the output at any time depends only on the input
at that same time. Otherwise, the system is said to have memory.

[Examples]

Memoryless System System with Memory
* y(t) = Rx(¢) « yln] = Xk x[k]
. y[n] = (2x[n] - x*[n])° ¢ y[n] =x[n-1]
. sy =1 [ x(z)dr

3. Causal and Noncausal System

A system is said to be causal if its output at the present time depends on only the present
and/or past values of the input. If its output at the present time depends on future values
of the input, the system is known as noncausal.

[Examples]
Causal System Noncausal System
* ylnl = X x[k] * y[n] = x[n] +x[n +2]
- y(t) =x*(t) * yln] = x[=n] or y(t) = x(t +1)

« Note) All memoryless systems are causal, but not vice versa.
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4. Linear and Nonlinear System

A system is said to be linear if the following superposition property (1.12) holds for a
given operator T. If the system does not satisfy (1.12), it is a nonlinear system.

T {(lel + 0(2)(2} =T {xl} +a,T {XZ} (112)
[Examples]
Linear System Nonlinear System
« yln] = Xf__ x[k] . y(t) = x(t)
« y(t) = tx(2) * y[n] =2x[n] +3

« Note) For a linear system, zero input always yields a zero output.

5. Time-invariant and Time-Varying System

A system is time-invariant if a time-shift of the input causes a corresponding shift in
the output. In other words, the system response is independent of time.

Ify(t) = T{x(t)}, theny (t —ty) = T{x (¢t — 1)} (1.13)
[Examples]
Time invariant System Time varying System
» y[n] = Xk x[k] * y(t) = x(2t)
* y[n] = x[n - nol * y[n] = nx[n]
LTI System

Linear time-invariant (LTI) system: A system that is linear and also time-invariant.

6. Stable and Unstable System

A system is stable if every bounded input produces a bounded output for all time.
If |[x () | < A, then |y (¢) | < B where |A| < oo, |B| < o (1.14)
[Examples]
Stable System Unstable System
c y(t) = x(1) < yln] = o
« y[n] =x[n] +x[n+2] + y[n] = nx[n]

13



1 Signals and Systems

1.5 Examples

[Example 1-1] Determine whether or not each of the following signals is periodic. If a signal
is periodic, determine its fundamental period.

a) x(t) = cos (¢ + ) b) x(t) = sin (22)

¢) x(t) = cos (Z£) + sin (Z) d) x(t) = cos (¢) + sin (x/it)
e) x(t) = sin? () f) x(t) =ell5t-1

g) x(t) =cos (2t + &) h) x(t) = cos? (t)

i) x(t) = (cos (27t)) u(t) ) ox()=em

Solution) To solve this type of problem, try to find the minimum T that satisfy x (t + T) = x(¢).
For instance, in (a), if the following equality holds with a nonzero constant T, then it is periodic

cos (t + %) = cos (t +T+ %) — cos(t')=cos(t'+T), (1.15)

where we used a change of variable t’ = t + % in the second equality. Since the minimum T that
satisfy (1.15) is 27, (a) is a periodic signal with period T = 2. Similarly, for (b),

. (2t o (2xt  2xT 2xT
sin|— | =sin|— + — — — =2, (1.16)
3 3 3 3

and by denoting t' = 2, the minimum T that satisfy (1.16) is 3.

For (c) and (d), we can use (1.18); The period T for cos (%t) in (c) is Ty = 6 and T, for sin (”Tt)

is T, = 8. Since Ty /T, = 3/4, (c) is a periodic signal with period T = 24. In (d), the period T; for
cos (t) is Ty = 2 and T, for sin (\/Et) is Ty = V2. Since T; /T, = V2, (d) is aperiodic signal.

For (e) and (h), convert x(t) as follows, then apply similar approach as (a).
1 1
cos? (t) = 5 (1+cos(2t)), sin(t) = 5 (1 —cos(2t)), (1.17)

and the remaining can be solved using similar method. The solutions are summarized below.

a) Periodic with T = 27 b) Periodic with T =3 ¢) Periodic with T = 24
d) Aperiodic e) Periodicwith T =7 f) Periodic with T =4
g) Periodic with T =7 h) Periodicwith T = i) Aperiodic

j) Periodic with T =2

14



1 Signals and Systems

Sum of Periodic Signals

« Let x1(t) and x,(t) be periodic signals with fundamental periods T; and T, re-
spectively. The sum x(t) = x1(t) + x»(t) is periodic if and only if the following
condition holds
ik _
— = — = rational number (1.18)
Tz m

where the fundamental period T is the least common multiple of T; and T,.

« Let x1[n] and x,[n] be periodic sequence with fundamental periods N; and N,
respectively. The sum x[n] = x; [n]+x;[n] is periodic given the following condition

le = kN2 =N (119)

where the fundamental period N is the least common multiple of N; and Nj.
Refer [Schaum’s text, Problem 1.14 & 1.15]

UolaUUolagUlU o aUlUolaU

[Example 1-2] Determine whether the following signals are energy signals, power signals, or
neither.

a) x(t) =e “u(t),a>0 b) x(t) = Acos (wot + 0)

Solution) To solve this type of problem, (Step 1.) you need to calculate the energy E first. If E
is finite, the signal is a Energy signal. Otherwise, (Step 2.) if E is infinite, you need to calculate
the power P as well. If P is finite, the signal is a Power signal. Otherwise, if P is infinite, then it
is neither a energy nor a power signal. For example, in (a),

(o] (o] 1
E= / e 24y (t)dt = / e daldy = —, (1.20)
- 0

) 2a

where we used the definition of the step function in the second equality. Since i is finite, x(t)
in (a) is a energy signal. For a periodic signal, the integration interval T in (1.7) is equal to the

period. In (b), the period is T = 377; and the signal power can be calculated as follows

1 T 2 27m+0
P = lim —/ A% cos? (wot + 0) dt = lim — / cos® (1) dl
Tooo T 0 T—oo 27T 0

(1.21)

2 27m+6 AZ

= lim —/ [1+cos(2D)]dl=—,

T—oo 471 Jg 2

where we used T = i—’g and a change of variable, | = wot + 6 or wydt = dl, in the second equality,

then applied the Cosine rule cos? (t) = % (1+ cos (2t)) in the third equality. Since ’%2 is finite,
x(t) in (b) is a power signal. In summary, the solutions are

a) Energy signal b) Power signal

15
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Definition of Energy and Power Signals

« Energy signal has finite energy and zero power, i.e, 0 < E < 0o, P=0

« Power signal has finite power and infinite energy, i.e., 0 < P < oo, E = oo, where

[N 1 T/2
E:/ lx(t)’dt, P= lim —/ x(t)|Pdt
-0 T—eo T -T/2

Properties of Periodic Signals

The following equalities hold for a periodic signal x (¢t + T) = x(t)

/aﬁx(t)dt:/:fx(t)dt, /OTx(t)dt:/aMTx(t)dt,

1 [T , 1 0 ,
P—Tlgr;ﬁ[ ()| ‘”‘?o/o ()2,

T/2

where Tj is the fundamental period and «a, f8, a are arbitrary real valued constants.
Refer [Schaum’s text, Problem 1.17 & 1.18]

UolaUlUolagUU o aUlUolaU

[Example 1-3] Determine the even and odd component of the following signals

a) x(t) =u(t) b) x(t) = sin (wot + %)
(c) X (d) x(t)
4 4
- A de 0.5¢
" L\«
- -
0123 45 t= 0 t=

Solution) To solve this type of problem, you need to apply (1.22). In (a), x(—t) = u(-t) = 1 for
t < 0and u(—t) =0 for t > 0. Then, the following results can be derived

5

0.5, t>0,
sgn (t) =

xe ()= 2 [u () +u (-] =

= N

X (1) = 5 [ () —u (~0)] = 05 <o

16
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In (b), we first use Sine rule to expand the Sine function, then the following reults can be derived.

sin (a)ot + %) = sin (wyt) cos (%) + cos (wpt) sin (%) = L (sin (wpt) + cos (wot)) .

V2

1 1
Xe (1) = — cos (wot), X, (t) = — sin (wpt) .
V2o V2o
Similarly, the even and odd component of (c) and (d) can be found as follows

(c) x () x ()

T r.r

11 AR | T -

~¥
e

(d)

e 4
~Y

Even and Odd Component

Any signal x(t) can be expressed as a sum of two signals
x () = x¢ (1) +x, (1),

where x, (¢) and x, (t) are related to the original signal x(t) as follows

xe (1) =2 [e(t) +x (D], xo(1) =[x (6) = x (-D)]. (1.22)

JolaqUlUolgUlIolaUlTolaU

[Example 1-4] [Part 1] Sketch the following signals.

a) x1(t) =u(t)+5u(t—1)—2u(t-2) b) x(t) =r(t)—r(t—-1)—u(t-2)

¢) x35(t) =u(t)u(a—1t),a>0 d) x4(t) = xo(H)u(1 —1t)

17
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e) xs5(t) =xo(t) [u(t) —u(t-1)]
where the signal x,(t) is plotted below.

4

i X.Ct)

-~ O \ 2

[Part 2] For each of the signals plotted below, write an expression in terms of unit step and
unit ramp functions.

(f) (9) 4 X
XKCt) al "

A /L
G . I/o v >

\

>4
o~
s

Solution)[Part 1]

@ 4 © 1

6-

4. -+

] |

: —

[~ > o Q
e 1 © ¢

/_ |
- —
a; L] ° t o ‘
[Part 2]

() x6(t) =r(t) —r(t—a) —au(t=b), (g x7(t) =(r(t) —r(=t)) (u(t+a)—u(t-a)

18
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» Time Reversal: Flip the signal around the vertical axis x(t) — x(—t)

« Time Shifts: Shift the signal to left or right x(t) = x (t — ty)
- Right-shift if ) > 0, Left-shift if ) < 0.

« Time Scaling: Linearly stretch or compress the signal x(t) = x (ct)
— Compression if |c| > 1, Expansion if |c| < 1.
A IC\OV/IC\9 V) C\9/HE\9
[Example 1-5] Evaluate the following integrals.
a) [ cos(z)u(r)dr b) [ cos(r)8(z)dr
&) [ cos(tyu (t = 1) 8(t)dt &) [P tsin(2)8(t— )
e [T (3t-3)s(t-1)dt f) f_23 [exp (1 - 1) +sin (2££)] & (t — 2) dt
Solution)
@ t
t Ift > O,/ cos (1) dr = sin(t) )
/ cos (1) u(r)dr = 0 = u(t) sin(t)
- Ift <0,0
(b)
/t (1) 8(2)dr = Ift>0,cosO=1_ "

_Oocos 1) 8(r)dr = 1< 0.0 =u
© N

/ cos(t)u (t — 1) 6(t)dt = cos(0)u(-1) =0
(d) ,

Tt (T
/0 tsm(a)(S(t—ﬂ)—ﬂsm(E)—ﬂ
© N
/ (gt—é)é(t—l)dt:%—§:——
—o \3 2 3 2

()

/Z [exp (1—1)+sin (@)] 1) (t - §) dt = exp (—1) +sin (1) = exp (-0.5)
s 3 2 2

19
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Properties of Unit impulse function

ty), ifa<ty<bd
-/abx(t)5(t—t0)dt: *(fo). ifa <fo

0, otherwise

cx(t)= [T x(0)d(t-1)dr

Sty = 5o, u=[ s()dr, 5(1) =20

UolgUlUolagUUo UV olgU

[Example 1-6] Determine whether the following system is (i) memoryless, (ii) causal, (iii)
linear, (iv) time-invariant, or (v) stable. Refer [Schaum’s text, Problem 1.33, 1.34, 1.36, 1.38]

Q) y) =4[ x(dr b) y(t) = x(t) cos (wot)
o ylnl =x[n-1] d) y[n] = nx[n]

Solution) In (a), the output depends on the past input, so it is not memoryless system. The output depends on the
present and past values of the input, so it is a Causal system. To test linearlity, substitute x(t) « a1x1(t) + azx2(t)
as the input, where y; (t) and y2(t) is the corresponding output of x1 () and x2(t), respectively. Then,

t
w0 =% [ lam@ +ax@ldr

(o)

t
=m [é‘[ x1 (r)dr

so the superposition property holds, which indicates a linear system. To test time-invariance, input time shifted
signal x(t — tg). If the corresponding output is y(t — ty), then it is a time invariant system.

+ a2

¢
é[ xo (1) dr] = a1y1(t) + azy2(1),

1 rt 1 ftto
E/_.oox(f—to)drza/_‘m x(Ddl=y(t-ty),

by using a change of variable | = T — tj in the first equality. Hence, it is a time-invariant system. For stability, (a)
can be easily proved to be a unstable by substituting a unit step function x(¢) = u(t) as the input, which achieves

unbounded y(t) = % The remaining can be proved using similar method. The solutions are summarized below.

a) memory, causal, linear, time-invariant, unstable b) memoryless, causal, linear, time-variant, stable

c) memory, causal, linear, time-invariant, stable d) memoryless, causal, linear, time-variant, unstable.

System Characterization

1. Memoryless System; output at any time depends only on the input at that same time
. Causal System; output at the present time depends only on the present and/or past input values

. Linear System; the superposition property holds, i.e., T {a1x1 + a2x2} = a1 T {x1} + 2T {x2}

2
3
4. Time-invariant System; time-shift of the input causes a same amount of shifting in the output
5. Stable System; If |x (¢) | < A, then |y (¢) | < B where |A| < oo, |B| < o0

6

. LTI System; A system that is linear and also time-invariant

AR\ C\O VIO /NG\Y
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2 Linear Time-Invariant Systems

2 Linear Time-Invariant Systems

Major References:
 Chapter 2, Signals and Systems by Alan V. Oppenheim et. al., 2nd edition, Prentice Hall
« Chapter 2, Schaum’s Outline of Signals and Systems, 2nd Edition, 2010, McGraw-Hill

2.1 Convolution

2.1.1 Convolution Integral of CT Signal
1. Definition
Convolution Integral of two continuous-time signals x(¢) and y(¢) is defined by

o)

z(t) =x(t) = y(t) = / x(n)y (t —1)dr. (2.1)

—00

Convolution x(t) * y(t) represents the degree to which x&y overlap at t as y sweeps across the domain ¢.
Step. 1) y(7) is time-reversed, then shifted by t; y () = y(-7) = y (t — 1)
Step. 2) x(r) and y(t — 7) are multiplied, then integrated over ¢
Step. 3) Convolution will remain zero as long as x&y do not overlap
)

Step. 4) Sweep y (¢t — 7) from t = —oo to t = co to produce the entire output

2. Properties of the Convolution Integral
The convolution integral has the following properties. Refer [Schaum’s text, Problem 2.1] for the proof.

a) Commutative
x(1) #y(1) = y(t) * x(1)

b) Associative
{x (1) # y1 (1)} * y2 (1) = x (1) = {y1 (1) * y2(2)}

¢) Distributive
x(1) # {y1 (1) + y2(0) } = x(1) * y1 (1) +x(1) = y2(1)
3. Additional Properties
Refer [Schaum’s text, Problem 2.2, 2.8] for the proof.
a) x(t) = 8(t) = x(t)
b) x(t) «6(t —ty) =x (t —ty)
c) x(t) =u(t) = f_toox (r)dr
&) x()*u(t—1t0) = [ x(v)de
e) Ifx(t) and y(t) are periodic signals with a common period T, the convolution in (2.1) does not converge.
Instead, we define the periodic convolution f(t) = x(t) ® y(t), where f(t) is periodic with period T.

NN N

T
£ = x(D) @ y(1) =/ (D y(t-1)de
0 (2.2)

a+T
= / x(r)y(t —7)dr for arbitrary a
a
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2 Linear Time-Invariant Systems

2.1.2 Convolution Sum of DT Signal

1. Definition
Convolution Sum of two discrete-time sequence x[n] and y[n] is defined by

z[n] = x[n] x y[n] = ) x[kly[n—k] (23)
k=—c0
Step. 1) y[k] is time-reversed, then shifted by n; y [k] — y [-k] — y [n — k]
Step. 2) x[k] and y [n — k] are multiplied, then summed over all k
Step. 3) Convolution will remain zero as long as x&y do not overlap
)

Step. 4) Sweep y [n — k] from n = —co to n = oo to produce the entire output

2. Properties of the Convolution Sum
The convolution sum has the following properties. Refer [Schaum’s text, Problem 2.26] for the proof.
a) Commutative
x[n] «y[n] = y[n] * x[n]
b) Associative
{x[n] = y1[n]} = y2[n] = x[n] * {y1[n] * y2[n]}
¢) Distributive
x[n] « {y1[n] +y2[n]} = x[n] * y1[n] + x[n] * y2[n]
3. Additional Properties
Refer [Schaum’s text, Problem 2.27, 2.31] for the proof.
a) x[n] «5[n] = x[n]

b) x[n] * 6 [n—nol =x [n—nol

o) x[n] *uln] = Z x [k]

k=—00
d) x[n]xuln-no] = ) x[k]
k=—c0

e) If x[n] and y[n] are periodic sequence with a common period N, the convolution in (2.3) does not
converge. Instead, we define the periodic convolution f[n] = x[n] ® y[n], where f[n] is periodic with

period N.
N-1
flnl =x[n]®y[n] = Zx[k]y[n—k] (2.4)
k=0
[Example 2-1] Evaluate the following convolutions

1. u(t+a)*u(t+0b)

2. rect (t/7) = rect (t/1)

3. rect (t/7) = u(t)

4. (1) v () where x(¢) = {1 for 0 <.t <3 ,(8) = {1 for 0 <.t <2

0 otherwise 0 otherwise
5. rect (t/7) = 67 (t) where r < T and 67(¢) = Z 8 (t — nT) is the unit impulse train
n=—oco

Refer [Schaum’s text, Problem 2.6, 2.7, 2.8]
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2 Linear Time-Invariant Systems

Solution) Example 2-1. 1) The convolution integral is given by

u(t+a)*u(t+b)=/ u(t+a)u(-t+b+t)ydr=(t+a+b)u(t+a+b)
b+t
B / 1-dr=(t+a+b) ift+a+b>0 23)
= —-a
0 ift+a+b<0

where the product of two step functions u (7 + a) u (-7 + b + t) has a non-zero value at r+a > 0Oand -7+ b+ ¢ > 0.
As shown in Fig. 2.1, if —a < b + t, then the product of two step functions overlap each other within the interval
—a<t<b+t.Ifb+t < —a, there is no overlap and the integral in (2.5) becomes zero.

| UG ¢ Meri-3y Agia)
L ‘ /
- uécw) < ‘ (,///
A \—27 UE541) < %ime o] -6 [ L‘-pt >3
Owﬁq{,
Figure 2.1:

Example 2-1. 2) The convolution can be expanded by expressing the rectangular pulse signal via the step fucntion

rect (t/7) = rect (t/7) = {u (t+§) —u(t— g)} - {u (t+g) —u(t— g)}

=(t+)ut+r)-2tu(t) +(t—-1)u(t—1),

(2.6)

where we used (1.9) in the first equality and the result from [Example 2-1. 1] in the second equality. The last
expression has four separate intervals with different values, which is a triangular pulse signal with maximum
magnitude 7 at t = 0 and width 27 (two times larger than the rectangular pulse signal rect (t/7)).

0 ift <-1
. kY
t+71 if —7<t<0
t+r—-2t=1—1 ifo<t<r
T—t+t—-17=0 ift>r t { 1§ >
- e 3

(b) can also be solved using the direct definition of the convolution where we multiply one original signal to another
signal that is time reversed, then time-shifted by ¢, which is plotted below.

(@ [C]

e ()

| |
bl ] > anlins
3 t‘i“ ~;‘ ’ Z ‘ "E ° ;Si € Tv'i;
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« For sub-figure (a) and (b), there is no overlap between two signals, hence the convolution is zero. These cases
correspond to the condition t + § < =% and t — £ > 7, i.e, t < —7 for sub-figure (a) and t > 7 for (b).

+ For sub-figure (c),if t+ £ > —F and t — § < -7, the overlap areais t+ % - (—%) = t, which is the convolution
in the interval -7 < t < 0.

« For sub-figure (d),if t — 5 < S and t+ 5 > Z, the overlap areais § — (t-

in the interval 0 < t < 7.

%) = 7 —t, which is the convolution

Example 2-1. 3) The convolution can be expanded in terms of the step fucntion as follows

rect (t/7) = u(t) =

ol ) -e- o=(

t+§)u(t+g)—(t—§)u(t_g)’

2.7)

where we applied [Example 2-1. 1] in the second equality. The last expression has three separate intervals with

different values as follows

0
T
t4 =
2
T
t+——(t——)=r
2

T
ift <—=
2

T T
if ——<t<-
2 2

v

ift>Z
2

-3 e

Pl e
¢

Example 2-1. 4) The convolution can be expanded in terms of the step fucntion as follows

x(t) #y() ={u () —u(t-3)}+ {u () —u(t-2)}
=tu(t) - (t=-3)u(t-3)—(t-2u(t-2)+(@t-5u(t-5),

(2.8)

where we applied [Example 2-1. 1] in the second equality. The last expression has five separate intervals with

different values as follows

0 ift <0
t ifo<t<2
t—(t-2)=2 if2<t<3
2—(t-3)=5-t¢ if3<t<5
5-t—(t-5)=0 ift>5
Example 2-1. 5)
rect (/1) = [ Z S (t —nT)
n=—oo n=—oo

4

- t—nT
= Z rect (t/7) = 6 (t —nT) = Z rect( . )

B

(2.9)

n=—oo

where we used distributive property in the second equality and x(t) * § (t — to) = x (¢ — to) in the last equality.
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Figure 2.2:

As shown in Fig. 2.2, the time-shifted rectangular pulse signal do not overlap each other as far as 7 < T is satisfied.

However, if 7 > T, then the time-shifted rectangular pulse signals will overlap each other.

Important Convolution Pairs

1. u(t+a)+u(t+b)=(t+a+b)u(t+a+b)
0 ift < -1
T+t if —t<t<0
2. rect (t/7) * rect (t/7) = )
T=10 ifo<t<rt

0 ift >r

O/
[Example 2-2] Evaluate the following convolutions

1. x(t) * y(t) where x(¢) = u(t) and y(t) = e~ **u(t), a« > 0

2. x(t) = y(t) where x(t) = e~*"u(t) and y(t) = e*'u (~t), ¢ > 0
Refer [Schaum’s text, Problem 2.4, 2.5]

Solution) Example 2-2. 1)

) I = (1),
x(t) xy(t) =/ e u(t)u(t—1)dr=14Jo a
oo 0

(1- e_at) u(t)

RIr-

Example 2-2. 2)

x(t) xy(t) = /jo e“Tu(-1) e Dy (t — 1) dr

0

ift >0

ift<0 (2.10)

(2.11)

where the product of two step functions u (—7) u (t — 7) is determined by the magnitude of t as shown in Fig. 2.3.

Then (2.11) can be derived as follows

0

_ 1 _ .

e ‘”/ 2T dr = — et ift>0
—c0 2a _e,am

2a

¢ =
_ 1 .
e at/ 20T dr = — et ift <0

(2.12)
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Figure 2.3:

2.2 LTI System Response

Linear Time-Invariant (LTI) System, represented by T {-}, satisfy the following two attributes.
« Linearity: T{a1x1(t) + agx2(8)} = en T{x1()} + a2 T {x2(#)}
« Time-Invariance: T {x (t — o)} = y (t — to)

2.2.1 Response of a CT LTI System

1. Impulse Response
« Impulse Response is defined as the output of a system when the input is a impulse signal 5(¢).

h(t) =T{6(2)} (2.13)
I
A Gvdrﬂ'm‘%
T Scﬂ ‘/\Ctl
D

T=o < t=o 2

~

Figure 2.4:

« The output of any CT-LTI system is the convolution of the input x(t) with the impulse response h(t)
y(t) = x(t) = h(t) (2.14)

Proof) Arbitrary input x() can be expressed in terms of the imulse signal §(¢) using convolution

00

x(1)6 (t —1)dr (2.15)

x(t) = x(t) *6(t) = /

USing the properties of an LTI system, the output to an arbitrary input x(¢) can be expressed as

(o)

—00

y(t) =T{x(t)} =T {/ x(1)8 (t — 1) d‘r}

(2.16)

o)

:/ X(T)T{(S(t—‘[)}d‘[:/oox(f)l’l(t—f)dT:x(t)*h(t),

by using (2.15) in the second equality, linearity in the third, and time-invariance in the fourth equality.
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2 Linear Time-Invariant Systems

2. Step Response

« Step Response is defined as the output of a system when the input is a step signal u(#).
s(t) =TH{u(t)} (2.17)

« Step response can be obtained by integrating the impulse response h(t). Similarly, the impulse response
h(t) can be determined by differentiating the step response h(t).

() t ds(t
s(t) = h(t) =u(t) = / h()u (t —r)dr = / h(r)ydt o h(t) = fi(t) (2.18)
Tt Sutpet <« +
Seq, ST Systen| heor gl Us = S.}@s&s oy Sen= ym heds

Toppnlsc Q‘Z_A.JI

-
Response Sty - ULL:’) <_—,> LL(,{)/_\) Sx)
Ueo

-
_ Ay
i S ot
Seep  Srgante Respornse

W=

<L

3. Properties of CT LTI System

+ Memoryless or Memory System: The output of a memoryless system depends only on the present
input, so that the input-output relationship can be represented in the form y(t) = Kx(¢). Since h(t) is
the system output for an impulse signal input §(t), the impulse response h(t) can be expressed as
h(t) = K&(t). Hence, the following statement holds

If h(tp) # O for ty # 0, then it is a LTI system with memory. (2.19)

« Causality: For a causal system, the output at a present instant do not anticipate input from future
instants. In other words, the input that occurs before t < t; can only determine the output with ¢ < ty.

x(t), t<ty © yt),t<t (2.20)

Thus, in a causal system, it is impossible to obtain an output before an input is applied. Since the
impulse response is defined as h(t) = T {5(t)}, the impulse response h(t) is zero for t < 0

S§()=0,t<0 & h(t)=0,t<0 (2.21)

Due to (2.21), the output of a causal LTI system can be expressed as follows

0 t
Causal LTI System, Arbitrary Input: y(t) = / h(o)x (t —71)dr = / x(D)h(t-1)dr (2.22)

0 —00

Furthermore, if we define a causal signal to achieve the following condition

x(t)=0, t<0, (2.23)

the output of causal signal input on a causal LTI system can be expressed as follows
t t
Causal LTI System, Causal Input:  y(t) = / h(n)x (t—-1)dr = / x(t)h (t—1)dr (2.24)
0 0
« Stability: An LTI system is stable if its impulse response h(t) is absolutely integrable.

/MWMW<W (2.25)

o0
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Proof) If |x(t)| < k1 < oo for any t, then the output can be bounded as follows

|y<t>|=|/_ h(r)x(r—r)dds[ Ih(2)x (1 - ldr

(o8]

o - (2.26)
= / |h (D)||x (t = 7)|dT < k1 / |h(7)|dr
Iff_o; |[h(7)|dT < kg < oo, then |y(#)| < k1 X k2 < oo and the system is stable.
2.2.2 Response of a DT LTI System
1. Impulse Response
« Impulse Response is the output of a system when the input is a impulse signal §[n]
h[n] =T {8[n]} (2.27)

« The output of any DT-LTI system is the convolution of the input x[n] with the impulse response h[n|

[

yln] =x[n] «hln] = " x[k]h[n—k] (2.28)
k=—c0
2. Step Response
- Step Response is the system output for a step signal input u[n], i.e, s[n] = T {u[n]}

« Step response can be obtained by calculating the cumulative sum of the impulse response h[n]. Similarly,
the impulse response h[n] can be determined by differentiating the step response h[n].

3] n
s[n] = h[n] * u[n] = Z hlk]u[n-k] = Z h[k],
k=—c0 k=—c0 (2'29)
h[n] =s[n] —s[n-1]
3. Properties of DT LTI System
+ Memory System
If h[ng] # 0 for ng # 0, then it is a LTI system with memory. (2.30)
« Causality: The causality condition for a DT-LTI system is given by
h[n]=0,n<0 (2.31)

Due to (2.31) and the definition of causal signal, the output of a causal LTI system can be expressed as

(o) n
Causal LTI System, Arbitrary Input: y[n] = Z hlk]x [n—-k] = Z x[k]h[n - k],
k=0 k=-00

. . (2.32)
Causal LTI System, Causal Input:  y[n] = Z hlk]x [n—k] = Z x[k]h[n - k]
k=0 k=0
« Stability: An LTI system is stable if its impulse response h(t) is absolutely summable.
D Ihlkl] < oo (2:33)

k=—c0
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[Example 2-3] Consider a CT-LTI system with step response s(t) = e~?u(t). Determine the output of the system
for input signal x(t) =u (¢ — 1) —u (¢t — 3).
Refer [Schaum’s text, Problem 2.10]

Solution) Based on the definition of a step response s(¢) = T {u(t)}, the output of the LTI system is given by
y() =s(t—-1)—s(t-3)=e U Du@t-1)-e Du-3), (2.34)

where we used linearity and time-invariance of the LTI system in the second equality.

JolaqUlUolgUlU o aUlTolaU

[Example 2-4] Consider a CT-LTI system described by

y(t) = %‘/‘t? x (1) dr. (2.35)

Find the impulse response h(t) of the system and answer whether this system is causal or not.
Refer [Schaum’s text, Problem 2.11]

Solution) Since the impulse response is the output for the impulse signal input, the following equality holds

1 [t+% 1 ift—z<0andt+z>0,
h(t)sz _8(dr=4T 2 2 (2.36)
0

-7 otherwise

where we applied the sifting property of §(t) in the second equality. The impulse response h(t) is plotted in Fig. 2.5.

Since h(t) # 0 for —% < t < 0, this system is not causal.

-

T2 0 T/2

Figure 2.5:

AN/ IG\S

[Example 2-5] Consider CT-LTI systems composed of two component blocks where the impulse response of each
block is given by hq(t) = e~?‘u(t) and hy(t) = 2e~u(t). For (a) cascade and (b) parallel connection case, find the
impulse response h(t) of the overall system and answer whether the overall system is stable or not.

Refer [Schaum’s text, Problem 2.14, 2.53]

(2 )

B [’l . (.T)

Keey Wiy e Heo E— +
D Wiy |[— N 2 (1) > Y

L’LL C‘C) ‘J *

<

Figure 2.6:
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Solution) For (a) cascaded connection case, the impulse response can be derived as follows

(69

h(t) = h1(t) = ha(t) = / 2 Tu (1) e 2Dy (t - 1) dr

—00

¢
00 -2t Ty _ -t -2t .
g2t / (D) (- 1) dr = 2e /0 efdr=2 (e e ) ift >0, (2.37)

© 0 otherwise

=2 (e_t - e_Zt) u(t)

To check stability, we need to verify whether h(t) is absolutely integrable.

/ |h(7) |dT = / 2 (e_[ - e_Zt) dr=2 [/ e Tdr —/ e_ZTdT] =1<o (2.38)
—c0 0 0 0

For (b) parallel connection case, the overall impulse response is given by
h(t) = h(£) + ha(£) = (e_Zt + Ze-f) u(?), (2.39)

and the stability test can be performed as below

(o] [ee) 1
/ h (1) |dr = / (e—zf + Ze_T) dr == +2 < oo, (2.40)
—co 0 2

which indicates that the parallel connection system in (b) is stable.

UolaUluo g UV g UIUola Ul
[Example 2-6] For the following impulse responses, determine whether the given LTI system is causal and stable.
a) h(t) =e 3 sin () u(t) b) h(t) =8(t) + e 3u(t)

¢) h[n] =d[n+1] d) h[n] = (—%)nu[n—l]

Solution) For causality, we need to check whether the impulse response has a non-zero value on ¢t < 0 (or n < 0).
Then, it is clear that, except (c), the other systems are all causal system. For stability test, we need to check whether
the given impulse response is absolutely integrable (or absolutely summable).

(o] [o0] 1
(a) / e3¢ |sin(¢)|dt < / e ldt=- <
0 0 3

(b) /_: |h (7) |dr = 1+/0°o e ldt = % <o (2.41)
O Swmiice @ 1= 1<
n=-co ’ n=1 2 1- %
Hence, the solutions are summarized below.
a) Causal, Stable b) Causal, Stable
c) Noncausal, Stable d) Causal, Stable

JolaqUlUolqUlUo g UlTolaU

[Example 2-7] Compute the output y[n] of a DT-LTI system for the given impulse response and the input signals
a) x[n] = a"u[n] and h[n] = f"u[n] b) x[n] = u[n] and h[n] = a™u[n], where 0 < « < 1

Refer [Schaum’s text, Problem 2.28, 2.29]

30



2 Linear Time-Invariant Systems

Solution) In (a), the convolution sum between the input signal and the impulse response is given by

) 0o

y[n] = Z x[k]h[n-k] = Z o B R ulk]u [n - k]
k=—0co k=—c0
n ok p1=(a/p™t - . (2.42)
:ﬁnz ((’_r) uln] = B Wﬂ[n] = ﬁ_—au[n] ifa+p
=\ B" (n+1)uln] ifa=p

For (b), we can apply [Example 2-7. a] by substituting a «<— 1 and  «<— « into (2.42). Then, the output is given by

1-— an+1

y[n] =

u[n] (2.43)

l1-a

AR\ C\O V)G9 NG\Y

[Example 2-8] Compute the DT convolution of the following sequences
« x[0] =0.5,x[1] = 2,x[n] = 0 otherwise.
« h[0] = h[1] = h[2] =1, h[n] = 0 otherwise.

Compute y[n] = X7° __ x[k]h[n - k].

Solution) Using the convolution sum y[n] = ZZ":_OO x[k]h[n — k]
y[n] = x[0]h[n — 0] + x[1]h[n — 1] = 0.5A[n] + 2h[n — 1] (2.44)

Substituting the values of A[n] into y[n], we have
« y[0] = 0.5h[0] +2h[0—1] =0.5x 1 =05
« y[1] = 0.5h[1] +2h[0] =0.5x 1+2X 1 =25
o y[2] =0.5h[2] +2h[1] =05X1+2X1=25
« y[3] =0.5h[3] +2h[2] =0.5X0+2x 1 =2
[n]

« y[n] =0forn<0andn > 4.

UolaqUUolgUU o aUlUolaU
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3 Fourier Series

3 Fourier Series

Major References:

« Chapter 3, Signals and Systems by Alan V. Oppenheim et. al., 2nd edition, Prentice Hall
« Chapter 5.2 & 6.2, Schaum’s Outline of Signals and Systems, 2nd Edition, 2010, McGraw-Hill

3.1 Introduction

Smoothie to Recipe

e
Banana Filter Banana Amount (1 oz)
Orange Filter Orange Amount (2 0z)

Milk Filter Milk Amount (3 02)
Water Filter Water Amount (3 0z)

Consumer Viewpoint | Transformation Producer Viewpoint

Jean-Baptiste Joseph Fourier (1768-1830)

15t Metaphor of the Fourier Analysis (Source: https://betterexplained.com)

What is Fourier Analysis?

1. What does the Fourier Transform do?

Important Points to consider
Given a smoothie, it finds the recipe. =

1. Filters must be independent
2. How?
Run the smoothie through filters to extract 2. Filters must be complete
each ingredient. 3. Ingredients must be combineable.
3. Why? Recipes are easier to analyze, compare, The ingredients must make the same re-
and modify than the smoothie itself. Sug when separated and combined in any
order.

4. How do we get the smoothie back?
Blend the ingredients.

2nd Metaphor of the Fourier Analysis

« Arbitrary vector can be expressed via unit vectors and the magnitude
toward each unit vector.

« Can we break a function into it simple functions (referred to as base
functions) just like vector case?

« Can we combine the base functions to represent arbitrary signals?

(o)

= x(t) = Z anyn(t), where ,(¢) is the base function.

n=—oo

a=axex +ayey+aze;
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3 Fourier Series

1. Fourier analysis is the study of the way general functions may be represented or approximated by
sums of simpler trigonometric functions.
« Analysis: breaking up a signal into simpler constituent parts
« Synthesis: reassembling a signal from its constituent parts
= Fourier analysis is all about breaking & reassembling a function

2. Fourier Series: fourier analysis for periodic signals

3. Fourier Transform: fourier analysis for non-periodic signals

Periodic signal Aperiodic Signal
Continuous Time Fourier Series (FS) Fourier Transform (FT)
Discrete Time Discrete time FS Discrete time FT

3.2 Continuous Time Fourier Series

For a periodic signal x(t) with fundamental period Ty, we adopt sinusoidal signals as the base function

2

fundamental period:Ty, fundamental frequency:fy = TLO’
fundamental angular frequency:wop = 27fp = 7=

Then the CT-Fourier series can be expressed into the following two representations. All of the proof for Chapter 3.2
are summarized at the end of the section.

1. Fourier Series (Complex Exponential Series Form)

The base function for this form is i (t) = e/kWt = ¢/27kfot

1. Synthesis:

x(t)= Y adr®) = Y, cxelt™ (3.1)
k=—c0 k=—c0
2. Analysis
_ L —jlewpt gy _ 1 *
== [ x(t)e dt = — x ()Y (t)dt, (3.2)
To Jt, To Jr,
where the integration interval Ty is any period with length Ty, e.g., [0, Tp] or [—%, %]
[Properties]
1. The set of base functions {4 ()} is orthogonal on any interval over a period Ty, (@, a + Tp)
a+Ty 0, m#k
By (t)dt = 3.3
[ tmowioa= 10 "7 63)

2. If x(t) is a real funcction, then c_; = Clt
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3 Fourier Series

By using the Euler’s Formula, e/ kwot = cog (kwot) + sin (kwgt), the Fourier series in the complex exponential series

form can be converted to a trigonometric series form as follows.

2. Fourier Series (Trigonometric Series Form)

1. Synthesis

x(t) = %0 + " (ag cos (kwot) + by sin (kwot)) (3.4)
k=1
2. Analysis
2 2 .
ag = — x(t) cos (kwot) dt, by = —/ x(t) sin (kwot) dt (3.5)
To J1, To J1,
[Properties]

1. The convertion between two representations

1 ,
EUN Ck=§(ak—ﬂ’k),
2 = . (3.6)
ag =cp+cg,  bp=jlex —cg) k=5 (ag + jby),

2. If x(t) is a real funcction, then a; = 2Re [¢], by = —2Im [cg].

A periodic signal x(t) has a Fourier series representation if it satisfies the Dirichlet conditions. In other words,
Dirichlet conditions are the sufficient conditions (but not necessary condition) for the Fourier series to converge.

ONE DOES NOT SIMPLY.
= 3V

¥ USE FOURIER SERIES WITHOUT
Peter Gustav Lejeune Dirichlet (1805-1859) ERIFYING THE DIRICHLET. CONDITIONS,

3. Dirichlet Condition (Sufficient conditions for FS to exist)

1. x(t) is absolutely integrable over any period / |x(t)|dt < oo
T

0
2. x(t) has a finite number of maxima and minima within any finite interval of .

3. x(t) has a finite number of discontinuities within any finite interval of ¢, and each of these disconti-
nuities is finite.

If x(t) satisfies the Dirichlet condition, then the corresponding Fourier series is convergent and its sum is
x(t), except at any point #y at which x(t) is discontinuous.

[x (t5) +x ()]

[NCH SN

x (t) =
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3 Fourier Series

Good:
AVAVEERANVANVARRNAVAY
sin(t) t2 quantized
Bad:
ocle MV TN
tan (¢) sin (1) oo halving steps

Figure 3.1: Examples of the Dirichlet Condition

4. Parseval’s Theorem

Average signal power can be calculated by integral over time domain or infinite sum over frequency domain.

(o)

_1 2, _ 2
p=g [ lerar= 3 67)

k=—c0

[Proof of Chapter 3.2]

1. Prove that the set {y ()} = {e/kw!} of base functions is orthogonal.

Proof) Refer [Schaum’s text, Problem 5.1]

a+Ty | . a+Ty
/ eJmwT —jkwoT g, — / e (m=k)wT g,
24 a

If m = k, then the complex exponential in the integral will be one (¢ = 1) and the integration results will be
To. If m # k, then denote m — k = I, which is a nonzero integer, and the integral can be further expressed as

a+Ty alwl )
- [eﬂﬂl _ 1] =0, (3.8)

Jlwo

a+Ty 1 .
/ PV P——— -
a Jjlwo

(24

where the second equality follows by wy = 27/Tp.

1
2. Derive ¢ = — x(t)y; (t)dt using the orthogonality condition of {y/(t)}.
k To Jr k g g Yy k
0

Proof) Refer [Schaum’s text, Problem 5.2]

(o)

1 a+Ty . 1 a+Ty %
%/a x(t)zpk(t)dt:T/a [ Z cmlﬁm(t)]l//k(t)dt

3 o 3.9
Z Cm/ Ym (D5 (D)dt = ¢y, (3.9)

=Ty (sm,k

where 8, ; = 1if m =k and 6, = 0if m # k.
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3 Fourier Series

3. Derive the trigonometric series representation of FS from the complex exponential form.

Proof) Apply the Euler Formula e/*! = cos (wt) + j sin (wt) into the complex exponential FS formula as
follows. Refer [Schaum’s text, Problem 5.3].

(e8] (e8]
x(t) = Z crelWE = ¢ +Z [ckejkw"t +c_pe Tkwt
k=—o00 k=1
[o9]
=co+ Z [(cg + c—g) cos (kwot) + j (cx — c_k) sin (kwot)] (3.10)

k=1

=2+ (ag cos (kwot) + by sin (kwot)),
2 k=1

where % =g, a = ¢k +c_p, and by = j (¢ — c_g)-

4. Derive the Parseval’s theorem in (3.7).

Proof) Let’s evaluate the power of a periodic signal x(t). Refer [Schaum’s text, Problem 5.14].

1 2 1/ "
P=— x(t)|“dt = — x(t)x™(t)dt
5 [ wora= g [ xoxo

(e8]
1 . . . .
=T Z cpelFWt x E che /MWl g | Applied x(t) = E cpelkwt
0 JT, m=—co k=—co0 (3.11)

k=—c0

1 (o] [ee] (o)
S X e [ S 3
To To

k=—00 M=—00 k=—0c0

:E)(Sk‘m

[Example 3-1] Derive the complex exponential FS representation of the following signals
Refer [Schaum’s text, Problem 5.4]

a) x(t) = cos (wot) b) x(t) = sin (wgt)
c) x(t) = cos (4t) + sin (6t) d) x(t) =sin?(t)

Solution) For sinusoidal functions, we can get the FS by simply expanding it in terms of the complex exponentials.

1 . . 1 . .
cos (wot) = 3 (e”""t + e_jw"t), sin (wot) = T (e]W"t - e_jw"t),
J

1/ - 1, ~
cos (4t) + sin (6t) = 3 (ej“ + 67]4t) + o (ej(’t - e7]6t), (3.12)
J
1 1 1 1 _;
sin?(¢) = = (1 —cos2t) = = — —eJ?l — —¢7J/2%
2 2 4 4

Hence, the complex Fourier coefficients for each signals are derived as follows.

%, c_1 = % and ¢ = 0 for other k index.

(@) c1

(b) ¢1 = % c_1 = —2%., and ¢ = 0 for other k index.
(c) c—3= —zij,c_g = %,cz = %,03 = % and ¢ = 0 for other k index.
d) 1= —%,c_l = —i,co = % and ¢, = 0 for other k index.

UolaUlUolgUU o aUlUolaU
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3 Fourier Series

[Example 3-2] Determine the complex and trigonometric FS representation of the following signals.
Refer [Schaum’s text, Problem 5.5, 5.6, 5.7]

a) Case (a) b) Case (b)

c) Case (c)

Eil]

N

Case (a)
xit)

O‘I
0‘4

(=]
NN
0‘1

N
0‘1
-

Case (b)

xit)

Case (c)

Solution) For (a), the Complex Fourier coefficients can be derived as follows

Ty

A (2 A
co= — ’ dt = —
To Jo 2
A7 A 0 A A
_4a —jkwtgy = A —jkwt|  _ [1_ —jk;r] -4 [1 (-1 k]
‘& T() 0 ¢ jkW()Toe % jkW()T() ¢ j27‘[k ( ) (3‘13)
0 for even k = 2m,
= A
_ foroddk =2m+1
jr(2m+1)

The trigonometric Fourier coefficients can be derived as follows.
ap=2co=A, ar=2Relcg] =0,

0 for even k = 2m, (3.14)

b =-2Im[ct] = 2A

m foroddk =2m+1
T

The signals x3,(¢) for case (b) is a time-shifted version of the case (a), i.e., xp(t) = x4 (t + %) Then, the Fourier

coefficient of the time-shifted signal is derived as follows

1 T ; 1 g, T _i ik
— | x (t+ —0) e Tkwit gy = — ikwog x (1) e TFWTgr = ¢pelk7 = jkey, (3.15)
To JT, 4 To To

37



3 Fourier Series

where we used a change of variable, i.e, 7 =t + %. Hence, the Fourier coefficients of case (b) are given by
Ao A
co = — = —
0= TS
0 for even k = 2m,
Cp = AX :2m+1 A(=1)™
- J = )] foroddk =2m+1
jr(2m+1) w(2m+1) (3.16)
ap=2co=A, br=-2Im[c] =0,
0 for even k = 2m,
ar =2Re[ck] =§ 24 (-1)™

foroddk =2m+1
7w (2m+1)

The signals x. () for case (c) is a scaled version of the case (a), i.e., xc(t) = 2x4 (t) — A. Then, the Fourier coefficient
of the case (c) is derived as follows

co = Tlo /[0 (2xq (t) = A)dt = 2 ¢ for case (a)] — A

) (3.17)
Cp = — / (2xq (1) — A) e 7K™t gt = 2 (¢4 for case (a)],
Ty J1,
where fTo e~/kWtds = 0. Hence, the Fourier coefficients of case (c) are given by
A 0 for even k = 2m,
cp=2X—=—-A=0, c¢= 2A ,
° 2 FTl—2— foroddk=2m+1
Jjr(2m+1)
ap=2c9=0, ar=2Re[ck] =0, (3.18)
0 for even k = 2m,
b =-2Im|[c] = 4A
k Lex] — foroddk =2m+1
Cm+1)rx

UolaUUolagUU o aUlUolaU

[Example 3-3] Determine the complex and trigonometric FS representation of the periodic impulse trains dr; (t)
0

signals, which is defined by 7, (¢) = Z & (t — kTp). Refer [Schaum’s text, Problem 5.8]

k=—co
Sr,lt)
B(t- T
8(t)
T, 0 Ts BT t
Solution) The Complex Fourier coefficients can be derived as follows
17 1 R 1
o= S(dt = =, ¢ == 5 (t—kTy) e Tkmtgr = — 3.19
OTOZ%U A PPILELD TO (.19
=—00
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The trigonometric Fourier coefficients can be derived as follows.

2 2
ap=2c)=—, ar=2Relci] ==, br=-2Im[c]=0
To TO
Hence, we get
_ _ - = jkwt _ 2 2
51, (1) = k; §(t—kTy) = T k; e =t ,;cos (kwot)

JolaqUlUolgUlUolaUlTolaU

3 Fourier Series

(3.20)

[Example 3-4] Determine the complex and trigonometric FS representation of the periodic signal x(t) defined by

x()=t?, —m<t<mx and x(t+2m1) =x(2).

Refer [Schaum’s text, Problem 5.62]

2

Solution) For the given signal, Ty = 27 and wy = =1 Then, the Fourier coefficients can be derived as

1 4 72
co = —/ Pt = —,
27 J_g 3

1 7, 1 |r2e ikt
Ck = —/ e iktgr = — [

21 J_x 2 Jjk

oy e
+_—/ te~ Ikt gy
x  JkJ-x

O P 1 "
= Zsin (mkt) + — ¢ - + 5 eIkt
k Jkn | gk Az (ikn) b
_ 2cos (kxt) 2(—1)k
k2 kD
72
ap = 2¢co = = b =—-2Im [ci] =0,
4(-D*

ar =2Re[ct] = 2

JolaUlUolagUlU o aUlTolaU)

(3.21)

[Example 3-5] Determine the complex and trigonometric FS representation of the periodic signal x(t) defined by

A
x(t):Ft, 0<t<Ty and x(t+Tp) =x(¢).
0

Refer [Schaum’s text, Problem 5.63]

~ Y
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3 Fourier Series

Solution) The Complex Fourier coefficients can be derived as follows

A D A
co = s tdt = -,
Ty Jo 2
A [T A |tetkwt |0 A oo
Cp = - l‘e_"kwotdt = s e. + = 5 / e_JkWOtdt (3-22)
Ty Jo T2 | Jkwo g | jkwoT¢ Jo
. 0 .
A, A _e—jkn]zﬂ
21k i 0 2k

The trigonometric Fourier coefficients can be derived as follows.

A
ap=2co=A, ar=2Re[ck] =0, bp=-2Im[ct]=—-— (3.23)

rk

JolaqUlUolgUlIolaUlTolaU

% Properties of Fourier Series. (Refer [Oppenheim], Chapter 3.5 for detailed proof)

1. Linear Property

If the FS coefficients of x1 () and x2(t) are ¢y ;. and c; k., then the FS coefficients of a1 x1 (t) + azx2(t) are
arx1(t) +aox2(t) < arepp +axcyk

. Time Shifting
If x(t) is a CT periodic signal with period Ty and FS coefficients cg, the FS coefficients of x(t — #y) are

x(t—ty) o e Jkmwhg
Proof) The FS coefficients of the delayed signal are given by
1 . 1 . . .
— x (t —to) e Jkwot gy — {_/ x (1) e*]kWonT} % e~ Jkwoto — ,—jkwoto Chs
To JT, 0 JT,

where we used a change of variable (¢ — tp = 7) in the first equality and (3.2) in the second equality.

. Conjugate Property
If x(¢) is a CT periodic signal with period Ty and FS coefficients ¢, the FS coefficients of x* () are given by

(1) ey

If x(t) is a real-valued signal, then ¢ = ¢* «. follows by the conjugate property.

Proof) By taking the conjugate of (3.2), we get

1 : 1 s
== [ x( eJkwtgy = == x(t)e Jkwot gy
To JT, To JT,

where the second expression follows by substituting k to —k. Then, by comparing (3.2) to the last expression,

it follows that {cfk} are the FS coefficients of the conjuget signal x* (¢).

. Frequency Shifting
If x(¢) is a CT periodic signal with period Ty and FS coefficients c., the FS coefficients of e/k0%!x(¢) are

effowiy(r) o Ch—k,
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3 Fourier Series

Proof) Based on (3.2), the Fourier series coefficients of e/ kowot (1) are given by

1 i —i 1 —i(k—

= [ efkowty gy eikwtg = — [ x(pr)e I kkowlgy — ¢ 4

T; T; 0
0 JT, 0 JTo

. Time Reversal Property
If x(t) is a CT periodic signal with period Ty and FS coefficients cg, the FS coefficients of x (—t) are given by

x(-t) o

. Time Scaling Property
If x(¢) is a CT periodic signal with period Ty and FS coefficients cg, the FS coefficients of x (at), @ > 0, are

Ti
x(at) < ¢ with period—0
a

Proof) Since the period of x (at) reduces to To = %, the Fourier series coefficients of x (at) are

1 —jkZ ¢ a _jkiza 1 _ikiz
= [_x(at)e = T dt=—/ x(at)e]kTO tdtz—/x(r)ejkTOTdrzck,
T JT T Jho To Jt,

where we used a change of variable (¢ = a7) in the second equality.

. Differentiation

If x(¢) is a CT periodic signal with period Ty and FS coefficients cg, the FS coefficients of

dx(t)
T are

dx(t)
dt

o jkwocy

Proof) By differentiating (3.1), we get

(oS

i dx(t = i
x(t) = Z ckefkwot — %: Z jkwockefkwot

k=—c0 k=—c0

. Integration
If x(¢) is a CT periodic signal with period Ty and FS coefficients cg, the FS coefficients of f x(t)dt are

/x(t)dt o —k
Jkwo

Proof) By integrating (3.1), we get

o) 0o

x(t) = Z ckejkwot — /x(t)dt: Z j—]:’;oejkwot

k=—co k=—

. Periodic Convolution
If x1(t) and x2(t) are periodic signals with common period Ty and FS coefficients ¢; ;. and c,k, the FS
coefficients of the periodic convolution defined in (2.2) are given by

(1) @ x2 (1) = /T (D (—Ddr o Toerpenr

0
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3 Fourier Series

Proof) The FS coefficients of x1 () @ x2(t) are given by

l/ xl(t)®xz(t)e‘fk“*’dt=i/ [/ x1 (1) x2 (t—T)dr] e~ Tkt gt
To JT, To Jr, LJT0

1 : .
== / / x1 (1) x2 (t1) dl'e_]kw(’re_]kw()tldl'dtl
T J1, JT1,

= — x1 (1) e~ Tkwrgr . / xo (t1) e~ Tkwhigrgy = Tocy kCok
To JT, To

where we used the definition of periodic convoltion in the first equality, applied a change of variable (t—7 = t1)
in the second equality, and employed (3.2) for ¢; ;. and c, . in the last equality

10. Multiplication Property
If x1(t) and x2(t) are periodic signals with common period Ty and FS coefficients ¢; ;. and c,x, the FS
coefficients of the product of two signals x; (¢)x2(t) are given by

o

a(Ox() o Y e

[=—00

Proof) The FS coefficients of x; (#)x2(t) are given by
1 1 =
—jkwot jlwyt —jkwot
— xtxzteJWOdtz—/ cp 16! ™M xy (H)e W gt
5 [ wwne 5 ey 2o e 5

(o) 1 . 5 oo
= > ew [—/ xp(t)e l)w"tdt] = > criczret
I=—00 To To I=—00

where we applied (3.1) for xj (¢) in the first equality, then used (3.2) in the last equality.

Properties of Fourier Series

1. Linear Property: a1x1(t) +o2x2(t) & agepp +acyk
2. Time Shifting: x (t —t)) < e /kWlg,

3. Conjugate Property: x"(t) o ¢

4. Frequency Shifting: e/fWix(y) o Ch—k,

5. Time Reversal Property: x(—t) < c_g

6. Time Scaling Property: x(at) < ¢ with period %

dx(t)

7. Differentiation: 7i o jkwocy

ion: Ck
8. Integration: fx(t)dt ©
9. Periodic Convolution: x1(t) ® x2(¢t) = frﬁ x1(D)xz (t—1)dr &  Tocyrcok

10. Multiplication Property: x1(t)x2(t) < X2 cyicar-g
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3 Fourier Series

[Example 3-6] Derive the complex exponential FS coefficients of the following signal using the differentiation / or
integration property. Refer [Schaum’s text, Problem 5.9]

()

Solution) The differentiation of the given signal is plotted below, which is similar to the signal in Example 3-2. Case
(c). The amplitude of Ex 3-2. Case (c) was A, whereas the that of the illustrated signal is 24

T() .

x'{f)

2A

r[:

Ty i 0 Ta To 2T, t

2 2

2A
TI'.

By using the integration property, the complex exponential FS coefficients of the given signal is ¢} = j‘;:v’fh for k # 0,

where c j represents the FS coefficients of Ex 3-2. Case (c). The constant ¢ for k = 0 can not determined by the
integration property, so it should be derived through the following equation

1 b 1 AT, A
coz—/ x(t)dt=—~—0=—,
To Jo To 2 2

0
Ck = 4A _ 2A
(k)2 wo Ty 72 (2m + 1)2

JolaUlUolgUlUo g UlTolaU

for even k = 2m, (3.24)

foroddk =2m+1
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3 Fourier Series

[Example 3-7] Derive the complex exponential FS coefficients of the following signal using the property of FS.

N Ce)

Wiy = TA((—_’—_E},O e osf<§,
A(“‘%ﬁ) for - Ectco.

Z(C'E-f— Ta) = )’(@')

Solution) The signal is a time-shifted version of Example 3-6, i.e., x(t) = x (t + %) . Due to the time shifting

ex3—
property, the FS coefficients are determined by e/k wTo/ 2 = (—l)kck.

co = E’
0 for even k = 2m, (3.25)

k=1 (-)kttaa 2A
(km)? 72 (2m + 1)?

AR\ C\O VIO /NG\Y

[Example 3-8] Consider a signal defined by x(t) = |Asin (nt)|. Refer [Schaum’s text, Problem 5.61]

foroddk =2m+1

a) Sketch x(t) and find its fundamental period Ty and angular frequency wo

b) Find the complex exponential FS series and the trigonometric FS series of x(t)

Solution)

The fundamental period and fundamental angular frequency of the given signal are

2
=2 o (3.26)

To=1 wy=— =
0 0 T
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The complex exponential FS coefficients can be derived as follows

0

>

! A
co = A/ sin (7t) dt = — cos (rt)
0 T 1

1
. 2A 1
c.=A sin (1) e/*2t gy = 22—
k /0 (xt) 7 \1-4k?

where the integral fo sin (1) /K27 dt can be derived by using integration by parts two times

1 .
/ sin (t) /%27t dt = 2 ( ! ) .
0

m\1—4k?

The trigonometric Fourier coefficients can be derived as follows.

4A 4A 1
ap=2cy)=—, ar=2Relc]=— , br=-2Im[c]=0
n 7w \1-4k?

JolgUlUolgUlIo g UlTolaU

3 Fourier Series

(3.27)

(3.28)

(3.29)
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Integral Expression
. 1 ,
e Jotdt —e /¥t
t 1

j te Jotdt

—jwt

T~ T

f sin(at)dt —, ¢0S (at)
1
f cos(at)dt Esm(at)
Integral Expression
[ tsin(at)dt % sin(at) — i cos(at)
[ tcos(at)dt % cos(at) + %sin(at)
. at a sin(wot)—wq cos(wot) gt
[ sin(wyt)e®dt ra? e
f COS((UO t)eatdt a cos(wot)+wg sin(wgt) pat

24092
a‘+wj
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4 Continuous Time Fourier Transform

4 Continuous Time Fourier Transform

Major References:
« Chapter 4, Signals and Systems by Alan V. Oppenheim et. al., 2nd edition, Prentice Hall
« Chapter 5, Schaum’s Outline of Signals and Systems, 2nd Edition, 2010, McGraw-Hill

Develope Fourier Transform from Fourier Series

Let’s consider a nonperiodic signal with finite duration x(t), where x(t) = 0 for |¢t| > T} and assume that Ty < %
We introduce a periodic signal x7, (t) by repeating x(t) with fundamental period Ty as follows
To

T
xg, (t +To) = xg, (t) where xg, (¢) = x(¢) for — 30 <t< >

T, -1, 07, T
2
@ ()

xit) (0
A 1 A 1 A 1 /\ 1 /\
T Ty Ty 27, ¢
2

If we let Ty — oo, we have the following results by using the complex exponential FS representation

) B co 1 Iy « B
. . jom +t . 2 —j2mw = j27r =t
x(t) = lim xg (t) = lim Z "1 = lim — xr, () e T qrt T
Ty—0 Ty— 0 T() _h
k=—o00 k=—o00 2

To—0
4.1
o (1 ] (4.)
= lim — / x(0)e N dry /!
Ty—0 = To J-oo
Since xg, (1) = x(t) for —% <t< % and x(t) = 0 for || > %, the last equality of (4.1) follows
T
2 . 0 .
‘/T0 xz, (1) e Tkwrgr = / x () e kW gr
_7 —00
, k . Ak . N A
Let’s denote f = 1-, then lim f =Af = —. Since k is an integer, Ak = 1. By applying To Af = 1to (4.1),
0 Ty— Ty
. - 1 0 —er[LT jznﬁt . = o —j2rnfr jerft
x(t) = lim Z — x(7)e To'drpe’™ T -1= lim x(1)e drie -Af
Ty— oo T J-o Ty— oo PSS
k=—c0 k=—0c0
£X(f) (42)
0 o
—dim 3 x(perntar =[x ey,
Ty—oo —00
Tof=—c0

where we denoted X (f) = L o:o x (t) e/27f1 4t and applied the definition of the Riemann Integral.
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4 Continuous Time Fourier Transform

4.1 Fourier Transform Pair and Properties

Based on (4.1, 4.2), we derived the Fourier Transform pair of an aperiodic continuous time signal x(¢) as follows.

1. CT - Fourier Transform Pair

For a non-periodic CT signal x(t), the FT pair in terms of frequence f are given by

« Fourier Transform of x(¢); F{x ()} =X (f)
« Inverse Fourier Transform of X (f); FHUX ()} =x (1)
« Notation; x(t) 7—’;-:_1 X (f)
® j2nft £ ® —j2nft
x(t) = X(f)e df 2 X(()-= x (t) e /¥ dt (4.3)
—c9 F-1 oo
The FT pair in terms of angular frequence w = 27 f are given by
1 ® jwt R ® —jwt
x(t) = — X(w)e/dw 2 X (w)= x (t) e ™ dt (4.4)
27 ) 71 -0

2. Dirichlet Condition (Sufficient conditions for FT to exist)

(o)

1. x(t) is absolutely integrable / [x()|dt < oo

—00

2. x(t) has a finite number of maxima and minima within any finite interval of .

3. x(t) has a finite number of discontinuities within any finite interval of ¢, and each of these disconti-
nuities is finite.

If x(t) satisfies the Dirichlet condition, then the corresponding Fourier transform is convergent.

% Properties of Fourier Transform

1. Linear Property
If the FT of x1(¢) and x2(¢) are X (f) and X2 (f), then the FT of a1x1 (¢) + a2x2(t) is given by

Otlxl(t) + (ngz(t) o o Xy (f) + s Xo (f)

Proof) The FT of the linearly combined signals a1x1(t) + azx2(t) is

/ [axi (t) + aoxa(t)] e 727 tdt = o / x1()e 7 dt + ay / xo(t)e 77t gy

(o] —00 —00

= X1(f) + a2 Xa(f).

o)

2. Parameter Shifting
If the FT of x(t) is X (f), then the FT of the following mapped signals are given by

Flx(t=t0)] = 20X (), F [x (02| =X (£ 5 o)
Proof) The FT of x (¢ — tp) and x () e*J27fol are derived as below

/ x(t—to)e—fzﬂffdt=/ x (v) e P2 var 772 0 = X (f) e T2t

0 —00

/ x (1) e=I2mhit =2 ft gy :/ x () e U G = X (FF /),

00
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4 Continuous Time Fourier Transform

where we used a change of variable (¢t — tp = v) in the first equality of the first expression.

. Scaling
If the FT of x(t) is X(f), then the FT of the following scaled signal is given by

F [x (ar)] = _|1 X(J:) Flx (-0l =X(-f)
al a

Proof) The FT of x (at) is given by

x (1) e 2fadr, ifa>0

F [x (at)] =/ x (at) eJ2nft gy — alf_wm
a ., J—

00

. Conjugate Property
If the FT of x(t) is X(f), the FT of x*(t) for arbitrary signal x(¢) is given by

F[x* (0] =X (=f).

If x(¢) is a real-valued signal, then X* (—f) = X (f) follows by the conjugate property.
Proof) By taking the complex conjugage of (4.3), we get

/ x(t)e-ﬂ”f’dt] = / (el tar = X*(=f) = / x*(t)e I¥ gy

(o) (o) (o)

X(f) =

. Duality
If the FT of x(t) is X(f), the FT of X(t) can be derived as follows

FIX(®)] =x(=f)

Proof) By using a change of variable (f’ < —t,t" « f), we get
x(t) = / X (f) ejz;rftdf = x (_f’) — / X (t’) e i2nft 1yt

. Convolution and Multiplication
If the FT of x(t) and y(¢) are X(f) and Y(f), respectively, the FT of the following signals are given by

Flx(@) xy(®)] =X(NHY (), F [x()y(0)] = X(f) = Y(f)

Proof) The FT of the convoltion signal can be derived as
/ [/ x(D)y (t — 1) dr] e 12ty = / / x(r)e 7Ty (= 1) e 2 (=0 grar

= [/mx(r)e_jznffdf

X

(o8] (o8]

[Cvwers ldl] = X(HY()
where we used a change of variable (f — = = ) in the second equality. Similarly,
FHXG) v (1= [ e eyt = [ { [Cxwvi-n dl} eonftf
- { [ xa eﬂ””dl} x { [Crg-per ’l”df} = x(Dy(®)

o0

where we used a change of variable (f — I = f”) in the last equality.
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4 Continuous Time Fourier Transform

7. Differentiation
If the FT of x(t) is X (f), the FT of the following signals are given by

d™x(t)
dtn

d"X(f)
dfn

T[ = (2r )" X(f),  F[(=jenn)"x(1)] =

Proof) By differentiating (4.3), we get

d’;fr(f) - f (J2rf)" X () Pt df = F7 [(ex )" X (f)].
dnjj(‘(rlf) - [: (=j2mt)" x (1) € T2 de = F [ (=jent) x (1)]

8. Integration
If the FT of x(t) is X (f), the FT of the following signal is given by

t 1 1
T[[wx(f)dr] = EX(O)é(f)+mX(f)

Proof) The integral can be expressed in terms of convoltion as follows

/t x(r)dr =x(t) *u(t)

Then, by using the convoltion property of the FT, we get

/_;x(f)dr

where the FT pair of the unit step function is derived in the example problem

F =F [x(1) xu ()] = X(f) X F [u ()]

Flu(0] = 5350+

Hence, we obtained the FT of integrated signals as follows

1 1
Flx(®) +u ()] = X(f) xF [u ()] = 5X(0)6(f) + jz—”fX(f)

9. Parseval’s Theorem
If the FT of x(t) is X(f), the Parseval’s theorem is

[ wwia= [“xanear

00

51



4 Continuous Time Fourier Transform

Property Signal Fourier Transform
a(t) = /m X(f)e* It f X(f)= fm a(t)e 72 I dg
vy = [ vineriag vin = [ ety

Linearity Az(t) + By(t) AX(f)+ BY(f)
Time Shift x(t — tg) e IIm it X (f)
Frequency Shift el 2 foly(t) X(f - fo)

1 f
Scaling z(at) WX (5>
Duality X(t) z(—f)
Complex Conjugate x*(t) X*(=f)

X(0) = [% x(t)dt

A =
ree o0 = [ x(nas

' (t) p2rfX(f)

Time Differentiation (1) (j2r )" X (f)
dt’n

—j2mtx(t) XN
Freq. Differentiation n

(—j2t)" (1) e
Time Integration f_ﬁ x(r)dr %X(f), for X(0)=0
Convolution | aowte-nar XY ()
Multiplication z(t)y(t) ]00 XY (f —v)dv
Energy Conservation °° _ [~
(Parseval's Theorem) foc ()]s = /30 IX()Pdf

Figure 4.1: Properties of the Fourier Transform
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4 Continuous Time Fourier Transform

g(n) G(f)
e-at““) 1 a>0
a+{21rf
2 eMu(~1) T~ a>0
3 emal _____iZG
a’ + ?ﬂf )
4 -at - ——
te™ M u(r) @+ 2,;!)2 a>0
5 t"e~¥u@ et
) (@ + j2mf yr+!
6 &(r) 1
T 1 a(f)
8 el2fot a(f — fo)
9 - cos 2nfpt 0.513(f +fo) + 8(f —fo))
10 sin 2fyr SO +fo) = 8(F = fo)
1 u 38() 4 =
u(r) 3 2(f) T2t
12 sgnt P
- e jonf
2 8¢ -
cos 2rfor u(r) 38U = Jo) +8(f +Jo)) + (foolzz;f(hf)j
14 sin 2xfyt u(r) LI8(f —fo) — 8(f +fo)) + 2
in 27for u( a}'[ (f —fo) — 8(f +fo)l o) — nf )2
15 e % sin 2mfpr u(t) 2o
(a+j2nf)? + 4z’
— PRy a + j2nf
L e e
rect (£) T - sinc (f7)
18 ginc (2Bt) % “’Ct(é)
19 rtri(£) % sinc? (f7)
20 sinc? (2Bi) 5 m(%)
1
21 TR o3t —nT Y3 oo —nfo)
29 i} o/2re-20nf )

Figure 4.2: Table of the Fourier Transform
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4 Continuous Time Fourier Transform

[Example 4-1. Functions related to §(t)] Derive the FT of the following signals
a) F[6(t—1t)]= by F[6(1)]=

) Fl1]= d) 7 [ef2rth| =

Solution) From (4.3), we can directly calculate (a) and (b) as

tp=0
—

@ F[5(t—1t)] = /w(S(t— to) e Sty = e~J2mfto b)F[5(D)] =1 (4.5)

—00

We can apply duality on (b) to calculate (c), then use parameter shifting (frequency shifting) on (c) to obtain (d).

@F[11=6(-N=5(f, @F [/™hx1|=6(f-f) (+6)

UolaqUlUolagUlUolaUlUolaU

[Example 4-2. Functions related to Exponential] Derive the FT of the following signals where a > 0

a) 7 [e_mu (t)] = b) F [e_‘”u (t) — e*tu (—t)] =
) F [sgn(0)] = F [2u(t) -1] = d) F[u(t)] =
) f[e—alt\] - f) T[a2+41(7rt)2] -

Solution) The FT of the one sided decaying exponential function in (a) can be derived as

@ F [e“u@)] = '/000 e ¥t I gy = m‘ (4.7)

The functions in (b) and (e) are referred as odd two-sided exponential and even two-sided exponential signal, respectively.

0 0
(b) F [e_atu () — e*u (—t)] = / e~tmi2nft gy / et emi2nft gy
0

—00

1 1 jarf

Tajenf a-jenf  a2+4(xf)?

oo 0
(e) F [e_“”l] = / e ¥t gmi2nft gy +/ et mJ2nft gy
0 —00
1 + 1 _ 2a
vz @ jenf | (e

(4.8)

The signum function sgn(t) in (c) can be approximated by odd two-sided exponential signal in (b) by @ — 0 and the
unit step function u(¢) in (d) can be derived from the signum function as u(t) = % + %sgn(t).

_ 1 —at t o jarf 1
(C) F [sgn(t)] = 01[1_)11107: [e aty, (t) — %ty (—t)] = 01{11)110 [—m = W’ (4 9)
11 1 1 1 1 '
@ F [u®] =F |+ Esgn(t)] =TI+ S [sgn(t)] = 26(f) + Jonf
The FT of (f) can be derived by using the duality property with (e).
1 _ 1 Duality 1 1 _
fF | L altl] _ ] = ¢ 9lfl 4.10
® [Zae o+ 4 (nf)? Zranr)?]| 2t (410)

AR\ E\O /IO /NGC\Y
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4 Continuous Time Fourier Transform

[Example 4-3. Functions related to Rectangular Pulse] Derive the FT of the following signals where 7 > 0

a) F [rect(L)] = b) ¥ [sinc (2Bt)] =
o Flri(f)]= d) F [sinc? (2Bt)] =
¢) ?[rect(%)]: f) F [sinc (2B (¢ - t0))] =

where the rectangular pulse rect(t), Sinc function sinc(t), and triangular function tri(t) are illustrated below.

R&quy[?.,icu’ Pu-[Sc d:uy\_g-r.‘bw B} Sine  function
1 “ﬁ(?)j‘ Mer<d ()= S (%)
0, otherwpye | KTl
> =% —
-r/2] 71/2 ¢ -2 -1 o "~~~
. - 140 fei<] 30t [ele
| (ﬂ-i e r ’S'tﬁ(%);i- s
O , otherwise o , otherwise
f o J > o | — >t
~t
Uit T\";M}\AI,L.( ‘.Pvuvmf\‘om S&L,OQ _ﬁn‘au\,a_daur ZQAM\Qﬂb\’L

Solution) The FT of the rect(t) in (a) can be directly derived using (4.3)

t I 1 _; “%  2jsin (rfr) )
2 = jemftgy _ = mjemfr| T _ /ST
(@) F [rect(T)] = /_% e dt = j27rfe . =T - 7 - sinc (f7) .

The y-intercept of the Sinc function is 1 and the zero-crossing occurs at every integer t, so 7 sinc (f7) has a maximum
value 7 at f = 0 with zero-crossing at f = 2 for any nonzero integer n.

sin (7t
sinc(t) = # = 0 fort = arbitrary nonzero integer, lim [sinc(¢)] =1
Tt t—0

The FT of (b) can be derived by using the duality property with (a) as follows

1 AN Duality . F o1 f
(b) - rect (—) 2 sinc(fr), =——= sinc(2Bt) 2 ——rect|=—
T /) g 71 2B

where we subtituted 7 = 2B and used a change of variable (t — —f’, f — t’). Hence, ¥ [sinc (2Bt)] = % rect (%)

In Example 2-1. (b) (pp26), we proved that the convoltion of two rectangular pulse signal is a triangluar function

t t ot T — |t for |t| <t
rect (—) * rect (—) =7-1tr1 (—) =
T T T 0 for |t| > 1
Then, the FT of (c) can be obtained by convoltion properties and (d) can be derived based on the duality with (c).

@7 [t ()] = 7 [rect (1) e rct ()] = 7 [rect (1) 7 rect (2] = % sine (70,

T T T T
1 t 7 Duality |
(d) = tri (—) 2 sinc? (fr), — sinc® (2Bt) 2 — tri i
T T/ g1 71 2B 2B
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4 Continuous Time Fourier Transform

where we subtituted 7 = 2B and used a change of variable (t — —f’, f — t’). Hence, ¥ [sinc2 (2Bt)] = ﬁ tri (zf_B)

The FT of (e) and (f) can be obtained by using the time-shift property of (a) and frequency-shift of (b), respectively.

() F [rect (t ‘Tt" )] = re /2 osine (f1),  (f) F [sinc (2B (¢ - 1o))] = —e-ﬂﬂf h rect (2;)
OV I\
[Example 4-4. Functions related to Modulation] Derive the FT of the following signals where a > 0
a)  [cos (27for)] = b) F [sin (27 fot)] =
c) F [x(t)cos(2nfot)] = d) F [x(t)sin(2xfot)] =
e) F [cos(2xfot) u(t)] = f) F [sin(2xfot) u(t)] =
g) F [e_“t cos (2 fot) u(t)] = h) ¥ [e “tsin (27 fyt) u(t)] =

Solution) The FT of (a) and (b) can be derived by using Example 4-1 (d) and linear property as follows
(a) 7 [cos (27 fo)] = F [% (e + e—fz”ﬁf)] =SB -+ + )],
7 sin )] = 7| - (750 =278 | <~ (55 - ) -5 5+ )
The FT of (c) and (d) can be obtained based on the multiplication property of the FT with (a) and (b).
(© F x(0) cos fut)] = X(F) 5 [6(F = o) + 5 (F+ o)l = 5 [X (F = ) + X (F + )],
(@ F L) sin (2mfin)] = X(f) # 52 13(F =) =3+ )] = =3 (X (F = ) = X (F + )

The FT of (e) and (f) can be obtained by using Example 4-2, i.e, F [u(t)] = 1cs(f) + ]27rf

(&) F [cos (2nfot) u(t)] = [ U W+ U m
_[5(f—ﬁ)+5(f+ﬁ)]+%’
(f) F [sin (27 fot) u(t)] = [ U 2”(}—fO) _%6(f+fo)_j2”(f+ﬁ))
27 fo

=4—j[5(f—fo)—5(f+f0)]+m

The FT of (g) and (h) can be obtained by the multiplication property with # [e"’“f u (t)] = (a+j2xf)7!

1
e ACIURS DRI RO]

1 1 1
2|arjen(f—fo) T @tz (F+ho)

L5 - fo) - (F+ o))

(&) F [ cos (2nfyt) u(t)] =

3 a+j2rnf
C(a+j2nf)i+4(nfy)?

(h) F [e=* sin (27 fot) u(t)] = PN 3
_ i 1 B 1 _ 27 fy
2 la+j2n(f-fo) a+i2n(FHf)|  (a+jenf)?+4(xf)?

/A9 C\OV/IC\9/NG\Y
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4 Continuous Time Fourier Transform

[Example 4-5. etc] Derive the FT of the following signals where @ > 0
1. FT of a periodic signal x(t) with period Ty

2. FT of the periodic impulse train [570(0 = Z S (t—kTy)

k=—c0

3. F [t"e“”u (t)]
Solution) In (a), we first express a periodic signal x(t) using the FS, then apply 7 [ejz’”f"] =0 (f — fo) as follows

(@) F [x(1)] = ?”[ i ckejk%t} = i ckﬂf[ejkwﬂ’] = i ) (f_ Iﬂ)

k=—o00 k=—c0 k=—c0

which indicates that the Fourier transform of a periodic signal consists of a sequence of equidistant impulses located
at the harmonic frequencies. For (b), the FS of the periodic impulse train é7, (¢) is derived in Example 3-3, pp42

1 ; 1 kw
_ %k;w?‘[elk%t] _ ?Okz 5(f—2—ﬂ0)

=—00

5Tg(t)=Tlo DA (b)?’[ > 8(t—kTy)

k=—c0 k=—c0

The FT of (c) can be derived by using [e_m u (t)] = m and the higher order differentiation of the FT

n!
(o + jerf)™H!

1 d"X(f) et _ 1
Cian® dfm where x(t) = e “u(t), X(f) = —a+j27rf

F|"x(0)] = = (O F [t"e u(t)] =

AN/ /IG\S

4.2 Frequency Response
Given the FT of an input x(t) and the impulse response h(t) as X(f) and H(f), the output y(t) of an LTI system is
y(t) = h(t) xx(t) = FH(Y(f) = FH (X(HH())

= /oo Y(fe/ I tdf = /°° X(f)H(f)e’*™ tdf  for Aperiodic input (411)

where we refer the FT of the impulse response H(f) as the Frequency Response, the magnitude of the frequency
response |H(f)| as the Magnitude Response, the phase of the frequency response 0 (f) as the Phase response.

i H(f)) « Frequency Response:
30 T o H() = [ e = el )
() M | yty=xtt - ) _
« Magnitude Response: |H(f)|
I I « Phase response: 0y (f)
X(w) Y(w)=X(w)H(w)

The output in (4.11) holds for a non-periodic input signal x(¢). Given a periodic input x(t),
o Ifx(t) = /KW then F (x(1)) = 8 (f - kfp), where fo = 72, and

Y(f) = H(NX(f) = H(f)S (f = kfo) = H (kfo) 6 (f = kfo)
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4 Continuous Time Fourier Transform

< Ifx() =20 o cre/FWE then F (x(1)) = oo kO (f — kf0) and

(o] (e8]

V() =HOX(f) = 3, acH(NS(F~kfi) = D exexH (kfs) 8 (f ~kfy)  for periodic input

k=—c0 k=—c0

% LTI Systems Characterized by Differential Equations
If the LTI system is described by differential equations, we can derive the Frequency response using the differentiation
property of the Fourier transform as follows

dy() & dkxy) X dy)| & d*x(t)
=Y = o F beF{ =2t M<N
NPT ,;) kT aik ,;)a Tark ,;) K T ank

Y(f) iy bi (2m)*
X gN a (anf)k

N

= H(f)= h(t) = 7~ (H(f))

[Example 4-6.] Consider CT-LTI systems described by the following differential equations. Derive the frequency
response H(f) and the corresponding impulse response h(t). Furthermore, derive the system output when the input
signal is x1(t) = e *u(t), x2(t) = te~?*u(t), and x3(t) = u(t), respectively.

B B sy =x(n+ 20 HUP). ho), yi(®) =T (i (0)}, where i = {1,2,3)
b) y()+zy<t>—x<t> - H(f), b0, 3i(t) = T {xi(0)}, where i = {1,2,3)
o LU L4 sy = O oy o H(f), h(t), () = T {xi(1)}, where i = {1,2,3}
d) dzdytgt) +ed’2(tt) ry() = 2x(1) = H(F), h(1), yi(t) = T {xi(£)}, where i = {1,2,3}
Solution) Since F [ (o) ] = (j22f)" X(f), the FT of each differential equations can be expressed as
<)¢{dy(” +2y(t) = x(1) + d"(”} o (2R Y(F) +2Y(F) = X(F) + (G2nf) X(f),
> H) =3B~ g 1 g MO =00 -,

where we used the FT pairs in Table 4.2. The FT of each input signals are given by

X1(f) =F {e"u(t)} = Xo(f) = F {te " u(t)} =

1
1+ j2nf (2+ jerf)*

Xs(f) = F (o)) =360 + 5.

Since the FT of the system output is given by Y;(f) = F (x;(¢) = h(t)) = X;(f)H(f), the output for each signals are

Yi(f) = 27 j2nf = yi(t) = e 2u(t),

1+ jenf 1 B 1 o 2,2
) = i T Grienf? @ jan) Ba(t) = te"u(t) - ().

1 1+ jonf 11 1 1
Y3(f) = 15(f) + Tanf 2t jznf) 2 [- (f)+ Jan] (2_'_]2”]0) = y3(t) = gu(T) +5e tu(t),

where we applied the Partial Fraction Expansion. Refer [Oppenheim, Appendix], [nttps://bit.1ly/3aND12K], [https:
//bit.1ly/3cSXtCi].
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4 Continuous Time Fourier Transform

For system (b), we can derive the Frequency response using similar approach

dt

_Y) 1 F! .
H(f)_X(f)_2+j2;zf = h(t)=e*u(t),

where we used the FT pairs in Table 4.2. The system output for each input signals are derived as

(b)g‘—'{dy()+2y(t)—x(t)} o () Y() +2¥(f) = X(f),

~ 1 1 1 o i
n(f) = (1+ jenf) (2 + jonf) 1+j27rf T2xjef p(t) = ¢ ult) —eu(t),

_ 1 L
Y2 (f) = @ jonf? y2(t) = u(1),

_1 ;_ll 1)1 1 _1o 01,
() = 7000+ jenf (z+ jonf) 2 (z(s(f)+ jZﬂ'f) 2 (2+j27rf) = p)=gu®-ge ().

For system (c), the Frequency response and impulse response are derived as follows

2
@F |20 iy = B e ax) o {nf) a(2a) 43} V() = Li2as +2) X,
Y 24 jonf Y 2 1w .

= (f)—X(f) = G eaGump s Tvonf T Teief h(t)— u(t) + 2 S u),

where we used the FT pairs in Table 4.2. The system output for each input signals are derived as

Yi(f) = 2+ j2nf _ s ~1/4
! _(1+j27rf)2(3+j2;rf)_1+1'27rf (1+ j2rf)? 3+127rf

I = -e—fu(t) + -te—fu(t) Le3tu),
_ 1 _ 1) -1 1/2
() = (1+j27rf) (2+j27f) 3+ j2nf) 1+ j2xf * 2+ j2nf * 3+ j2nf
I )= —e fu(t) — e 2u(t) + %e*“u(t),

~ 2+ j2nf 1 2/3 -1/2 -1/6
B(f) = 55(f) * j2nf (1+ j2rf) 3+ j2rf) §5<f) * jernf "1 +j2nf * 3+ j2nf
2 (1 1 ) -1/2 . -1/6

25(55(f)+j2nf 1+j2nf 3+ j2nf

I = %u(t) - %e_tu(t) - ée—“u(t).

For system (d), we can derive the Frequency response using similar approach

dt? dt

H(f) = Y(f) _ 2 _ 2 I
X(f)  Garf)i+e(j2nf)+8 (4+j2xnf) (2+j2xf) 2+j2nf 4+ j2nf

(d)f{dZy“) dy(”+s(t>—zx(t>} o {(j2nf)? +6 G2nf) + 8} Y(f) = 2X(f).

T h(t) = e 2 ut) — e~ Mu(r)
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4 Continuous Time Fourier Transform

where we used the FT pairs in Table 4.2. The system output for each input signals are derived as

2 . 2/3 -1 1/3
(1+ j2nf) (2+ j2nf) (4+ j2nf) 1+ j2nf * 2+ j2nf * 4+ j2rf

Yi(f) =

7! _2 - 1 4
— yi(t) = 3e u(t) —e “u(t) + 3e u(t),

2 __ s 2 1 , /4
(2+j2nf)® (4+j2nf) 2+j2nf (24 j2nf)?  (2+jenf)®  4+jenf

Y2(f) =

1 1 1 1
== y(t) = Ze_ztu(t) - Ete_%u(t) + Etze_Ztu(t) - Ze_‘”u(t),

1 2 11 1 -1/2 1/4
(f) = 3o+ jenf (2+ j2nf) (4+ j2nf) 4 (za(f) * j27rf) 2+ jonf 4+ jonf
; y3(t) = leu(t) - %e_mu(t) + ie_‘”u(t).

JolaqUlUolagUlU o aUlUolaU

4.3 Nyquist Sampling
Given a CT signal x(t), if we measure its values every T time units, then we get the following samples
<o, x(=2T),x (=T),x(0),x(T),x (2T),---
This process is called Sampling.
Sampling period: T, Sampling frequency: f; = %

In general, some information is lost in this process if the signal is not bandlimited (the bandwidth is not finite).

Sampling Theorem

Let x(¢) be a band-limited signal with X(f) = 0 for |f| > fa. Then x(¢) is uniquely determined by its
samples {x (—=kT), arbitrary integerk} if the following condition is satisfied

fs = 2fm, (4.12)

where fyr, fs, 2fpr are the signal bandwidth, sampling frequency, Nyquist rate (minimum f;), respectively.

% Intuitive Explanation: Sampling theorem in (4.12) indicates that the sampling rate should be higher than the
frequency content of the signal. Otherwise, the recovered signal after sampling will suffer significant distortion.

19 > ' T i T ™ oy
IRV O / o
AL G AR G |
e AN s
— N e
2 5 6 H L ‘-:1 /’I \
-0.5 [ . " ’J /‘/‘
‘," ; // ‘\‘ ‘," ‘(
-1 Ty v c-a‘ ;m vu’:: l ':.ua
Sampling rate is high enough. Sampling rate is too low!
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4 Continuous Time Fourier Transform

% Formal Explanation: Analytically, Sampling process is multiplication of the bandlimited signal x(¢) and the
periodic impulse train d7(t) = ZZO:_OO 6 (t — kT), which we will denote as x7(t)

(o)

xr(t) = x(t)or(t) = Z x (kT) 6 (t —kT).

k=—c0
By using the multiplication property, the FT of the sampled signal x7(¢) is obtained as follows

(e (e

Xr(f) = F () = 7 @) =X (e = > 8¢ —kR) =f Y, X(F=kR). fi*x
k=—c0 k=—c0
X(f)
1
f
fu Ju
2, £ 0 5 2, /
XA
2f, £ S |0 Sy /s 2f, /

The shifted replicas do not overlap if and only if f; > 2fjs. If (4.12) is satisfied, then x(t) can be exactly recovered
from x7(¢) by using an ideal lowpass filter with amplitude J% and cutoff frequency f; where fyy < fc < fs — fu. In

other words, ideal lowpass filter (or equivalently, sinc interpolation) can exactly reproduce the original signal.

Lowpass filter
R 1 X()

2 Lo oop kb %

[Example 4-7] Find the Nyquist sampling rate for the following signals
a) x(t) =2cos (2007xt) + sin (500st) b) x(t) = 2cos® (200xt)
Solution) In (a), the signal bandwidth for cos (200sr¢) and sin (5007t) are respectively given by

200 500
= —— =100, =—=250= =250
f 21 f2 2 fm

and the bandwidth of the x(¢) is fyy = 250. Hence the Nyquist sampling rate for (a) is 2f3y = 500. In (b),
2cos® (2007t) = 1 + cos (400xt) whose signal bandwidth is fy; = % = 200. Hence the Nyquist sampling
rate for (b) is 2fa; = 400.

/A9 C\OV/IC\9/NG\Y
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4 Continuous Time Fourier Transform

4.4 Filtering

% Distortionless Transmission: In order to have a distortionless transmission, the output of an LTI system needs
to have an identical shape to the input signal, although its amplitude may be different and it may be delayed in time.

Input signal x(t) = Output Signal y(t) = Kx (t — tg),

where t; is the time delay, K is a gain constant. By using the FT, we can obtain the Frequency response as follows

pr wlse .

wag iaw l‘\fn = K S(t— )

Y((ﬂ ] 4{;(n: Lt(f)ﬁ‘)(tx) B q&&) = K 7(&-{*)

T

K@) —| Yeor-Heern| = Yerr= k &7 X

¥

FYQ. X
Froney Lownat Ergueasy Hep < Yooy _

nse x@)

- VBt

Ke

Hence, the systems with distortionless transmission should have Frequency response H(f) = Ke /2%f!d_constant
magnitude response |H(f)| = K, and linear phase response 0 (f) = —j2nft; over the entire frequency range.

x Filtering is a process that changes the amplitude (or phase) of some frequency components of an input signal.

1. Frequency-Shaping Filter
« amplify some frequency components while suppress some other frequency components

« e.g. differntiator, equalizer in a Hi-Fi system

D ﬂg‘exw toatey” [Hens(
He (\
. A S
’\3{#): T': ey Yegy = sax8 KCJ.) % M@l.’&l&l
while Qous
HCJL)= Jaxf >

= vmrwzﬁg
MA?T : \H(&)l: 2% 1§ £ Oucsy Soppressed .

Qﬂsdbcv\ze
- @L\N'e LY >:F
R v Ougre{ 2. £20 —x
‘i(]hawse _A
>, f<o

2. Frequency-Selective Filter
« select some bands of frequencies and reject others.
« e.g. low-pass filter, high-pass filter, band-pass filter, band-stop filter

x Ideal Frequency Selective Filter: An ideal frequency selective filter is one that passes signals at one set of
frequencies (referred as the pass band) and completely rejects the rest (referred as the stop band).
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4 Continuous Time Fourier Transform

Bsdue bandwidda H.,m:{' , VH<f

Hupco)= 1-H Huocsy o £ 00 151,
I g S I8 »5 He ) wecey | |
B* Tc

* No F‘a olcgm-_.l ?f'ev ’ I:Fl>+c
Wighpsss , bandstop Silter

< Sk s s bt | < S bl —> resbomd — [6Sup ot o | e—Pascbud —s

. 4

-§. o $e i % 0o %
e T B Bl ) Tl hgpes flee
= R NEIRAP = R EIPY .
fe ‘?L-:ﬁl He‘,(’f:ﬁ{ flef, Hescp) Reel®) +Hi i) HBSG})={ ey
O , otherwise [¢) ) stherwise

-

‘S‘;_ ‘;’. V] -S'\ g:.
(C) I‘&Q&l )')“MAFN‘S '.m'ftf

\‘S;_ _’S'l 0 {'\ ‘,F:_
(@) T bondsegp e

a) Ideal Low-Pass Filter b) Ideal High-Pass Filter
Lo Ifl<f 0, Ifl<fe
H(f) = : H(f) = :
0, Ifl>fe Lo IfI> fe

where w, is the cutoff frequency.
c) Ideal Bandpass Filter d) Ideal Bandstop Filter
L fi<Ifl<f 0, fi<lIfl<fe
H = H =

) { 0, otherwise (f) 1, otherwise

% Bandwidth: There are many different definitions of filter bandwidth.

1. Absolute Bandwidth fg
« absolute BW (Bandwidth) of an ideal low-pass filter: fg = f¢
« absolute BW of an ideal bandpass filter: fg = fo — fi
« absolute BS of an ideal high-pass or bandstop filter are not defined.

2. 3-dB Bandwidth (Half-Power Bandwidth) f3 4
« f34g is the frequency where the peak magnitude spectrum |H(0)| drops to |H(0)|/ V2. Since the
power is proportional to the square of |H(f)|, i.e., P o< |H(f)|, then the 3-dB bandwidth represent the
frequency where the peak power reduces to the half.

LH(0)]
V2

P(f3a8) _ IH (f; ) |2 H(fyap) |=
p (fmax)) dB = 10logyg ( |H(0)]2 ) dB
= ~10log,, (2) dB ~ ~3dB

10log, ( 10logy, (1/2) dB
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4 Continuous Time Fourier Transform

3. Equivalent Bandwidth feq. Refer [Schaum’s text, Problem 5.55]
* feq is defined as the bandwidth of an ideal filter where the power of the ideal filter is equal to that of
the real filter given the same input signals as follows

e [

where Hpyax denotes the maximum value of the magnitude spectrum.

2

df

4. x percent Energy containment Bandwidth fi. (e.g., 90 percent energy containment BW fo()

S ©
I IX (f)1%df = (x %) Ex where Ex:[ IX (f)|2df.

x%

Refer [Schaum’s text, Problem 5.57]

_ Heey | [ LT Loper
N ‘_‘E?-w,\_cj R=so>=w§e l N ) ;‘\’(fer
W A T Coeveal fled
R
é % 0dB Moy
o T Aven wrer both carves
(33 S&WV/\J\ are ef ~sd
< ' 3dB {IL/ °
¥ TS A Mo © g? B jmmﬁob;
“ = |
3
o] §t°(-> LW’\HK S*o‘a EQMDK_
< B=$.-f
f
2

fr fo fy

|
|
|
b
Center OC-’P‘"“’?L J‘-
e dag £ +t

(O 3dB  Bowndwidhth (o) Eprvalent Bandurdda

[Example 4-8] Consider the following filters with impulse response h(t). For each filter, derive the 3-dB bandwidth
f3 a8 equivalent bandwidth feq, and 90 percent energy containment bandwidth foo%, respectively.

> where @ > 0

3 h(0) =y €™ (1) where wo = 21y b) h() =

Solution) For (a), the frequency response H(f) is obtained as

il = ! where fy = il
wo+j2nf 1+ (f/fo) * 7 on

Since the maximum magnitude spectrum is |H(0)| = 1, the 3-dB bandwidth f; 4g, the equivalent bandwidth feq, and
the 90 percent energy containment bandwidth foos occurs when the following conditions are satisfied.

(@ h(t) =wp e ™u(t) & H() =

) _|H(0)]
f3a8; |H(fsdB)|——\/§ ,
) [T H? 1
Jegi  Jeq —/0 H(O)2 df, , where |H(f)|= ———= (4.13)

V1+(f/fo)?

ng% s
foon: / \H (F)[2df = 0.9 / \H (F)2df

—J90%
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4 Continuous Time Fourier Transform

Since |H (f348) | = = -L when f; 48 = fo, the 3-dB bandwidth is equal to fy. By using (4.14), we obtain

1
H(falf)? V2
© 1 forr

© 1
M‘£1+wmﬂ“ﬁﬁ 2T

foo fooz
—J90% 0

RHS of foo7, in (1.13) 0.9 /

f‘:’O%/ﬁ)
2fytan™! (x) =2fytan”? (M),
0 fo

e8]

1 0 1
—d = 0.9 % —d =0. — n )
w 1+ (f/fp)? f=09 2./0 1+ (f/fo)? f=09for = foon, = fotan (0.457)

Hence, the three BWs f3 g, feq, and fooy are given by

forr
(@ fsas =fo, feq= = = 157fo. foor = fotan (0.457) = 6.31fo, < f3dB < feq < foox

Similarly, for (b), the frequency response H(f) is obtained as

1
(b) h(t) = m

and the maximum magnitude spectrum is |H(0)| = %. Then, based on (4.13), we obtain

H(f) = el

|H(0)] L ol 1 1
= —e BBl = —— =>f3dB=—ln\/§,
V2 20 20V2 o

° 1
20
feq = / e fdf —,

Jooz Joo
LHS of fooz in (1.13) / i |H(f)|2df:z/ " e—mfdf:%[l_e—wﬁm],

~fooz 0

IH (f3q8) | =

In (10)
2a

o o 0.9
RHS of foor, in (1.13) 0.9/ e 2l df =09+ 2/ e 2afqf = — = foor =
0

—00
Hence, the BWs f; 4B, feq, and fooy are given by

1 0.35 .
(b)f3dB=;1n\/_= - feq =+ = fooz =

1
2a

—, ©  f3ds < feq < foou

Useful Equality

Refer Wolfram Alpha [https://bit.1ly/3d3RZoA]

1 tan~1 (£ = q 4
/ dx = (“ ) / ———dx = — for real-valued a (4.14)
a® + x2 a o a’+x2? 2a|

UolaUlUolagUlU o aUlUolaU
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