MA2001 Multiple Integrals
1  Double Integrals

For a function f (X) of one variable defined over a<x<b,let X,=a<Xx <---<X,_,<X,=b and
5% =% =X . Let P={5x:1<i<n}, |P|=max{sx :1<i<n}. We define the definite integral of f

I<i<n

b
from a to b as I dX = lim z f )§Xi , which corresponds geometrically, if f (X) is positive, to

\P\»O
a

the area between the graph, the x-axis and the lines x=a and x=Db.
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A function f(X,y) defines a surface and, if f(X,y) is positive, we may analogously determine the

volume enclosed by this surface and a cylinder erected on a region S of the xy-plane.

z p
Surface z=f(x,y)

<v

—Region S in the xy-plane

Small area 6S; =0 XY,

Divide § into n small area elements such that the element has area §S; =5 X0y,

and contains the point (X;,Y;). Then f (xi VY )5 X;0'y; i1s the volume of the column with base
0S; =0x0Yy, andheight f(x,y;).

Let P=15S; =6xJy,:1<i<ml<j<n),

= max {58ij =0 X0Y, :1siSm,1£jsn}.

1<i<m, i< j<n



We define the double integral of f(X,y) over the region S to be

J;_[ f(x,y)dxdy = auaxliigy],. %O_Zmlzn: f(x,, Y, )5xi5yj.

i=1 j=1

The direct evaluation of the limit in the definition of double integral is impractical. We will calculate the
double integral by means of the iterated integrals.

Theorem (Rectangular regions)

Let f(X,y) be continuous on the region S: a<x<b, c<y<d.

d
Let A(x)= I f (x, y)dy, which is the area of the cross section at x (Figure A), then

apc

'Lf f(x, y)dxdy:_TA(x)dx :j.ﬁ f(x, y)dy}jx_

d|l b
Similarly, we also have ” f (x,y)dxdy = ID f(x, y)dx}dy :

S a

Figure A

Example 1
Evaluate J.I(ny + yz)dxdy where S is the rectangle 1<x<2, 0<y<1.
S

Solution:

|

(2xy+ yz)dx dy=j(x2y+xy2)

P C— N

2 1 2 3
1dy=j(4y+2y2—y—yz)dy=(3%+y3}

P C— N
O ey

T, ;
(2xy+ yz)dy_dx = I[xyz +y€] (l)




Example 2 (Non-rectangular regions)
A vertically simple region R

y
¥=14(x)

a<x<b, y,(x)<y<y,(x)

j'{yzf) f(x, y)dy]dx

al w(x)

A horizontally simple region R

%. ' L
AN

x=x(y) x=x,(¥)

Example 3
J.J-ldxdy = area of the region Sif f (x,y)=1.
S



Example 4
Evaluate ” xy“dxdy where S is the region bounded by y =0, y = x* and x=1.
S

Solution:

A sketch of the region S is important, but it is not necessary to be able to visualize the surface f (X, y) .

S

oo

o2

s o\ Jy

Example 5
The nonsimple region R is the union of the nonoverlapping simple regionsR,, R,

Solution:

” f(x, y)dxdyzﬂ f(x, y)dxdy+” f (x,y)dxdyzj' +‘|'4f(x,y)dy x+.|l'{l+jy2 f(x,y)dx}iy

R 1 —1| —1-y?



In some cases, one order of integration may be easier than the other.

Example 6

Consider an integrable function f (X, y) , which is defined on a region of xy - plane shown as follows:

yA
1_.
y=x2 =.x+2
S
0 l >
1 2 x
y=0

We observe that J.J. X, y )dxdy = j

N

J i
Lff(x,y)dxdyzﬂlf(x,y)d }i ju f(xy dy}i

2-y
X,Y) dx}y looks like easier than

Example 7 (Optional)

3 if0<x<y<l

2

y
Let f(xy)= _t if0<y<x<1

2

X
0 otherwise

Show that the double integral ” f(x,y)dxdy ,where Q=[0,1]x[0,1] can not exist by pointing out
Q

jﬁ f(x y)dy}dx # j“ f(x, y)dx}dy .

oLO oLO
Solution:

I e e S e e

0

[

o

M1 T 1[y Ly g L 1
jf(x,y)dx dy:J- jf (xy dx+J. (xy dx}dy J.[J-—zdx—j?dx}iy:'[ldx:L
0 0 0\ 0 y

O Ly

L i | 0 y 0
Hence,
11 B 11
_[ _[f(x y)dy dx;tJ‘ jf(x y)dx}dy
oLo B 0LO



As the two iterated integrals exist but are unequal, the double integral ﬂ f (X, y)dxdy cannot exist over
Q

Q=[0,1]x[0,1].

Example 8

Change the order of the integration in

O ey
X.—'§|

|

The line y = x and the parabola y =+/x cutat (0,0) and (1,1). The domain of integration is the area

f(x, y)dy}dx.

Solution:

bounded by y=xand y=+/X (thesameas x=y?).

1] X 1|y
So J.{J.f(xy dy}dx J{J‘f (x,y) dx}dy

0] x

Example 9
[y
Change the order of the integration inj.{j (X, y dx}
oL-y
Solution:
Let R be the region of integration R 1is given by the inequalities —y < X<y and 0<y<1.
Therefore, R is bounded by y=xand y=-Xx betweeny =0, y=1.
To find limits for integration in the reverse order, we imagine a vertical line passing from bottom to the
top through the region. From Xx=-1 to X=0,itentersat y=—x and leavesat y=1. Then from
X=0 to x=1,itentersat y=x andleavesat y=1.So
1y 1 1( 1
'[ '[ f(x y)dx dy= ” X, y)dxdy = J'U f(x, y)dy}dx+'[b‘ f(x, y)dy}dx
of -y -1 -x 0L x



2 Change of Variable in Double Integrals
b
For the definite integral | = I f (X) dx, we know that the change of variable X = X (u) produces

a

where x(a)=a, x(B)=b.

For the double integral | = H f (x,y)dxdy, the change of variable x =x(u,v), y=y(u,v) gives
S

a(x,y)
I :ISJ f[x(uv),y(uv)] 3(0w) dudv,
x o
where J = 6()(’ y) =det| QU OV | s called the Jacobian of the transformation. S is the region in the
o(u,v) y %
ou ov

uv-plane corresponding to the region S in the xy-plane injectively (one to one) and J must be of one sign
inS” .

In particular, when using polar coordinates, we have
X=1rcosé, y=rsing

For polar coordinates, the area of a small polar rectangle R is approximately rArAG, (Note 0 =A).

z [ N T

ox Ox
_ 0ty _ or 00 | _ cosf —rsinfy\ _ .
] = 300 det ay oy |~ det(sine r cos ) =r i.e. dxdy — rdrd@, where rdrdé
ar a6

corresponds to an element of area in the ré - plane.



Example 10
Find the moment of inertia of a hollow circular cylinder of inner radius a, outer radius b, height /# and

constant density p about the axis of the cylinder. The formula for the moment of inertia of the hollow

circular cylinder is given as Ml = J.J‘ ph (X2 +y? )dxdy .
S

Solution:
Using polar coordinates: X =rcosé, y=rsing.
Under X=rcoséd, y=rsiné, the hollow circular ring S of inner radius a, outer radius b is transformed

as a rectangle R in the ré - plane, which is bounded by =0, =27, r=a, r=b.
asr<b

The region of integration is now a rectangle R in the ré- plane, R: .
0<0<2n

J=r |J=r ie dxdy— rdrdd

MI :”ph(xz +y° Jdxdy :ﬂphr2|3|drde :”phrzrdrdé?
R R

el

r* (b 2 b* —a* a?+b?)(a? -b? M
:ph(Zaj[HO]:phZE 1 thﬂ'( )2( )=7(a2+b2)

, where mass=M = ,oh7z(b2 —az)

Example 11
y—X

Evaluate the integral Hemdxdy , where Q is bounded by x+y=2,x=0,y=0.
Q

(Hint: Use the change of variables u=y—x and v=Yy+X.)

Solution:
By using the change of variables u=y—Xx and vV=Yy+X and solving for x and y,
vV—Uu V+Uu

we find X = Y
2 2




Under the transformations u=y—x andv=Yy+X, thelines x+y=2,x=0,y=0 map onto the lines
v=2,u-v=0,u+v=0,respectively. Points inside Q are carried into points inside the triangular region
Tboundedby v=2,u—-v=0,u+v=0.

1 1
J:a(x'y):det 2 2|1 or J:('}(X,y): L 1 _1
o(u,v) 11 2 o(u,v)  9(uv) det -1 1) -2
2 2 o(xy) 11

y—X

Therefore, ”ey”dxdy ” eV

dudv— j[jevdu}v:—jv[e—%}j :e—%.

Example 12

o0

By considering | 2= (J-e_xz dxj(.[e‘yz dyj , €valuate / = .[efxz dx .
0 0

0

Solution:

2 - ﬁe‘xzdxj( [e dy] - I(Te‘xzdxje‘yzdy - Ie-yz [Ie‘xzdx]dy - I@e-yze-xzdxjdy
[

L. e dx}dy is equivalent to integrating the function f(x,y)= ei(x ) over the first quadrant of
0

O 3 8

xy- plane.

yA

7

-

>

X

Under the transformations X = rcosé,y = rsin @, the first quadrant R of xy- plane is corresponding to the
region R, which is bounded by r=0,6=0,0= % in ré -plane. (We observe that under

X=rcosd,y=rsiné the quarter circlex* +y* =r’,X,y >0 to r =r, corresponds the line segment
r=r

in r@ -plane). So
0<@ P )

IN

z
2

0

=]Oﬁ T _Ue “axdy = _”e |3|drdg = ”e rdrd@ = Iierzrde r, where
0oLo0 0



=2
o(r,0)
And
oo%_rz T 2 wﬂ' _de ﬂ'w X Tyl 72-1OC
!!e rd@ r=}[5e rdri&:xrio!?e ?:de dx=——e OZ_Ze_“’

dx=2rdr

:_Z(i_lj:_ﬁ(o_l):ﬁ
4\ e” 4 4

Finally, we have 12 = [J.e‘XZ dxj[je_yz dyJ = % = Ie‘xz dx = \/% = %
0

0 0

3 Triple Integrals
Suppose that a scalar field f(X, y,z) is defined at all points (x;,Y,,z )within a region ¥ of three-

dimensional space. Divide V' into N subregions such that the ith subregion has volume 6V, =35 X5 Y,;0 2,
and contains a point (X, Y;,Z)-

Let P=1{5V, =6 x5 y;62:1<i <NI< JSN, 1<K <N, f,

IP|= max {5V, =5 x5 y,6 2 :1<i <N, 1< j<N, 1<k < N,}.

1<i<N,,
1<j<N,,
1<k<Nj

We define the triple integral of f (X, Y, z) over the region V' to be

N; N N

Iﬂ f(xy,z)dxdydz=_lim >>%" f(xi,yj,zk)gxigyjazk_

all &, &y, 0z, =0 i1 jol kel

As expected, we can evaluate triple integrals by iterated single integration.

Example 13 (Rectangular block)
The density of a rectangular blocks V" bounded by the planes x=1, x=2,y=0,y=3,2z=-1,2z=0 is

given by the scalar function p(X,Y,z)=x(y+1)—z. Find the mass of the block.
z

:
/ !
X a0 IS .

10



Solution:

Mass=m[x<y+1>—z]dmydz=TMI[X (y+1)- zldz}dy}dx TE[XWV‘Z—;}

0
dy}
1 1 1 -1

T+ eI o e (32 00 e (S0 225

1

Non-rectangular block:
Suppose that the solid 7 with piecewise smooth boundary is z-simple: Each line parallel to the z-axis

intersects 7'(if at all) in a single line segment. In effect, this means that 7' can be described by the inequalities

z,(x,y)<z<z,(x,y) with (X,y)eR,where R is the vertical projection of 7 onto the xy-plane (Figure

7,(x,y)
B). Then I”f(x y,z)dxdydz=H[ _[y f(x, y,z)dz}dxdy.
T R | z(xy)

Figure B

Similarly, we may integrate first with respect to either x or y if the space region 7 is either x-simple or y-

simple. Such situations appear in Figure C and Figure D, respectively.

Figure C Figure D

11



Examples 14
(a) Iff(x,y,z)=1, then I”ldxdydz = volume of the region V.
\Y

(b) If the scalar function p(X, Y, Z) gives the density at a point (X, Y, Z) of the region V, then
”J- p(x, Y, Z) dxdydz = mass of the region V.
\Y

(c) If the scalar function p(X, Y, Z) gives the charge density at a point (X, Y, Z) of the region V, then
”J- p(x, Y, Z) dxdydz = total charge within the region V.
\Y

Example 15
Evaluate ” I s dxdydz where V' is the region enclosed by the planes
(x+ y+22 +1)

x=0,y=0, z:O, X+y+z=1.

- y+z=1

1 /

X+z= z=1l-x-y
)
1 y
1 y=1-x

Solution:

The projection of V on xy-plane is o,, which is boundedby x=0,y =0,y =1-x.

ﬂ{ ! x+y+22+1) & 0 '!
1(1-x 1 1-x-vy L 1 1
=£ £[4(x+y+22+1)2} 0 dy}dxzﬂﬂ“(“y”)z4(3‘X_y)2]ddeX
1 l1-x ¢ -11 1 1
A(x+y+1) 4(3-x- y)} 0 dx:ﬂg_?4(x+1)+4(3—x)}dx
)|

1

!

B _x+log(x+1) log(3—x
|4 4 4

]
o
x
o
<
I
—
|
=
>
1
T
o'-—.>‘<
<
—~
>
+
<
+
N
N
+
[N
~—
o
N
| IS
o
<
I |
o

-1

12



Example 16

An iterated integral like J- [ I

0] -1

y
L _[ f X, Y, z)dz]dy]dx is called an iterated integral with order dzdydx .
0

y
With the aid of the following figure, change the order of the iterated integral j[ _[ [J‘ f(xy,z )dZ}dy]d
0

1

to an equivalent iterated integral with order dydzdx.

(0’ -

Solution:

If{ _\ Im y,2)dz ‘m}t [“ f(x,v, ~}d1d~}_ :.IJ‘ ﬂ f.f'{-r-.v-214v]r/:}tr

s

Example 17
Evaluate J-J. I 2xyzdxdydz where V is the region bounded by the parabolic cylinder z=2-— % x? and the
\

planes X=0, y=x and y=0, z=0.

Z A
’ 0/\[ z=2~—x"
2 /
\ V4

The region V'

\

T \(/y

e

[ 1

13



Solution:

Projecting V onto the xz-plane gives o,, which is bounded by z=2— % x*, x=0,z=0. Thus,

_m 2xyzdydxdz = H{J. 2xyzdy— dxdz = ”(xyzz) gdxdz = H x*zdxdz

Oy

0 Oy Oy

2

0

1 2
1 X} 2—-=x?
2 3,2 2__ 2 2 ( ]
x*zdz dx=J' Xz 5% dx = 2 )t
AN 0 3

o"_tNH—‘
O Ly
N

Alternatively, projecting V" onto the xy-plane gives o, which is bounded, y=0, y=x, x=2.Thus,

) _||.

dxdy = 1 2xvzdz @y [de = [l Xzt :_3_-_1?: dy =
i (o= o)

by 0 ] r

L
ﬂjlinzchdtmdz— H I 2xvzdz

5 1
. :.1:_'1-"|2——_‘|:

:” [2__TJ-:{1-‘£4{T:I - 22 J‘ dr:%ir.

(L

Example 18
Evaluate J.J.J. xyzdxdydz , where V is the region enclosed by x* + y*+z°=1and x>0,z>0,y>0 and
Vv

x=0,y=0,z=0
Solution:

The projection of ¥ onto xy-plane is o, which is bounded by x*+y®=1 where x>0, y>0 and

1y 12 (1 -y?
x=0,y=0.So .mxyzdxdydz = I j _[ Xyzdz |dxdy = _[ _[ j xyzdz |dy |dx
Oxy 0 0

Then

14



g [ (e T

Illustration

Find the volume V of the region R bounded by the parabolic cylinder z =4-x* and the planes
x=0,y=0,y=6,z=0.

Solution:

V_J-Jéj.ldxdydz_j.{

0

!

[4£2le}>’}>< =iﬁ(4—xz)d>'}dx =Jj(4—x2)y‘§dx :J:-(24—6x2)dx:32.

15



4 Change of Variable in Triple Integrals

If 1 :J'J.J‘ f (x,y,z)dxdydz, the change of variable x=x(u,v,w), y=(u,v,w), z=z(u,v,w), gives
\%

| = IVH f(x(u,v,w), y(u,v,w), Z(U'V’W))(ngj—m dudvdw ,
ou ov ow
where J = —6(x, .2) =det Y N N is the Jacobian of the transformation. V"~ is the region in
o(u,v,w) ou oV  ow
@ a a
ou ov ow

uvw-space corresponding to the region V in xyz-space injectively (one to one) and J must be of one sign in
V™.

The most popular alternative coordinate systems to Cartesian coordinates are cylindrical polar coordinates

and spherical polar coordinates.

Cylindrical Polar Coordinates:

CeP(r0,z)

. Q{-r1 _\" U‘)

X=rcosd, y=rsing, z=z, r>0, 0<0<27, —0<Z<®

r = constant —cylinder, @ =constant —plane, z =constant —plane

16



[
r
/
}
!
o=
k=

X —4—(\'
The volume of the cylindrical block is approximately rAZArAG . (Note 6 =A)
5 or 00 gz cosd —rsind 0
X, ¥, 2 . .
J:—( y ):det ¥ N ¥ =det| sin@ rcosd® O |=rcos’@+rsin’f=r

o(r,0,2) or 00 oz 0 0 1

a a a

or 00 oz

dxdydz — rdrd@dz ,

where rdrd@dz corresponds to an element of volume in cylindrical polar coordinates.

Example 19
Find the volume V between the surfaces X°+y* =2, z=x"+y*+2 and the plane z=0.

z=x"+y*+2 parabolic bowl

<« x*+y*=2  cylinder

¥y

17



Solution:
Cartesian coordinates:

We observe that the projection of ¥ onto xy-plane is x> +y* <2. So

[y ”[ i ﬁldszx ay- H JI— {xafﬂldzldy}x

Cylindrical polar coordinates:
Under the cylindrical transformations X =rcosé, y=rsing, z=z,the volume V is transformed into

the solid V*: 0<@<2z, 0<r<+2, 0<z<x’+y*+2 in rfz- space. The projection of V* onto
ré - planeis 0<6 <2r, 0<r<+/2.Thus

(o fesoc= ] (Tofino- [ o= i

0<0<27, 0sr<2 0 0

N
= j 27r(r3+2r)dr =67
0

Example 20

Using cylindrical polar coordinates, evaluate _UI(XZ + yz)dxdydz , where V is the solid enclosed by
\

X*+y*=22,2=2

Solution:

Under the cylindrical transformation X =rcosé, y =rsiné, z = z, the solid V is transformed into V" :
X2 +y°

2
0<@<2r, 0<r<2, _r
2 2

<z<2.The projection of V" onto ré - plane is

_m(szryz)dxdydz:H r’rdrd 9dz = H jr"’dz drd6 = j j Ir rdz |do dr
\% V' 0<0<2rx, 0<r<2 L r

2 2

g B O R G e

18



Spherical Polar Coordinates:

(&

Pip g, &)

|

1

|

I

I

i

. - |
; o

X = psingcosd, y=psingsing, z=pcosy, p=>0, 0<p<xz, 0<O<2r

In particular: p = constant —sphere, ¢ =constant—cone, & =constant —plane

(2]

¥y A =y singy AB

1
]
I
1
1
i
i
]
I
!
|
1
]
AQ .
I
|

=2 Sin gy 1

r A8 = p, sin d; AB

The volume of the spherical block is approximately p°Sin gApAGAG .

op 04 20 singcosd pcosgcosd —psingsind
J:M:det Y ¥ ¥ =det| singsind pcosgsind  psingcosd |=p°sing
o(r.4.9) d 09 00 oS ¢ —psing 0
oL oL oz
op o9 a0

dxdydz — p?singd pd¢d @

p°singdrd¢dé corresponds to an element of volume in spherical polar coordinates.

19



Example 21
Find an equation for the sphere x*+y? +(z —1)2 =1 in spherical coordinate.
Solution:

2 . . . 2
xX*+y?+(z-1) =1 = p’sin®gcos’ @+ p’sin’ gsin® 6 +(pcosg—1) =1
X=psin¢cosé
y=psingsind
7=pC0S¢p

= p’sin® g+ p?cos’ p—2pCcos¢p=0= p*> =2pCOS¢P = p =2C0S¢

Example 22

Find the volume of the “ice cream cone” D cut from the solid sphere p <1 by the cone ¢ = % .

Solution:

The volume is V =J.”pzsin #d pdgd@ .
D

To find the limits of integration for evaluating the integral, we take the following steps.

Step 1: A sketch.
We sketch D and its projection R on the xy-plane (Figure A).

Step 2: The p—limits of integration.
We draw a ray M from the origin through D making an angle ¢ with the positive z-axis. We also draw L,

the projection of M on the xy-plane, along with the angle @ that L makes with the positive
x-axis. Ray MentersDat p=0 andleavesat p=1.

Step 3: The ¢ -limits of integration.

The cone ¢ =% makes an angle of % with the positive z-axis. For any given &, the angle ¢ canrun

from ¢=0to ¢:%.

20



Step 4: The @ -limits of integration.
The ray L sweeps over Ras 6 runsfromOto 2.

The volume is

Vv =mpzsin¢dpd¢de=2f TUpzsin(ﬁdp]Mﬁ dG:T f[p3§”¢J‘;d¢ 4o

i

2| 3 = 27 z 27
:j Imd¢ 0= j(_ﬂj 3d6 = (_E_,_ljdg: 2 _*x
olo 3 3 0 3

Example 23
Sl /I

With the aid of the following, convert I I I 1dz |dy |dx to an integral using spherical
A e ey

coordinates with order déd pd¢ and then evaluate the obtained integral.

Solution:
1 i [

For J. I I 1dz |dy dx, the integration is done in the solid ¥ which is bound above by z=1 and
A i (xeey?

bound below by z =/x* +y?.

X = psingcoséd 0<O<2z

Under the spherical transformations <y = psingsind, V is transformed into V' {0<¢< %

Z=pcosg 0< p <sece

21



dg=

jlhj:{ xj:ry 1dz]dy dx:ﬂ I (Hp S'”¢\d9JdP} il:T¢[I;pZSin¢d0]dp:ld¢
[ Taansanpo- {252

sec¢ "|‘-27rsec ¢sm¢d¢ an sing
0 0

0 3 3

: 2yl z
—z—ﬂ.[cos“"*¢d(cos¢):—27”:0S ¢ 4 = ”2 4 == 1 _ 12 7l 1 7
39 -6 |, 3cos’d|, 3| 27 COS°O 31 1] 3
4 2
0
Example 24
In a sample model of the charge distribution around the positively charged (Q) nucleus of the hydrogen
- _2p
atom the charge density in the electron cloud at a distance p  from the atom is f ( p) = Q where
7T a

a is the Bohr radius. Determine the total charge in the electron cloud.
Solution:

Under the spherical transformation X = psingcoséd, Y= psingsind, z=pcosg, R*® is transformed
into V': 0<6<2x, 0<¢ <7z, 0<p<ow. The total charge ¢ is given by

2x%+y?+22

q= Lﬂ(;gg e dedydz - j j
o 2p , o Q
M J I, [ia

p singddd¢d p

sin gp’d (e_?ﬂdedqﬁ

0 0<0<27z, 0<g<rm

= J'.[ Q 2sin(/{pzea

0<6<27, 0<¢<m

I ZﬂQazsin¢(—zze‘?pdpjded¢= (I %sinqﬁﬁpd(e-?ﬂdedqj

0<6<27, 0<¢<m 0<0<27x, 0<¢<m
Q 22 o

= | —sin(/ﬁ{pez"" O—Ieipdp}jedqﬁ: I} —sm(z{z adp]d@dqﬁ

0<6<27, 0<¢<m 277 a 0<0<27x, 0<¢<m

- Renefe®

0<6<27, 0<¢<rz 4

Og]ded(é: J.J‘ —%S|n¢d6d¢=]:[_f§5m¢d9]d¢

0<0<27, 0<¢<m

_129Q, _ Qs = -
_l J-singdg =—=cosg| =-Q

Note: To evaluate p'e «

;:;{, , we apply I"Hopital's rule twice, 1.e.,

P 2P 2
‘ hm% lim ‘L‘ lim 0.
i i A — j‘ __,|'3' o

per p=i)
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