MA2001 Solutions Assignment for Chapter 3 Multiple Integrals
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1. Change the order of the integration in I{j f (X, y)dx}iyﬂ'{ j f(x, y)dx}dy.
0L 0 1
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Solution:
Let R be region of the integration. Observe thatR is bounded by x=0, x=2y, x=3-y.
X=2y y=1
=2y=3-y<y=1.And =>Xx=2.
X=3-Yy X=3-Yy

It follows that x =2y, x =3—y intercept at the point(2,1).

J'Dyf(x,y)dx}dy+ {J'yf(x,y)dx}dyzﬂf(x,y)dxdyzj rf(x,y)dy X.

2. Evaluate the following double integrals:

@ ﬂ xy dxdy , where S is the region bounded by the linesx =0, x=1,y =x?and y = 4.
S

(b) ﬂ x* dxdy , where S is the region bounded by y =2x and x> +y =8.

S

Sol:
(@)
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xy” |4 16x — X , x| 1 47
dxdy = dy dx=|—| .dx= dx=4x* - | =4—-— ="
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(b)
y =2X y =2X y =2X y =2X X=-4 X=2
5 9, o o S or
X“+y=8 X“+2x—-8=0 (x+4)(x-2)=0 X=-4o0rx=2 y=-8 y=4
2| 8- L, 8=x? ‘ 8x* x* x*| 2
x> dxdy = x2dy [dx = [ x? dx = | X*(8-x* —2x)Jdx =| — - = - =
e[| oo s 2[5,
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3 5 —128} =192-211.2+120=100.8

*3,  Evaluate _U xy dxdy where S is the region enclosed by the 4 parabolas y* =x, y*> =2x, x> =y,
S

2

2
x* = 2y using the change of variable u= X v=X.
y

X
Sol:



2 2
Under the transformations u="— V= ¥ , the boundaries y* =x goesto v=1,

y X
y?=2xtov=2,x*=y tou=1and x* =2y to u=2.And the region S in x-y plane which are enclosed
by the 4 parabolas y? = x, y? =2x, x? =y, x? =2y goes to the region S in u-v plane which are enclosed

by the linesu=Lu=2,v=1v=2

o(X,y) 1 1 1 1
Tomv) A T (a2 y?) 3
o(x,y) det gx gé det 3),(2 2);2
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4. Evaluate E,= ToZ ! " dxdy where S is the disc x* +y? <a®, which represents
4705 (X2 +y? +17%)2

the z-component of the electric field at the point (0, 0, z) due to a uniformly charged circular disc
lying in x* +y*<a®,z=0.

Sol:

x* +y? =r?,dxdy = rdrdé

al 2x
EZ_4aoz 1 _ dxdy = 0,2 rdo _dr
TES (%24 y? +z)2 TE0D| 0 (p2 4 52)2
_2mopzf rdr oz -1 @ oy 1

3 1 1
47 0 g (r? + 2%)? 2 0 (r? + 2%)? 0 °| (@% +2%)? [

*5. Let R be the region bounded by x+y=1,x=0,y=0. Show that

Hcos( ydedy sinl , using the substitution x-y=u,x+y=v.
X+Yy

Sol:
X+y=1->v=1x=0—->u+v=0,y=0—>u-v=0

X_u+v Q Q

X=y=u 2 Jacobian= (U V| =1/2
cry—v T _veu o
2 ou ov



.[ Cos( )): ; zj dxdy= ﬂ %cos(%) dudv = E ﬂ%cos(%)dudv = L;l
R it

*6. Evaluate _Uexy dxdy where S is the region enclosed by xy =1, xy=2, y=Xx, y=4x using the
S

change of variable xy =u ,X =V.
X

Sol:

Under the transformations xy = u ,X =V,
X

Xxy=1goestou=1, xy=2 goestou=2, y=xgoestov=1, y=4x goesto v=4.

The region S in x-y plane which is enclosed by xy =1, xy =2, y =X, Yy =4x consists of two parts, say
S, &S, ,thatis,S =S, US,. S, is in the first quadrant of xy-plane and S, in the third quadrant. Under the

y

transformations xy =u ,~=v, both S, & S, go to the region S inu-v plane which is enclosed by the lines
X

u=lu=2,v=1lv=4

_axy) 1 1 ~ 1 1 1
o(u,v)  o(u,v) ou  ov y ~ Y] Yy 2v
o(x,y) X OX x> | x X
det ‘iu @ det ) 1
oy oy X

J‘J‘eXy ds = ije

—|dudv = ZIDe —dv du= J%(e Inv} du_j(ln4)e du_(e —e)ln4

*7. Use the change of variables x+y=u,x—y =vto evaluate J'J' e dxdy .
[x]+y|<t
Sol:
X +|y| < Lis equivalent to the region bounded by x+y=1-x—-y=1-x+y=1x—-y=1.
Under the transformations: X+y=u,Xx—y=v,
x+y=1goesto u=1,—x—y=1goesto u=-1, —x+y=1goesto v=—land x—y =1 goes to
v=1.

The Jacobian J = oy 1 1 -1
o(u,v) a(u V) de 1 1 2
o(x,y) 1 -1
So
[[e"dxdy = [[e"|9]dudv = I[J'—dv}du = I—‘ du = ;Jl'(e e'Hu=e—e*
X+ <1 —1<x<1 1 -1
—1<y<1
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8. Aniterated integral like I J. { I f(x,Y, z)dszy dx is called an iterated integral with order dzdydx .
of O
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1| 2 [1-x-2y
Change the order of the iterated integral I J' ( I f(x,y,z)dszy dx to an equivalent iterated
0

integral with order dxdzdy .
Solution:
Suppose we evaluate the triple integral of the function f (x,y,z) inasolid V.

Let the projection of V onto x-y plane is o, .
o, isthe set {(x y):0<x<1 0<y< 1_7)(} , Which is the triangle enclosed by x=0, y=0, y = 1_7)( .

V is the set {(x y,2):0<x<1 0< ysl_TX,Os z sl—x—Zy},which is the solid enclosed by

x=0,y=0,2z=0, z=1-x-2y.
Now, suppose the projection of V onto y-z plane is o, . Let x=0, z :1—x—2y:%2 =1-2y . Therefore,
o,, isthe set {(y,z):os ys%, OSZsl—Zy}.

V can also be described as the set <(x,y,z):0< ys%, 0<z<1-2y, ngsl—Zy—z}.

r_fy[l_z.[y_z f(xy, z)dx}iz}dy

9. LetV be the region in the first octant, where x,y,z >0 bounded by x* + y* =1,

f—/%\

j_ Jg{l—xj:zy f(xy, Z)dZde dx =

O ey [

0 0

x=0,y=0, z=0, z=1. Using cylindrical polar coordinate, compute m xydxdydz .
\

Solution:
2 2

<
The projection of V on xy-plane is {X ys 1. Then
X,y =0

a Vi

o > T
.mxydxdydz:j T[j‘r%osesinedzjde r:j Tr"’cos&sin@d@ r:j[gsinzej 2d6
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10. (Optional) In a sample model of the charge distribution around the positively charged (Q) nucleus of the

hydrogen
_Q 23{x2+y2+22

e a

atom the charge density at the point (X, y,z) in the electron cloud is f(x,y,z) = =

where a is the Bohr radius. Determine the total charge in the electron cloud.
Solution:

X = psingcosé 0<60<2r
Under the transformations < y = psingsin@ , R® is transformed into V': {0<¢<7 .

Z=pCos¢ 0<p<w

_o 2y _
q:jijiﬂgae a dedydz=_[vj‘ ”23
= U ﬂ_a3 e’%ppz sin ¢dp]d odg= [ ﬁ zfaz sin gp’d [ezpﬂd 6dg

_2p
p’singdddgd p

0<0<27, 0<g<r \ O 0<0<27, 0<g<r| O

M e et
= J'J' Q sin¢(—T2ezappdde‘9d¢= ” &Simjﬁpd [ei‘pﬂded¢
0<0<2rx, 0<¢<rm 272- a2 0<0<2r, 0<¢<m 272. a
Q —S|n¢[ Te adp]d@d;/ﬁ

- J'J' 2—sm¢(pe a
oo}ied¢= (I ~Q Gingdodg
0 0<0<2r7, 0<p<m 47[

0<0<27z, O<¢<m 7T a

Te adp]d@dgzﬁ—

0<0<27, O<¢<m

- I e

0<0<27z, 0O<¢<m 47[

b d 27[_ T ) _ T
={| | “Lsingdo g = I—QS|n¢d¢ - Reosgl =
o\ o 4r 0 2 2 0
2r 2
Note: To evaluate p’e @ |, differentiate with respect to p twice the top and the bottom of 2
e a
2r 2
o 1 .2 : 2
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a 7e a 72e a
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X*+y +(z-1)°=1
z>1

11. (Optional) Let V be the region enclosed by both the surfaces: { and x* +y% =1z°.

Using spherical polar coordinate, compute m zdxdydz .
\Y

Solution:

X +y*+(z-1)°=1

with center at (0,0,1)
z>1

We integrate over the solid enclosed by the upper hemisphere {

and radius 1 and by the cone x*+y *=z7° .
See the figure below.

T

4 ( 2cosp[ 2x % 2c0s¢
.mzdxdydz:J'[ I .[(pCOS¢)(pZSin¢)d0}dde¢=j( '[ 27rp3sin¢cos¢dp]d¢

o\l o Lo 0

ﬂ' 2cos¢
[ 5 sm¢cos¢J 0 d¢ =
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-End-



