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Root Finding

e The root of the function f(x) is the value of x that f(x) = 0.

* In many engineering problems, we need to find the roots of certain
functions.

* The procedure of finding the roots of a function is called root finding.

* Two important applications of root finding are the eigenvalue problem
and optimization.

M EE2108 Week 10: Root Finding 2
ﬁﬁﬁﬁﬁﬁ

City University of Hong Kong



Root Finding

* We have formulas for computing the roots of quadratic functions.

-b+V b? - 4ac
2a

ax’+bx+c=0
* For complex functions, we do not have formulas for computing their
roots.
fOx)=x10+x° —x8—x"+x-1

* We can find the roots of complex functions using numerical algorithms.
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Root Finding: Eigenvalue Problem

How to compute eigenvalues of A? A Ap - Ay,

* Stepl: Form the matrix A — Al (1 is a variable!)

* [ is an n-by-n diagonal matrix with all entries equal to one.
[ is called an identity matrix.

A — A A A1z . A 7
A21 A22 —A A23 cee A2n /1 °ee O
AI = |- . .
— A31 A32 A33 — A ... Agn . :
A - AI - / O coe /1
Al A, Aps AR Diagonal matrix with all

- - diagonal elements equal to 4
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Root Finding: Eigenvalue Problem

» Step2: Find the characteristic polynomial of A

Determinant of A — Al Characteristic polynomial of A
(A — A A Aqs . Ay
Aoy Agg — A A3 . Aoy,
A— 2] = Az Azs Az — A ... Az,
Anl An? AnS R Ann — A
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Root Finding: Eigenvalue Problem

3. Find the roots of the characteristic polynomial.

610—|—611)L-|-612)L2—|—---—|—61n)kn=0

This equation has n solutions:
Ay e, Ay

Eigenvalues are the roots of the characteristic polynomial.

A A - Ay
Agr Az -+ Ay
_Anl AnZ T Ann_
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Root Finding: Eigenvalue Problem

* Suppose that you need to find the eigenvalues of a 2-by-2 matrix.

* The characteristic polynomial is

dettA—Al) =(a—A)(d—-1)—b [G b}
e = a C A: C d
* The characteristic polynomial is quadratic in this case.

* We can easily find its roots.
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Root Finding: Eigenvalue Problem

Suppose that you need to find eigenvalues of a 10-by-10 matrix.

The characteristic polynomial might be of order 10.

* There are no formulas for computing roots in this case.

In this case, we need efficient numerical algorithms for root finding.

(A A - A
Ay Axp -+ Ay
S o Ao +aih+a)>+---+a, " =0
_Anl AnZ Ann_
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Root Finding: Optimization Problem

* In many engineering problems, we need to find the maximum or
minimum of a function.

* The (global) maximum is a point that f (x) takes its largest value.
* The (global) minimum is a point that f(x) takes its smallest value.
e The minimum and maximum of f (x) are the solutions of f'(x) = 0.

y
To find them, we need to find A

Global
the roots of f'(x). Maximum
Local \\
Maximum

N\

*— Local Minimum

P X
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Root Finding: Optimization Problem

* Suppose that you need to find the minimum of f(x) = (x)?

 To find it, we find the roots of f'(x).

f'(x) =2(x)

 So, the minimum is O.

* In this case, it is easy to find the root of 2x=0.
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Root Finding: Optimization Problem

e Suppose that you need to find the minimum of
fOx)=x104+x° —x8—x"+x—-1
 To find it, we find the roots of f'(x).

f'(x) =10x° +9x8 —8x7 —7x® + 1

* There are no formulas for computing roots in this case.
* In this case, we need efficient numerical algorithms for finding roots.

* This week, we will learn numerical algorithms for finding the roots of a
function.
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Roots of a Polynomial
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Root Finding

A function may have no (real) roots.

A function may have 1,2,3, or even more roots.

fx) 4 f(x) 4

root

f(x) 4 f(x) 4
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Root Finding

* Consider the following polynomial of degree n
fi(x) =ay + ax + ax” + -+ a,x"
 Ithasnroots.
* The roots might be real or complex numbers.
 Ifnisodd, it has atleast one real root.
* The roots are not necessarily distinct.

 The polynomial (x — 2)? has a repeated root at x = 2.
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Bisection Method
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Bisection Method

Consider the function f (x) in the figure below.
Observe that f(x) changes sign on opposite sides of its roots.

This is valid for certain roots.

f(x) 4

If 'Iu
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Bisection Method

* Suppose that f(x) is continuous on the interval from x; to x,, (|x;, x,]).
* Also, f(x;) and f (x,) have opposite signs, i.e., f(x;)f(x,) <0

* Then, there is at least one real root between x; and x,,.

f4 |
I I

I I

o) - |
I

I

I

Floa)|- - - X
IJ’ 'Iu
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Bisection Method

* The value of f(x) at x; is positive.
* The value of f(x) at x,, is negeative.

* Toreach from f(x;) to f(x,), the function must intersect the x-axis at
least once.

fo4 |
I I
I I
o) f-- |
I
I
I
(ENIEE x
IJ’ Iu
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Bisection Method

In the bisection method, we start with an interval [x;, x,,].
x; is the left endpoint of the interval.

X, is the right endpoint of the interval.

f(x;) and f (x,) must have opposite signs.

So, there is at least one root in [x;, x,,|.
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Bisection Method

Step 1:

* Find the mid-point of the interval [x;, x,,] (x, =

* We obtain two subintervals [x;, x,-| and [x,, x,,].
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Bisection Method

* We obtain two subintervals [x;, x,-| and [x,, x,,].

* In the next step, we find the root is in which subinterval.

f(x) 4
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Bisection Method

Step 2:
« If f(x;) and f(x,-) have opposite signs, form a new interval as follows.
* The left endpoint of the new interval is x;.

* The right endpoint of the new interval is x,. (set x,<x,).

current interval

X Xy Xu
I
: I
! } .
new interval
Xl .X'u
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Bisection Method

Step 2:

If f(x,) and f (x,) have opposite signs, form a new interval as follows.
The right endpoint of the new interval is x,,.

The left endpoint of the new interval is x,. (set x;<x,.).

current interval

X Xy Xu
I |
I |
} V
new interval
X1 Xu
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Bisection Method

Step 3:

* Ifyou are in the first iteration (k = 1), skip the calculations below and
go to Step 1.

* Ifnot, compute the approximate percentage of relative error using the

following formula
new __ _old
r r

new
X r

100%

E, —

* x7*%is the midpoint in the current iteration.

«  x°'4is the midpoint in the last iteration.

* Stop when ¢, < €, otherwise go to Step 1.
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Bisection Method

* Each time that we apply the bisection method, the size of the interval
reduces.

* The last generated X, is the estimate of the root of f (x).

Step 1: Choose lower x; and upper x, guesses for the root such that the function changes sign
over the interval. This can be checked by ensuring that f(x)f(x,) < O.
Step 2: An estimate of the root x, is determined by

X+ X,

2

Step 3: Make the following evaluations to defermine in which subinterval the root lies:
(a) If f{x)fix) < O, the root lies in the lower subinterval. Therefore, set x, = x, and return
fo step 2.

(b) It f(x)f(x) > O, the root lies in the upper subinterval. Therefore, set x; = x, and refurn
o step 2.

X, =
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Example

06
04-
02

02
043
06
08

0.8
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Example

 Use the bisection method to find the root of the function

f(X) — ' (1 _ e—0.146843x) — 40

Continue the iterations until the relative error is less than 0.5%. Start with
the interval [12,16].
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Example

* The signs of function at the endpoints of the interval [12,16] are
different.

s T ) B W B M W 1 1
15 T T T T T T T T T

10F . ]

10 11 12 13 14 15 16 17 18 19 20
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Example

 Firstiteration

x| X, X, flx)  fQx) fCew)

12 14 16 6.1139 1.6111 -2.2303
current interval < >
new interval

* Second iteration

f(xl) f(xr) f(xu)

x| X, X,

16111 -0.3845  -2.2303
14 15 16
£q (%) new _
current interval « > - Xy =15
: : xM =14
) 6H.667
new interval
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Example

e Third iteration

x| X, X, flx)  fQx) fCew)
1.6111 05936  -0.3845
| 4 14.5 15
: | ) ‘ Ea (%)
current interva ¢ > 7 XMW — 145
< > 3.448 X,qld _ 15
new interval

e Fourth iteration

f(xl) f(xr) f(xu)

X| X, Xy
— — - 05936 00998  -0.3845
14.5 14.75 15
- (% new _
current interval < . £ (%) xrold 14.75
e b 1.695 Xy~ = 14.5
new interval

M EE2108 Week 10: Root Finding
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Example

* Fifth iteration

x| X, X, flx)  fQx) fCew)
_ 0.0998 -0.1435  -0.3845
. | 14.75 14.8/5 15 e (%)
current interva < > - new _
4 ‘ 0840 Xr . = 14.875
‘ g x2'% = 14.75
new interval
e Sixth iteration
f(xl) f(xr) f(xu)
X x,
0.0998 -00222  -0.1435
14./75 14.8125 14875
- (% new —
current interval < > £ (%) Old 14.8125
« R 04727 = 14.875
new interval

M EE2108
sasnse

rsity of Hong
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Example

« We stop after 6 iterations.

* The estimate of the rootis 14.8125.

Iteration x| X, x, f(x;) f(xu) f(x;) £q (%)
12 16 14 6.1139 -2.2303 1.6111

9 14 16 15 1.6111 -2.2303 -0.3845 6667

7 14 15 14 5 1.6111 -0.3845 0.5936 7 A48

4 14.5 15 14.75 0.5936 -0.3845 0.0998 1.695

5 14.75 15 14.875 0.0998 -0.3845 -0.1435 0.840

6 14.75 14.875 148125 0.0998 -0.1435 -0.0222 0.422
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False-position Method
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False-Position Method

* Bisection method is a brute-force approach

* In dividing the intervals, no account is taken of the magnitudes of f (x;)
and f(x,) .

* For example, if f(x;) is much closer to zero than f (x,), it is likely that the

root is closer to x; than to x,.
fx) 4

f (-x;)
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False-Position Method

* In the false position method, f (x;) and f(x,) are joined by a straight line.
 The intersection of this line with the x-axis is selected as x,..

* The intersection can be calculated
using the formula £ |

fx)

=y — f(}:u)(—rf - Iu.)
T ) — f)
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False-Position Method

* The only difference between the bisection and the false-position methods
is in the way that x, is calculated.

* In the false-position method, x, is calculated using

- f(-xu)(-rf o IM)
f(-ri) o f(-)‘:u)

* In the bisection method, x, is calculated using x,. = xl;xu.
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False-Position Method

Step 1:

| L J(x) (g — x,)
 Find x, T () — f(x)

* We obtain two subintervals [x;, x,-| and [x,, x,,].

flx) 4

flx)

ff-’cg) >

M EE2108 Week 10: Root Finding
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False-Position Method

Step 2:
« If f(x;) and f(x,-) have opposite signs, form a new interval as follows.
* The left endpoint of the new interval is x;.

* The right endpoint of the new interval is x,. (set x,<x,).

current interval

X Xy Xu
I
: I
' V .
new interval
Xl .Xu
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False-Position Method

Step 2:
« If f(x,) and f(x,-) have opposite signs, form a new interval as follows.
* The right endpoint of the new interval is x,,.

* The left endpoint of the new interval is x,. (set x;<x,.).

current interval

X Xy Xy
I I
| '
V )
new interval
X1 Xy
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False-Position Method

Step 3:

* Ifyou are in the first iteration (k = 1), skip the calculations below and
go to Step 1.

* Ifnot, compute the approximate percentage of relative error using the

following formula
new __ _old
r r

new
X r

100%

E, —

* x;%Yis the intersection in the current iteration.

« x%'9§s the intersection in the last iteration.

* Stop when ¢, < €, otherwise go to Step 1.
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False-Position Method

Step 1: Choose lower x; and upper x, guesses for the root such that the function changes sign
over the interval. This can be checked by ensuring that f(x)f(x,] < O.
Step 2: An estimate of the roof x, is defermined by

- f{-ru}(xf o xu)
Ja) = flx)
Step 3: Make the following evaluations to determine in which subinterval the root lies:

(a) If fix)f(x) < O, the root lies in the lower subinterval. Therefore, set x, = x. and return
fo step 2.

(b) I fix)f(x] > O, the root lies in the upper subinterval. Therefore, set x, = x, and return
to step 2.

Xp = Xy
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Example

 Compute the first two iterations of the false-position method for the
function

668.06
X

(1 _ 8—0.14684396) — 40

flx) =

Start with the interval [12,16].

M EE2108 Week 10: Root Finding
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Example

e Jteration 1:

=12 X)) = 6.1139 X, = x, — =
7 () fx) — f(x,)

X =
G =16 f(x,) = —2.2303
~2.2303(12 — 16)
X, =16 — = 14.9309
6.1139 — (—2.2303)
. 12 14.9309 16 Ja) = 6.1139

. f(x,) = —0.251
flx,) = —2.2303

current interval «—

new interval

* So,wesetx, = Xx,.

* The new interval becomes [12,14.9309].
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Example

e Jteration 2:

X = 12 f(‘l.!r} = 6.1139
Y= 149309  f(x,) = —0.2515
—0.2515(12 — 14.9309)

x, = 14.9309 — = 14.8151

6.1139 — (—0.2515)

12 148151  14.9309

—
»

current interval «—

nhew interval

* So,wesetx,;, = x,.

* The new interval becomes [12,14.8151].

T ,Y”

- f L{-ru}(-rf o -ru)
Jx) — fxy)

f(x;) = 6.1139
f(x,) = —0.02714

f(x,) = —0.2515

Week 10: Root Finding
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False-Position Method

* The false-position method generally finds the root faster than the
bisection method.

* Itrelies on the assumption that if the value of the function at an endpoint
is close to zero, the root is located close to that endpoint.
* This assumption may not be always true.
f(x) 4

flx,)
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False-Position Method

* Asiterations are proceeding, one of the endpoints (x; or x,) will tend to
stay fixed.

flx) 4
* This can lead to poor convergence.
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Multiple Roots

A function might have multiple roots at one point. Such a point is called
a multiple root.

The function below has 2 rootsatx = 1
)y =x—=3)x—1Hx—-1)

x = 1is called a multiple root (or a double root) of this function.

The function below has 3 rootsatx =1
J)y=x=3)x—-—DHx -1 —1)

x = 1is called a triple root of this function.
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Multiple Roots

e The function below has 4 rootsatx = 1

J) =@ =3)x— D= D — D — 1)

« x = liscalled a quadruple root of this function.

« A function has an even multiple root at x if it has an even number of
roots at x.

 Even multiple rootatx =1
J) =& =3)x - D@-DHkx—-DHx—-1)
J&x) =@ —=3)x— Dx—1)

M EE2108 Week 10: Root Finding
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Even Multiple Roots

* A function does not change signs at even multiple roots.

* For the bisection and false-position methods, f(x,) and f (x;) must have
opposite signs.

* Therefore, these methods cannot be used to find even multiple roots.

* We need to use other methods for finding them.

G 4
f(x) 'y f(x) A

4 — Double 4 — Quadruple
root root

fx)

@ EE2108 Week 10: Root Finding
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Newton-Raphson Method
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Newton-Raphson Method

* Newton-Raphson is an iterative method for finding roots.
* Suppose that we need to find the root of the function f(x).
* In this method, we start with an initial guess for the root (x,).

* At each iteration, the estimate of the root is updated based on last
estimate.

N Updated Updated Updated
Initial guess estimate estimate estimate

\ l l l
xo-x1 ‘xz "CB‘

[teration 1 Iteration 2  Iteration 3 Iteration 4

@ EE2108 Week 10: Root Finding
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Newton-Raphson Method

* To update the estimate of the root, at each iteration, we find the tangent
line to the function f (x) at the current estimate.

* The point where this tangent crosses the x-axis is the new estimate of

the root.
. J(x;)
(+1 — M
/ \ f’(xi)
New /
estimate Current
estimate

JF(x) 1

f (x;'}

3

Slope = f'(x,)

g ‘\\\\ Tangent

>f(x[-)—[]

New

estimate

@ EE2108
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I

I

I
‘ J
X

-
-

X
‘\\\\* Current

estimate
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Newton-Raphson Method

¥
t Newton-Iteration

Funktion
Tangente

M EE2108 Week 10: Root Finding
i



Newton-Raphson Method

1. k =0 (iteration counter).
2. X initial guess (initial estimate)

f(xXk)
f(xk)

3. Update the estimate using the equation xj,q = xj —

4., Compute the approximate percentage of the relative error

Xkt17 %k % 100%
Xk+1

€Er+1 =

5. Stop if €, is less than the desired error level €.
6. Otherwise, k < k + 1 and go to step 3.

* The last generated x;, is (the estimate of) the root of the function f(x).

M EE2108 Week 10: Root Finding
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Example

« Compute four iterations of the Newton-Raphson for the function f(x)
= e * — x.Use x, = 0 as the initial guess.

M EE2108 Week 10: Root Finding
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Example J(x:)
Xi+1 — X — Flx) —
* The first derivative of f(x) = e™ — x is Ai

fix) = —e ™ —1

* The estimate of the root is updated using the equation

e T X

—e N — ]

- — X1 = 0500000000 ¥y = xg — 1502
lteration1 xq = 0 1= 0. 1 0 F(xo)

___________ oSG
0.566311003 2 1 £ (xy)

Xiv1 = X; —

0.500000000

lteration2 X1

*********** f(x2)
lteration3 X2 = 0.566311003 ‘ X3 = 0567143165 X3 =X2— F70xy)

_ f(x3)
teration4 x5 = 0567143165 x, = 0.567143200  x, = x3 eN
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Example J(x:)

Xi+1 — Xi — f'(x-) _
l

* The first derivative of f(x) = e™ — x is
flx) = —e* =1

* The estimate of the root is updated using the equation

e N — X
Xjs] = Xj — —

'[ Co—e i — ]
i X Ef(ofo]
0 0 100
1 0.500000000 1.8
2 0.566311003 0.147
3 0.56/143165 0.0000220
4 0.56/143290 <1078
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Newton-Raphson Method

 The Newton-Raphson method only requires one initial guess (xg).
* The false-position and bisection methods require x; and x,, .

* The false-position and bisection methods require f (x; ) and f(x, ) to
have opposite signs.

* Newton-Raphson usually finds the root very fast.

fx) 4 f(x)4

4 — Double 4 — Quadruple
root root
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Newton-Raphson Method

* In certain cases, it may not find the root.
* For example, when there is an inflection point close to a root.

* The point x is an inflection point if f"'(x) = 0.

f(_x) 4

=y

M EE2108 Week 10: Root Finding
saumss

University of Hong Kong



Newton-Raphson Method

 The Newton-Raphson method tends to oscillate around the points where
f'(x) is close to zero.

* The only remedy is to have an initial guess that is “sufficiently” close to
the root.

f(x) A

qu
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Secant Method
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Secant Method

* Secantis an iterative method for finding roots.
* [tisvery similar to the Newton-Raphson method.
* In this method, we start with two initial guesses (xg, x_1).

e Ateach iteration, the estimate of the root is updated.

Updated Updated Updated
estimate estimate estimate

x_1, % NN X0, Xy X1, X2 M X2, X3 N

[teration 1 Iteration 2 [teration 3 [teration 4

Initial guesses

M EE2108 Week 10: Root Finding
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Secant Method

* A potential problem in implementing the Newton-Raphson method is the
evaluation of the derivative.

f ()

e T T )

* For certain functions, derivatives may be extremely difficult or
inconvenient to evaluate.

In the secant method, the derivative is estimated numerically.

In such cases, the derivative can be numerically estimated as follows

fQxx) — f(xk=-1)

Xk — Xk-1

M EE2108 Week 10: Root Finding 63
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Secant Method

* Consider the line that connects (xy, f(x;)) and (xy_1, f (Xx_1)).

* In the secant method, the intersection of this line with the x-axis is the
updated estimate of the root.

f()C) A
* Secant update rule

Flo)Gee—x—1) 1917777 Secant Update

Tl =k T o) — £ (re1)

|
|
|
: Current
__________________ lestimate

/

* X is the current estimate of fxip)
the root.

-
=Y

* Xj,_q is the estimate of the root
at the last iteration.

estimate Last estimate
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Secant Method

* The secant method needs to initial values x, and x_; to estimate the
derivative at x,.

* In the first iteration, the update rule becomes

v — _f(xo)(xo—x—1)
LY Fxo) = f(x1)

Last Current Update
estimate estimate estimate
S ewxe) j | |
k+1 — Ak
fxr) = f(xk=1) Xk-1~ X), - Xje 11
Iteration k
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Secant VS Newton-Raphson

* Consider the line that connects (xy, f(x;)) and (xy_1, f (Xx_1)).

* In the secant method, the intersection of this line with the x axis is the
updated estimate of root.

" f(xg) -0

f(x) 4 Fx) b Newton-Raphson
Secant Update Update
f(- f) _______________________
r Slope = f'(x;)
|
I
: )
i Current
A L lestimate

I
|
I

=Y

/
e 7N

Last estimate
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Secant Method

1. k =0 (iteration counter).

2. Xg,Xx_q :initial guesses

f (X)) (X—X1—1)

3. Update the estimate using the equation xj,1 = x}, —
P 5 HE k1 = e T )~ o)
4., Compute the approximate percentage of the relative error

Y+l — Xk X 100%

€k+1 =
Xk+1

5. Stop if €, is less than the desired error level €.
6. Otherwise, k < k + 1 and go to step 3.

* The last generated x, is the root of the function f (x).
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Example

Compute three iterations of the Secant method for the function f(x)
=e * —x.Usexy, =1 and x_; =0.
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Example

First iteration (k = 0)

X1 =
x-1 =0 flx-;) = 1.00000
xo=1  flxy) = —0.63212
—0.63212(0 — 1)
X =1- _ = 0.61270
| — (—0.63212)
Second iteration (k = 1)
Xy =
xo = 1 f(xo) = —0.63212

x; = 0.61270  f(x;) = —0.07081

—0.07081(1 — 0.61270)

v = 0.61270 —
"2 —0.63212 — (—0.07081)

f(xo)(xo—x_1)

0T F o) — F(xy)

‘. — f(x1) (%1 —%)
L () = f(x)

= 0.56384
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Example

 Third iteration (k = 2) f(x)(x,—x4)

BTN T ) — f ()

X, = 0.61270  f(x;) = —0.07081
X, = 0.56384  f(x,) = 0.00518

0.00518(0.61270 — 0.56384) |
X3 = 0.56384 — = 0.56717
—0.07081 — (—0.00518)
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END

See you next week ©!
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