MA3001 Semester B, 2018-19

Solution to Problem Set 1: First Order Ordinary Differential Equations
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An integrating factor is I(x) = eJsecxdx = pln(secx+tanx) — gacx 4 tan x.
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Therefore, the general solution of the differential equation is
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dx Multiplying by y~* dx
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An integrating factor is
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Therefore, the general solution is y = Ty
sin x

(e) Rewrite the differential equation as

d
x+y) T+ [(x+y)? +tany]d—3: =0

Let M(x,y) = (x+y)™t and N(x,y) = (x + y)"! + tany.
Since 3—1: =—(x+y)?= ‘;—: , the differential equation is exact.

Then there exists u(x, y) such that
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Integrating (1) w.r.t. x:

u(x,y) = f G+ y)Vdx = Inlx + vl + £()

Partially differentiate w.r.t. y:
u )4 f
gy - *ty )
Comparing with (2):
x+MNT+f ) =(+y) ' +tany
= f'(y) =tany

= f(y)=ftanydy=fmdy=—f L d(cosy) = —In|cos y|

cosy cosy
. u(x,y) = In|x + y| — In|cos y|.
Therefore, the general solution is
x+y
In|x + y| —In|cosy| =c = ln| =c
cosy
X+
= Y =k
cosy
where k is an arbitrary constant.
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Note that |_2 1 | =2-2=0.
Let v = 2x —y. Then Lo W 5, Dy B

o : _ dx . dx dx dx
The original differential equation becomes
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Therefore, the general solution is
2x—y+2In|2x —y|=3x+C
= —(x+vy)+In[2x —y)?] =

dy  x-2y

dx 2x-y-3

Note that |§ Y =-1-(sm=3%0
Let x=X+h, y=Y +Kk.

h—-2k =0
Choose h, k so that = ..=>h=2,k=1
2h—-k-3=0

The original differential equation becomes
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Y
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<« Homogeneous equation of degree 0

Let Y =vX, then g—l—v XS—; The differential equation becomes
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= ... > —%In‘v —4v+4=|n|X|+InCl
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Substitute v=Y =X = Y=L ang x =x-2,
X—h x-=2
the general solution is [(y—;j _4(y ;}1} (x-2)% =
X —

or (y-D%-4(y-1(x—2)+(x-2)% =

(x2 +1)% +4xy =x with y(2) =1  « Separable equation / First order linear ODE
X
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= .= Zln|4y—]]:—zln(x +1)+ InC,

c,t

= . =>4y-1=——
(x% +1)°

The general solutionis y = 1+% where C = ——
(x<+1)

With initial condition y(2)=1 = ... = C =7745
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The particular solutionis y = 1 r——
4(x° +1)
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(b) (x— 2)% —-y=(xX—- 2)3 with y(4) =10 « First order linear ODE
X

dx x-2
I;ldx 1
Integrating factor: 1(x) =e” X2 ==
X_
Then we have i[L}=x—2
dx| x—2
2
= Y [x-2 ==X ¢
X—2 2
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The general solution is y = % +C(x—-2)

With initial condition y(4)=10 = ... = C=3.
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The particular solutionis y = % +3(x—2)
© xy% =2(x% +y?) with y(2) =-1
X

dy 203 +y?) 2[“@1

<« Homogeneous equation of degree 0

=
dx Xy y
)

Let y =vx, then ﬂ :v+xﬂ.
dx dx

The original differential equation becomes
LV _ 20+ v?)

<« Separable equation

dx Vv
\Y; 1
= .= J.2+v2 dv=I;dx

= .= %In(2+v2)=ln|x|+InC1

= ... = 2+v2 =Cx?, where C:C12

2
The general solution is 2+(X) =Cx? = y2 =Cx4 —2x?
X
With initial condition y(2)=-1 = C :%

The particular solution is y2 = %x“ —2x°



If the differential equation is exact, we have
0 2 N 0 3 3 .
E(CX ye' +2cosy) = 6_x(x e’y +x%’ +Kxsiny)

K=-2

= Cx’e” + Cx’ye” —2siny = 3x’e’y + 3x%’ + Ksiny = {C 3

Our equation is:

(3x*ye” +2cos y)dx +(x%’y + x°e” —2xsin y)dy =0
a—u:3x2yey +2cosy

OX

=u(x,y)=x’ye’ +2xcosy+ f (y)
8u_X3ey 3.7 oy
—= y+x’e’ —2xsiny

oy
= X%’y +x%’ —2xsiny = %u =x%” +x’ye’ —2xsiny+ f'(y)= f'(y)=0= f (y)=D
Choose D =0, then u(x,y)=x’ye’ +2xcosy.
So the general solution to (3x*ye” +2cos y)dx +(x’e’y + x’’ —2xsiny)dy =0 is:
u(x,y)=xye’ +2xcosy =K,

where K is an arbitrary constant.

By Kirchhoff’s laws,
Potential drop across L + Potential drop across R + Potential drop across E = 0,

that is, 5d—|+10I +(-E)=0 or d—|+2I :E.
dt dt 5

(@ E=40,then % +21 =8. An integrating factor is u(t) = eI2dt =e”.
e’l = I8e2tdt =4e” +c,. With the initial condition 1 (0)=0, we have ¢, =—4.

a|=4—é;:4@—e“)

(b) E =20e™, then % +21 =4e™. An integrating factor is u(t) = el™ _ et
el = j 4e*edt =4 I e'dt=—4e" +c,.
With the initial condition 1(0)=0, we have ¢, =4.

-~ :_4eSt+%=4(62t_e3t)

(c) E=50sin5t, then %+2I =10sin5t . An integrating factor is u(t) —el™ _e,

e?'| = 1OJ. e?' sin 5tdt = 10(

using integration by parts

2e*sin5t  5e? cos5t
- +c |.
29 29

With the initial condition 1(0)=0, 0:—5—0+1Oc1 ===
29 29

_20sin5¢  50cos5t n 50e 2t
29 29 29
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From Z—? =-1A, J'd% = I—ﬂldt ,then InA =-At+c, = A =e™"
With the initial condition A (0)=C, we get A (0)=C =e".

o A =Ce™.

Put A =Ce™ into dd;Atz =LA - LA, , we have Z—'At‘?+ﬂ?A2 =CAe™

An integrating factor is eJ et

So et2t A, = CAy [ e Mt gt = %e(/lz—/h)t + ¢
27 M

With the initial condition A,(0)=0, we get A, (0)= @Cﬂl +c,=0=¢ =

w A=A (e —e™).

A=A
Put A, =%(e”1t —e’ﬂzt) into %—?:%AZ , we have
A, _ %(e‘“ _ e“?t)
dt A4, -4
= A= %(Je‘“dt—je“ﬂdt) = %{—%e‘“ +%e‘*ﬂ‘}+cl

With the initial condition A;(0)=0, we have 0= A,(0)= Cﬂi—ﬂ?(—i+ =

Y
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(b) An integrating factor is e’ =e =e = x°. Then

d(x3z 3
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dx X X dx 3
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-End-
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