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Topic Covered

e Two representations of coordinate systems: Cartesian coordinates [(x, y)-
coordinates] and Polar coordinates [(7, 8)-coordinates].

® Conic Sections: Circle, Ellipse, Parabola and Hyperbola.

e Classify the conic section in 2-D plane
v’ General equation of conic section
v' Identify the conic section in 2-D plane
- Useful technique: Rotation of Axes
- General results
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Representations of coordinate systems in 2-D

There are two different types of coordinate systems used in locating the
position of a point in 2-D.

First representation: Cartesian coordinates

We describe the position of a given point by considering the (directed) distance
between the point and x-axis and the distance between the point and y-axis.

y
A P = (a,b)
-0
b
O .
0 > X

Here, a is called “x-coordinate” of P and b is called “y-coordinate” of P.
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P, = (x2,¥2)

Py = (x1,¥1)
Given two points P; = (x4,y;1) and P, = (x5, y5), we learned that

e the distance between P; and P,: P, P, = +/(x; — %)% + (v, — y1)2,
e the slope of line segment joining P; and P,:

Slope = m = u,
X2 — X1
e the equation of the straight line P; P,:
Y= _ m = Y27 (Point — slope form),
X — Xq Xy — Xq

® The equation can be expressed in the following form:
y =mx +c (slope — intercept form)
where m and c are the slope and y-intercept respectively.
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Example 1

Find the equation of straight line L which satisfies each of the following
conditions:

(a) Passing through P = (3,4) and Q = (1,—1)
(b) Perpendicular to theline L1:3x — 2y + 5 = 0 and cuts the x-axis at

(5,0).
©Solution:
(a) The slope of PQ = _11__34 = g The equation of PQ is then given by

y_4—5:>2( 4)=5(x—-3)=>5x—2y—7=0
x_3—2 y = X X y = V.

(b) IDEA: In order to find the equation of L, we have to find the slope of L.

Since L and L are perpendicular, then we can obtain this by firsting
finding the slope of L;.
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To obtain the slope of L, one has to express the equation of L; in the
slope-intercept form:

3 5
3x—2y+5=O:2y=3x+5:y=§x+§.

We get the slope of Ly ismy = %

Since the line L and L, are perpendicular, we have

m><m1=—1:,~§m=—1:>m=—§.

(Here, m is the slope of L)

Then the equation of L is found to be

y-0_ 2 4 2(x —5)=>2x+3y—10=10
X—S_ 3 Yy = X X y = VU.
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Second coordinates: Polar coordinates

Alternatively, one can describe the position of a point by considering the
distance between the point P and the origin (r) and the (directed) angle

between OP and the positive x-axis (8).
Note:

Y 6 > 0: anti-clockwise direction

0 < 0: clockwise direction

P=(r,0)or(ab)

X6 > x

0 a
The relations between Polar (7, 8) and Cartesian (x, y) Coordinates are given

by

X =71cosé, y=rsinf, r=,x%+y? tanf = =

= [<
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Example 2

Given the points A = (1,45°), B = (2,150°), C = (3,—60°) and D = (2,440°). Locate
the points in the xy-plane. Find the corresponding Cartesian coordinates of these points.

©Solution:

y
1 g = (2,440°)
B = (2,150° ' _ o
( ‘\) ,'l o A= (145
w%\ -
0
\\
\
' C = (3,—60°)
o

The corresponding Cartesian coordinates of these points are given by

1 1
A = (1cos45°,1sin45° =(—,—),
( =77
: 3 3V3
C = (3cos—60°,3sin—60°) = T

B = (2c0s150°,25sin150°) = (—V3,1),

, D = (2cos440°,2 sin 440°) ~ (0.35,1.97).
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Example 3

Let A = (+/3,3), B = (1,—1), C = (—2,—2). Find the corresponding polar
coordinates of 4, B, C. (Here, choose —180° < 6 < 180°)

©Solution:
Tips: It is always a good idea to locate the points on x, y so that you can

obtain the values of r and 6 correctly.

N

y\ ®A=(v3,3)

0 \
/7 N\
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For Point A A

® 4= (v3,3)
2 /
= \/(\/5) + 32 =+/12. Ta/
3 o //
tan9A=ﬁ=\/§=>9A=60. /,\eA
For Point B g
N
rg =+/(—=1)2 + 12 = /2. .
tanfy = == —1= 6 = —45°. MB
B=(1,-1)
For Point C A
— 2 —7\2 — S
1. =+/2 2+(2) V8. <
tanac =>=1= ac = 45°. L7 | bc
So 6 = —(180° — 45°) = —135°. C=(-2-0 °

~A=(V12,60°), B =(V2,—-45°), C=(V8,-135°).
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Conic Sections

Conic sections, by definition, are curves that result from intersecting a right
circular cone with a plane. The following figure shows the four conic sections:

w

Circle Ellipse Parabola Hyperbola
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Conic Section #1: Circle

Given a fixed point C, a circle is a set of all points such that the distance
between the point and C is always fixed.

(*C is called centre of the circle, the fixed distance is called radius of the
circle and is denoted by r.)

PI
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The equation of circle

The circle with centre at the origin O = (0,0) };‘
. . . P=(xy)
For any point P lying on the circle, we have
OP=r=(x—02+(y—02=r Uy
—— >

= x% +y? =r? 0

which is the equation of circle (with centre origin).

Using similar method, we can derive the following general case:

Equation of Circle (General Case) P =(x,)
The equation of circle with centre C = (h, k)

and radius r is given by

(x—h)?+@-k?*=r?
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Example 4

(a) Find the equation of the circle with centre (1, —1) and radius V2.
(b) The equation of a circle is given by (x + 3)? + (y — 1)? = 7. Find the
centre and the radius of this circle,

©Solution:

(a) The equation of the circle is
2
-1+ —-(1D)'=(2) 2 -1+ @y +1)2=2
= x%+y?—2x+ 2y =0.
(b)

In order to find the centre and radius, one has to express the
equation into the form (x — h)? + (y — k)% = r2.

Note that

2
x+32+@-1*=72 (x—(=3)" + - D? = (V7)
So the circle has centre C = (—3,1) and radius v/7.
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Example 5 (Useful technique: Completing Square)

The equation of a circle is given by x? + y? + 8x — 10y — 8 = 0. Find the
centre and radius of this circle.

©Solution:

Note that
x2+y2+8x—10y—8=0=> (x?>+8x) + (y> —10y) —8 = 0.
> (x?+2@)x)+ (?*-2(B)y)—8=0

= (x?+2(Wx +4%) —4° + (y> = 2(5)y +5°) =5 =8 =0

a2+2ab+b2=(a+b)>2 aZ—2ab+b%2=(a—b)2

> (x+4)°+(y—5)72=8+5%2+4% =49

>(x-(-0) +@-5="72

So the centre is C = (—4,5) and the radius is 7.
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Example 6

Find the equation of the circle centered at C = (2,3) and passing through the
point P = (—2,1).

©Solution:
We need to find the radius of the circle r.

From the figure on the right, we have

r=CP=J(2—(—2))2+(3—1)2=\/2_0.

Then the equation of circle is then given by P=(=21)

2
(x—2?2+ (@ —-3)2=(vV20) =>x2+y?—4x—6y—7=0.
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Conic Section #2: Ellipses

Given two fixed points F; and F, (called foci) on the plane, the ellipses
is the set of all points P such that

PF, + PF, = constant = 2a.

(Note: The purpose of choosing the constant to be 2a (instead of a) is
to make the equation of ellipses looks “nicer”).

Here, C is the “centre” of ellipses and is also the “mid-point” between two foci F;, F,.
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Equation of Ellipses
For simplicity, we consider the ellipses with foci F; = (—¢,0) and F, = (¢, 0).
To derive the equation of this ellipses, note that

PF1+PF2:2a

= \/(X - (_C))'Z + (y - 0)2 +\/(.X' — C)ZPF-|— (y_ 0)2 = 2a _C?O/)/ O

PF,

=>J(x+0)2+y2=2a—(x—c)?+y?

Taking square on both sides and expand the term, we get

x? + 2xc +c? +y? = 4a% — 4a/ (x — c)? + y2 + x% — 2xc + c? + y?
(x—c)2+y2

= 4a/(x — ¢)? + y2 = 4a® — 4xc

= ay/(x — )2 +y2 = a? — xc
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Taking square on both sides again, we get
a?[(x — ¢c)? + y?] = a* — 2a%xc + x?c?

Expanding the terms and rearranging them, we finally get

(a* — c®)x? + a*y* = a*(a* — c?). This is OK since
We deﬁne b2 = a2 — C2 > 0’ then & | PF]_ + PFZ > F1F2 = 2a > 2C
=>a>cC

b2x? + a?y? = a?b?

b2x%  a?y®  a?b?  x% y?
= + = =

a’b?  a?b? a?b?  a? T b2 1

Equation of Ellipse (Standard Case)

For a,c > 0, the equation of ellipse with foci (¢, 0) and (—c, 0) is given by

X2 y?
?-l_ﬁ:l’ where b2 =a*—-c?,a>b >0

Here, 2a is the sum of distance from any point on ellipse to the two foci.
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2 2
Some remarks on the ellipse = + % = 1
a b

e The ellipse passes through the points (a, 0), (—a, 0), © b)y
(0,b), (0,—b) (they are called vertices).
(—a,0) (a,0)
X
e The ellipse is centered at the origin (0,0).
(0, —b)

e |f the foci F; = (0,c¢) and F, = (0, —c) lies on y-axis instead of x-axis, the

corresponding equation of the ellipse formed is seentobe y

2 2
X
ﬁ+y—=1, where b? = a® — ¢

(The role of a and b are reversed)

e When a = b, then the equation of ellipse becomes

2 2
—+ % =1 = x? + y? = a? which is the equation of circle.
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Example 7

The equation of an ellipse is 4x? + 9y? = 36. Sketch the graph. Find the
coordinates of vertices and the foci of this ellipse.

©Solution:

4x2+9y2 xZ yZ xZ yZ
4x% + 9y? = 36 = =l>—+4+=—=1>—=+==1
xoTey 36 9 "4 32 " 2

The ellipse passes through the vertices (3,0), (—3,0), (0,2), (0, —2).

From the graph of ellipse, we see the foci lies on x-axis and

c2=32-22= =4[5

Hence the foci of this ellipse is (—3,0)

F, = (—V5,0) and F, = (¥/5,0).
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General equation of ellipse

In general, if the centre of the ellipse is C = (h, k) instead of origin (0,0), then
the equation of ellipse is given by

Equation of Ellipse (General Case)

(x-h?* -k*
Z T pE

where C = (h, k) is the centre of the ellipse

>

k units

(h—bh+k)s 5
0 =
h units
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Example 8

The equation of the ellipse is 4x% + 9y — 8x + 36y — 9 = 0. Sketch the
graph of this ellipse and indicate the coordinates of the vertexes.

©Solution:

o : . —h)? —k)?
Similar to Example 5, we rewrite the equation into the form (xaz) + (ybz) =

1 using completing square technique
4x% +9y? —8x+ 36y —9 =0
= 4(x%2-2x)+9(y*+4y)—9=0
=>4(x?—-2(x+12 =12 +9(y2 +2(Q)y+22-22)—-9=0
> 4(x—1)2+9(y+2)2 =49

(-1 (= C2)

® @

= 1.
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The graph of this ellipse is sketched below:

(1-2+3)=(13)

(1-2-3)=(1-5)

The coordinates of the vertexes are given by

(12 0-2)(52) ot (o)
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Conic Section #3: Parabola

A parabola is the set of all points in a plane that are equidistant from a
fixed line (called directix) and a fixed point (called focus).

Parabola
Axis of
symmetry
Fixed lines
(Directix)

Vertex
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Equation of parabola (Standard Case)

We consider the parabola with focus at F = (0, a) and the directix y = —a,
where a > 0. . y

Let P = (x,y) be any point on the parabola.

According to the definition, we must have p_ (x,y

PQ = PF i = (o,

5y (-a) = /G075~ —t > >
=> @y +a) =x*+ @y —a) ¢=-aq | y=—a
= y% + 2ay + a® = x* + y* — 2ay + a* = x* = 4ay.

Equation of parabola (Standard Case)

For a > 0, the equation of parabola with focus (0, a) and directix y = —a is given by

x? = 4ay.
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Remark on standard equation of parabola

e The vertex of the parabola is simply the origin O = (0,0) and the y-axis is
axis of symmetry.

¢ One can obtain different parabola with different focus and the directix,
some common types of parabola are shown below:

y
1 R o
! i
;.
ComectR . i i
_—\.H_=_u __________________ E: Iﬂ
Q.\ > x ——t - & —
- O\ F=@o) f
¢ | :
F=(0.% : :
| |
..
2 _
x“ = —4ay 2
y© = 4dax y4 = —4ax

b —
(a becomes —a) (Interchange x

and y)
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Example 9

The vertex and the axis of symmetry of parabola are the origin and the x-axis
respectively. If the parabola passes through the point (6,3). Find the equation
of this parabola.

©Solution:

Note that the parabola is symmetric about x-axis and has vertex at the origin,

the equation of parabola is of the form y? = 4ax.

Since the parabola passes through the point (6,3), we substitute (x,y) = (6,3)
into the equation and get

3
32 = 4-Cl(6) =a :g.

Then the equation of parabola is given by

3 3

y? =4(§)x:y2 =5
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More general equation of parabola

In general, the graph of a parabola can have the vertex (h, k) (instead of origin
(0,0)). Depending on the axis of symmetry, one can derive the following
general equation of parabola for this case:

Equation of Parabola (More General Case)
Take a # 0, the equation of parabola with vertex (h, k) is given by
(i) If the axis of symmetryisy =k,
(x — h)? = 4a(y — k).
(i) If the axis of symmetry is x = h,
(y — k)? = 4a(x — h).

Roughly speaking, the equation in general case can be obtained by replacing x
with x — h and y with y — k in the standard form of the equation.

29 MA1200 Basic Calculus and Linear Algebra |
Lecture Note 1: Coordinate Geometry and Conic Sections



Conic Section #4: Hyperbola

Let F; and F, be two fixed points (foci) in the plane, a hyperbola is the
set of all points P in a plane such that

|PF; — PF,| = constant = 2a

i.e. the difference between PF; and PF, is always fixed.
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Equation of Hyperbola (Standard Form)

For simplicity, we consider the case when the foci are F; = (—¢,0) and
FZ — (C, O)

According to the definition of hyperbola:
|PF1_PF2| =2a
= (PF; — PF,)? = (2a)? = 4a?

2

> G- o 4yt - VG| = 4

centre

After a tedious calculation, one can obtain

(c? — a®)x? — a?y? = a?(c? — a?)
We let b?2 = c? — a? > 0 (c > a, why??), then

X2y
b%x? — a*y? = a?bh? = primi i 1.
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Equation of Hyperbola (Standard Case)

For ¢ > 0, the equation of hyperbola with foci (¢, 0) and (—c, 0) is given by

X2 2
;—%=1, where b? = c? — a?, a,b>0

Here, 2a is the difference between distance from any point on ellipse to the two foci.

Remark on standard equation of parabola Ny =-— b X b x +/

a /

\\\\%
N
oy, o
B e
%,

® The origin (mid-point of foci F; and F,)
is the centre of the hyperbola.

e A, =(—a,0),4, = (a,0) arecalled
vertices of the hyperbola.

e When x, y get larger, the graph gets close

to the pair of straight lines y = Zx and

b .
y=-—-x which are called asymptotes.
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e |f the fociare F; = (0,c) and F, = (0, —c), then the corresponding
equation of the hyperbola is given by
2 2
y o _x 2 _ .2 2
; — ﬁ = 1, b = c* — a“.
The centre remains to be the origin and the vertices are A; = (0, —a),
Az — (O, a).
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¢ |n general, the equation of hyperbola is of the following general form.

Equation of Hyperbola (General Form)

a 2 - b 2 \":':11‘;
(y —k)? (x—h)?
a2 b2

where the centre is C = (h, k).

/

N ;
15 s
T g

Example 10

It is given that the equation of a conic section is —x? + 4y? + 4x — 24y +

28 = 0. Show that the conic section is hyperbola. Find the coordinates of the
centre and the vertices of the hyperbola.
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©Solution:

—x? 4+ 4y +4x — 24y +28=0

=> —(x*—4x)+4(y*—-6y)+28=0

= —(x2 —2(Qx +22—2%) +4(y*> —2(3)y +32 —32) +28 =0
> —(x—2)4+4(y—3)*—-4=0

o
-

3 I
"\-{:._bﬁ 1 __.-"'-'-
2 (x —2)* i, : P-4
= (y — 3) _ =1 M P
4 ] p=edta
e —‘“ --__.-"
2 2 ""'\-\.h% 1 .8
. y-3¢ (=2)" q 923
2 2 — ' .__.-"' | .\-Hx
! 2 -2
. . . o W, = (2,3
So the conic section is a hyperbola. 5 : 2= :f? -
2 : e
The centre of hyperbola is (2,3). = - :

With a = 1, the coordinates of the vertices are (2, (3 + 1)) = (2,4) and
(2,3-1)) =(22).

35 MA1200 Basic Calculus and Linear Algebra |
Lecture Note 1: Coordinate Geometry and Conic Sections



Classification of conic section
Recall that the equations of the above four conic sections are given by

e Circle-- (x — h)?>+ (y — k)? =r?,
x-n)?  -k)? _ 1

_I_
® Parabola-- (x — h)? = 4a(y — k) or (y —k)? = 4a(x — h),

a? b2
(x-h)?  (-k)?* _ . -k)?* (x-h)? _
a2 bz 1, a2 bz 1.

e Ellipse --

e Hyperbola --

By expanding the terms, one can see that each of the equations can be
expressed in the following form:

Ax* +Cy*+Dx+Ey+F=0.... (%)

where A,C, D, E and F are some numbers.
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In many cases, one may be only given the equation of the conic section of the
form (*). In order to classify it (circle, ellipse, parabola or hyperbola), one can
adopt “completing square technique” [see Example 5, 8, 10] to rewrite the
equation into the “standard form”.

Example 11

Classify the type of conic section described by each of the following equations.

(a) 4x% —16x+25y*—84=0
(b) 4x%+4y?+8x—24y+15=0

©Solution:

(a) Note that
4x% — 16x + 25y — 84 =0
= 4(x? —4x) + 25y -84 =0
= 4(x%2 —2(2)x +22—-22)+25y2-84=0
= 4(x — 2)% + 25y2 = 100
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(x—2)% y? (x—2)% y?
25 T 4 52 T 22

So this equation represents an ellipse.

(b) Note that
4x% + 4y? + 8x — 24y +15=0
= 4(x?+2x)+4(y*—6y)+15=0
54(x?+2(Mx+12-12)+4(?-20B)y+32-3%)+15=0
=>4(x +1)?+4(y—3)2 =25
25

:>(x+1)2+(y—3)2=7

= (x—(-1)) +(y-3)% = (g)z

So the equation represents a circle.
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Semester A, 2020-21 MA1200 Caladuy and Basic Linear Algebravl Chaptey 1
The two types of hyperbolae are summarized in the following table:
Equation of _2‘#},_2_1 y_z_x_z_l
hyperbola a’? b a? b2
Centre €(0,0) C(0,0)
Fi(—c, [}) and Fz(c U) € on F;(0,—c) and F,(0,c), <o
FﬂCi - — — - AhkiS Y-omin
i where ¢? =a* + bi/
Vertices (a.0) and (—a 0) 7 (0,a) and (0,-a)
) 2 b H:_ 11_ a
Asymptotes %;-‘-L;:@ = y:iax T '5;-@:> V= +E—
>ﬁ < "East-WESt \E‘/ NDﬂh'SGUth
Shape * R\ _ it openings”
openings /;\

Note: The centre,

foci and Vertices ase iginﬂ on the same S‘Cm'igh’c. line. .

Dv. Emily Chawv

Page 59



In general, given the equation of conic section Ax? + Cy?> + Dx + Ey + F = 0,
one can adopt the similar technique to classify the conic section. The flow chart
below summarizes the result: (assuming at least one of 4, C is non-zero)

Equation of Conic Section

Ax?+Cy*+Dx+Ey+F=0

AC =0 AC >0
AC <0
Parabola Hyperbola Circle/ Ellipse
A=C A#+C
Circle Ellipse
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Rough reason of the above result:

o [f AC = 0, theneitherA =0o0or(C = 0.
So the equation must be of the forms
Cy?+Dx+Ey+F=0 (D#0) or Ax?+Dx+Ey+F =0 (E #0)
Using completing square, one can rewrite the equations as
(yv=2)? = 4a(x=?) or (x=?)% = 4a(y-?)
which are equation of parabola.

Remark:
In the unlikely case which D = 0 (for 1*" equation) or E = 0 (for two
equations). Then the 1*' equation become

Depending on the number of roots of equation (**), the conic section will be
Y=Y, Y=Y, if (xx) hastwo solutions
Y =Y if (xx) has one solution .
no line if (*¥x) has no solution
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o IfAC < 0, theneitherA >0, <00rA<0,C > 0.
Then after completing square, the equation can be rewritten as

(=2 (y=2)* _

1
2 2
A(x=2)2+C(y=?)> =F' = (yz?)z (xz'?)z where (F' # 0)
\ 72 - 22 =1

which is equation of hyperbola.

Remark: (Degenerate Case)
In the unlikely case when F’ = 0, the equation becomes

y :
Ax=7)>+C(y=-?)?=0=>y-7=+ —E(x—?) =X

\_;6) y=_ éx‘l'?

\ ¢

which represents a pair of (unparallel) straight lines.
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e If AC > 0, then A, C have the same sign (both positive or both negative).
After completing square, the equation can be rewritten as

_ 2 _ 2
(=72 =) _

> >=1, where (F' #0)
F F
A C

which is the equation of circle or ellipse.
. F' F' :
wIf A =2C,then T=7= r2. Hence the equation can be expressed as
(x=2)?+ (y=-?)> =7r?
which is the equation of circle.

If A # C, then % +* % Then the equation is simply the equation of

A(x=2)*+C(y=?)*=F' >

2 —1-\2
w? L @R _ gy

ellipse ((x;z =

Remark: (Degenerate Case)

In the unlikely case when F' = 0, then the conic section will become a single point.
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Example 12
Identify the graph of the following functions

(a) 3x2—2y?+5x—y—-5=0
(b) 2x2+2y —x+y—-7=0
(c) y2—4x+2y—1=0

©Solution:

(a) Note that AC = 3 X (—2) = —6 < 0, the graph is a hyperbola.

(b) Notethat AC =2 X 2 =4 > 0, the graph is either circle or ellipse. Since
A = C = 2, we conclude that the graph is a circle.

(c) Note that AC = 0 X 1 = 0 and coefficient of x (= —4) is non-zero, the
graph is a parabola.
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General Conic Section

In general, a conic section in 2-D can be expressed in the following form
Ax* +Bxy+Cy*+Dx+Ey+F=0

where A4, B, C, D, E and F are constants.

® |t is impossible for us to rewrite the equation into the form
x — h)? — k)?
(=R G-k _

p q
because of the existence of the term Bxy.

1

e The term Bxy exists because the conic section (circle, ellipse, parabola or
hyperbola) is being rotated from its “standard position”.
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As an example, we suppose that the equation of a conic section is given by
13x% + 10xy + 13y? = 72. We may try to identify the conic section by first
sketching the graph of this conic section.

The figure below shows the graph of the conic section

One can guess that the conic section is an ellipse since one can see the
“standard ellipse” by rotating our “view point” by certain degree.
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Mathematically, rotating our “view point” is equivalent to rotating the xy-axis
(change to x'y’-axis).

y
N
\
\\
. 4 Rotating the axis by
/7
N\ . .
N e - 45°in clockwise
/‘\ i x . .
N direction
’ N
\
\
|

"2 N2 _
13x2 + 10xy + 13y2 = 72 8(x)"+18(y)" =72

"2 "2
coordinat )2 )
(xy-coordinate) = 3 + 2 = 1

(x'y'-coordinate)

This technique is called “Rotation of Axes”.
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Rotation of Axes

Suppose the x-axis and y-axis are rotated through a “positive” angle (anti-
clockwise direction), we obtain a new x’-axis and y'-axis and this forms a x'y’-

coordinate system:

In (x, y)-coordinate, the coordinate of Pisx =rcos(f + a),y = rsin(0 + a).

In (x', y")-coordinate, the coordinate of Pisx’' = rcosa, y' = rsina.
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Using the compound angle formula (details will be discussed in later Chapter),
cos(a + 60) = cosacosf —sina sin b,
sin(a + 0) = sina cos 8 + cos a sin G,
we have
x =rcos(a+6)=rcosacosf —rsinasinf = x"cosf —y'sinb,

y=rsin(a+6) =rsinacosf +rcosasind =y’ cosf + x'sin6.

Summing up, we have the following relation between xy-coordinate and x'y'-
coordinate:
x=x"cosf —y'sinb,

y=y'cosf + x'sinéb
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Example 13

It is given that the equation of a conic section is xy = 1. Suppose the new x'y’-
system is formed by rotating x-axis and y-axis by 45° in anti-clockwise direction.

(a) Find the equation of this conic section in x'y’-system.
(b) Hence, identify the surface and sketch the graph.

©Solution:

(a) Using the transformation formulae:

1
x = x' cos45° — y'sin45° = —(x' — '),

V2
1
= vy’ cos45° + x'sin45° = —(x"+y’).
Y=Yy 2 y
Substitute these into xy = 1, we get
1 1 1, , )
x =1$_(X,— I)_(xl_l_ I)=1:_ xl _ ! =1
PTET R T T Y
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le ylz le ylz
= — — =1 (or — =1)

2t (2 (V2)°

(b) From (a). we see that the conic section is a hyperbola (see P.34). The

graph (blue line) of this cor’~ section is shown below:
N

2
2

Ul
o
V><
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Example 14
It is given that the equation of a conic section is

5x2 + 6xy + 5y% — 18V2x — 14V2y + 26 = 0.

Suppose that the new x'y’-system is formed by rotating x-axis and y-axis by
45° in clockwise direction, find

(a) The equation of the conic section in x'y’'-coordinates.
(b) Hence, identify the surface and sketch the graph

©Solution
(a) Using the transformation formula

1
x = x' cos(—45°) — y' sin(—45°) = ﬁ (x" +vy"),

1
y = x' sin(—45°) + y’ cos(—45°) = ﬁ (—x"+y").
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Substitute the formulae into the equation, we have

5 6 5 182
E(X' +y')? +—(x’ +y)(—x"+y") +—(—x’ +y')? —W(x' +y')
142
—W( x' +)/)+26—O

= ;(x’2 +2x'y" + ') +3(=x"* +y'%) +§(x’2 —2x'y" +y2)
—18(x" +y') —14(—x"+y')+26=0

= 2x'°+8y'° —4x' =32y +26 =0

= x'? +4y"* —2x'* —16y'* + 13 = 0

= -1)*+4@'-2)*=4

(' -1? (-2
= 22 T 12
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(b) From the result of (a), we observe that the graph is a standard ellipse (with
centre (1,2) in x'y'-plane. The graph of the conic section is presented below:

y
)

-

v
=

(Here, coordinates highlighted in red are the coordinates in x'y’-plane!!)
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Identifying the conic section

Given the equation of conic section Ax* + Bxy + Cy* + Dx + Ey + F = 0,
one can identify the conic section using the following procedure:

1. Use the transformation formula
x=x"cosf —y'sinb
y =x"sinf + y' cos b
and rewrite the equation into the form
Ax2+B'x'y +C'y'*+Dx' +Ey +F'
where A’,B’,C',D' E', F' are some numbers in terms of 6.

2. Choose 6 such that B'x'y' = 0or B’ = 0.

12 1. 12

+C'y'""+Dx"+E'y"+ F = 0.0necan
identify the conic section by using the result in P.39.

3. The equation becomes A'x
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=0
Using this procedure and the fact that B2 — 4A4’'C' = B? — 4AC, one can
establish the following characterization of conic section:

Equation of Conic Section

Ax* +Bxy+Cy*+Dx+Ey+F =0

Parabola Hyperbola Circle/ Ellipse
A=C and otherwise
B=20
Circle Ellipse
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Example 15
Identify the graph of each of the following equations:
(a) x> —2xy—3y?—-3x+6y—5=0
(b) 4x% —4xy+y+2=0
(c) 3x?—xy+ 12y —-5x—7y+12=0.
©Solution:

(a) Since B2 —4AC = (—=2)? —4(1)(=3) = 16 > 0, so the graph is
hyperbola.

(b) Since B?> —4AC = (—4)? — 4(4)(1) = 0, so the graph is parabola.

(c) Since B2 —4AC = (—1)? —4(3)(12) = —143 < 0, so the graph can be
either ellipse or circle.
Furthermore, since B = —1 # 0, we conclude the graph is ellipse.
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Parametric Equations

In Physics, we usually describe the motion of a moving particle by the following
pair of equations:

t € |a,b]

{x=f(t)
y=g@)

where t is a parameter (which may be interpreted as time) and f(t), g(t) are
some functions of t. This pair of equation is called parametric equations.

(x,y) = (), g(®)

(f (@), g(a)) (f(b), g(b))

—o
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Summary — Things you need to know

® Two basic coordinate systems — Cartesian coordinate (xy-coordinate) and
Polar coordinate (r8-coordinate)
v’ Interchanging between Cartesian coordinate and Polar coordinate.
® Four conic sections — Circle, Ellipse, Parabola, Hyperbola
v'Know the standard equations of four conic sections
v'Know how to identify the conic section using completing square
technique.
e Classification of general conic sections
v Classification of Ax? + Cy? + Dx +ey+F =0
v Classification of Ax? + Bxy + Cy*? + Dx + Ey+ F =0
- Using rotation of axes
- Using B? — 4AC.
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Appendix — Detailed description of the classification procedure of Ax? +
Bxy + Cy* + Dx + Ey + F = 0. (For B # 0)

This appendix provides a detailed explanation of the classification procedure
described in P.54.

Step 1: Transform the equation

Apply the transformation formula
x=x"cos@ —y'sinf and y=x'sinf + y’ cos0,
one can transform the equation into the alternative form
Ax?+B'x'y +C'y2+D'x' +E'y +F =0
where

A" = Acos?60 + BcosBsinf + C sin® 6,
BI

—2AcosBsinO + B(cos? 0 — sin® ) + 2C sin O cos
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C' = Asin“0 — Bsin0 cos8 + C cos? 6
D' =DcosO + E sin @, E' =—-Dsin8 + E cos @, F'=F.

Step 2:
r12 I 12

Choose 8 such that B’ = 0 so that the equation becomes A'x'" + C'y’" +
D'x" + E'y" + F' = 0 and the result in P.39 can be applied.

We need to solve
B' = —2Acos@sin0 + B(cos? 8 — sin® 0) + 2C sinf cos§ = 0.
Using the fact that
2sinf cosf =sin20 and cos?6 — sin® 6 = cos 20,
we get
—Asin20 + Bcos260 +Csin20 =0
= (A —C)sin20 = B cos 26
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B
20=—— if A
tan 26 C [ *= C

cos20 =0 if A=C

With this 8, the equation becomes
Ax*+C'y'*+D'x +E'y +F =0.
The result in P.39 suggests that
A'C'" = 0 = The conic section is parabola
A'C" > 0 = The conic section is ellipse or circle

A'C' < 0 = The conic section is hyperbola

(* Here, we do not consider those “degenerate” cases)
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Step 4: Establish the relationship between A, B, C and A’, B’, C’

One can show, by direct (but tedious) calculation, that
B'* —4A'C' = B2 —4AC for any 6.

Since the 6 is chosen such that B’ = 0, so we have

B? — 4AC = —4A'C’.
Therefore, we can conclude that
B? —4AC =0=> —4A'C' =0 = A'C' = 0 = parabola
B2 —4AC >0= —4A'C' > 0= A'C’' <0 = hyperbola
B? —4AC < 0= —4A'C' < 0= A'C’' > 0 = circle or ellipse.

(*In the last case, one can check that the conic is circle only when B = 0 and
A=C)
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One more examples on hyperbola and parabola
Extra Example 1 (Parabola: Degenerate Case)
It is given that the equation of a parabolais y2 + ax —4y + 3 = 0.

(a) Ifa =1, sketch the graph and locate the vertex of parabola.
(b) What will happen when a = 07?

©Solution:
(a) Ifa =1, the equation becomes
y2+x—4y+3=0
=% —4y)+x+3=0
= (2 —-2(2)y+22-22)+x+3=0
>@—-2Y+x—-1=0=>@—-2)2=—(x—-1)
:>(y—2)2=4( 1)(x—1)

(y_k)Z % (X—h)

This parabola has vertex (h, k) = (1,2).

63 MA1200 Basic Calculus and Linear Algebra |
Lecture Note 1: Coordinate Geometry and Conic Sections




(b) Ifa =0, the equation becomes
y?—4y+3=0.
One can solve this equation and get
y2—4y+3=0=>(@y -1y -3)=0=>y=1o0r y=3.
Then the conic section becomes two separated horizontal lines on 2-D

plane.

©Note:

The above case is called “degenerate case” .
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Extra Example 2

It is given that the equation of a conic section is 3x? + 2v/3xy + y2 — x +

V3y +4 = 0.
(a) Identify the conic section (Circle/ Ellipse/ Hyperbola or Parabola)
(b) Sketch the graph and indicate the necessary details.

©Solution
(a) Note that

2
B% — 4AC = (2v3) —4(3)(1) =12—-12 = 0.
So the conic section is parabola.

72 .12

(b) We need to transform the equation into the form: A'x"“ + C'y'" +

D'x" + E'y" + F' = 0 (using rotation of axes).
Since tan 26 = -2 = tan 20 = 22 = V3 = 20 = 60° = § = 30°.
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Therefore one can transform the equation into the desired form by
rotating xy-axes by 30° in anti-clockwise direction.

Using the transformation formula:

V3 1
x = x' cos(30°) — y’sin(30°) = 7x' -5
1, V3
y = x'sin(30°) + y’ cos(30°) = Ex, + 7}",

and substitute into the original equation, we get

(Sx 2) 4208 (x5 r + E) o (4

2

3
£y’)2 — (—Bx’ —ly’) +\/§(Ex’ +§y’) +4=0

2

= 4x"° 42y +4=0
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1
= le = —Z(Zy, +4)
1
= X’Z = —E(y’ + 2)
1
- g =)o
(x'=h)? = -k

So the vertex of the parabolais (h, k) = (0,—2) and it is the inverted U-
shape curve in x'y’-plane.
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